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I  State  of  Knowledge  at  the  Start  of  Project 

By  1990,  the  time  of  the  writing  of  the  proposal  for  this  grant,  some  aspects  of  failure 
of  quasi-brittle  materials  were  already  understood.  But  the  continuum  description  of 
solids  with  statistically  nonuniform  crack  arrays  was  not  understood.  The  mathematical 
approaches  were  semi-empirical,  phenomenological  and  descriptive  rather  than  predictive. 
The  lacked  theoretical  foundation  in  micromechanics. 

a)  Initial  Nonlocal  Damage  Concept  and  Localization  Limiter 

Quasibrittle  materials  are  characterized  by  development  of  large  zones  of  distributed  crack¬ 
ing  damage  before  the  final  fracture.  Prior  to  1976.  the  distributed  damage  wa.s  simply 
ignored  and  structures  were  analyzed  according  to  elasticity  with  a  strength  (or  allowable 
stress)  limit,  plastic  limit  analysis,  or  fracture  mechanics  of  distinct  cracks.  In  the  1970  s. 
various  constitutive  models  with  the  so-called  strain  softening  (that  is,  a  decrease  of  stress 
with  increasing  strain)  were  proposed  to  handle  distributed  cracking.  Examples  were  the 
continuum  damage  mechanics,  endochronic  theory,  or  plasticity  with  a  degrading  yield 
limit. 

It  was  soon  realized,  however,  that  strain  softening  has  a  basic  fault:  the  material 
is  inherently  unstable.  This  leads  to  spurious  excessive  localization  of  damage.  In  finite 
element  analysis,  this  is  manifested  by  the  so-called  spurious  mesh  sensitivity,  which 
is  caused  by  the  fact  that  the  damage  front  tends  to  localize  into  the  smallest  volume 
possible.  This  causes  that,  upon  refining  the  element  size  to  zero,  the  energy  required 
to  fail  the  structure  tends  also  to  zero,  which  is  of  course  physically  impossible.  At  the 
beginning  of  1980’s,  it  was  proposed  to  cope  with  these  problems  by  introducing  some 
sort  of  a  localization  limiter.  This  concept  was  formulated  first  in  the  form  of  the  so-called 
crack  band  model,  and  then  in  the  more  general  form  of  a  nonlocal  damage  continuum  (to 
be  distinguished  from  the  classical  nonlocal  concept  of  Eringen,  which  dealt  with  nonlocal 
elasticity). 

In  the  nonlocal  formulation,  the  increments  of  damage  (or  cracking  strain)  were  cal¬ 
culated  from  the  average  strain  taken  over  the  neighborhood  of  a  given  point.  The  size  of 
this  neighborhood  had  to  be  specified.  This  was  done  by  introducing  a  material  property 
called  the  characteristic  length.  The  volume  over  which  the  averaging  was  carried  out  was 
called  the  characteristic  volume. 

The  nonlocal  approach  did  overcome  the  aforementioned  mathematical  difficulties. 
The  boundary  value  problem  with  strain  softening  was  regularized,  the  paradoxical  phe¬ 
nomenon  of  imaginary  wave  speed  (non-existence  of  wave  propagation)  was  eliminated, 
excessive  (unrestricted)  damage  localization  was  prevented  and,  in  finite  element  calcula¬ 
tions,  the  spurious  mesh  sensitivity  was  avoided.  It  was  also  demonstrated  that  the  finite 
element  calculations  could  be  made  to  match  many  experimental  results  quite  well. 

The  critical  test  results  were  those  concerned  with  the  size  effect,  that  is,  the  de¬ 
pendence  of  the  nominal  strength  (maximum  load  divided  by  characteristic  structure 
dimension  and  thickness)  on  the  characteristic  dimension  (size)  of  the  structure.  Individ¬ 
ually,  these  results  were  described  quite  successfully  with  the  nonlocal  damage  concepts. 


3 


In  particular,  the  finite  element  results  were  shown  to  agree  with  the  approximate  size 
effect  law  representing  a  transition  from  plastic  limit  analysis  at  very  small  structure  sizes 
to  linear  elastic  fracture  mechanics  at  very  large  structure  sizes.  The  largest  amount  of 
test  results  were  gathered  for  concrete,  but  many  test  results  were  also  assembled  for  rock, 
and  some  for  ice  and  wood.  It  was  also  shown  that  from  the  measurements  of  the  size 
effect  is  should  be  possible  to  calibrate  the  nonlocal  continuum  models,  and  particularly 
to  determine  the  characteristic  length  of  the  material. 

However,  a  fundamental  problem  was  recognized  at  the  end  of  the  1980’s:  The  nonlocal 
concept  was  purely  empirical.  Although  it  was  felt  it  had  to  do  with  the  coarseness  of 
the  microstructure  and  with  the  size  and  spacing  of  the  microcracks,  no  physically  based 
micromechanical  theory  for  the  nonlocal  continuum  concept  was  available.  The  spatial 
averaging  was  entirely  a  phenomenological  concept.  It  was  not  known  what  the  tensorial 
and  directional  character  of  the  averaging  should  be.  So  it  was  taken  simply  as  scalar  and 
directionally  isotropic,  for  no  other  reason  than  lack  of  knowledge. 

By  fitting  of  numerous  test  data  with  finite  element  codes,  it  was  also  discovered  that 
different  types  of  problems  required  using  different  characteristic  lengths,  for  the  same 
material.  Thus,  the  nonlocal  models  did  not  have  predictive  capability,  except  for  each 
narrow  range  of  problems  for  which  they  were  calibrated.  Also,  the  size  effect  and  scaling 
laws  were  tied  to  a  particular  geometry  and  could  not  be  translated  from  one  type  of 
structure  to  another. 

It  thus  became  obvious  that  a  serious  micromechanical  analysis  had  to  be  undertaken 
to  put  the  nonlocal  continuum  concept  on  a  sound  physical  foundation.  To  do  that  was 
taken  in  1990  as  the  principal  objective  of  the  proposal  for  the  present  project. 

With  regard  to  the  size  effect,  another  gap  was  in  the  role  of  interfacial  slip  and 
interfacial  fracture,  for  example  along  the  interfaces  of  fibers  and  matrix  in  composites. 
A  further  gap  was  the  nonexistence  of  broad-range  experimental  data  on  the  size  effect  in 
geometrically  scaled  specimens  of  fiber  composites.  Only  such  results  can  clearly  reveal 
the  inapplicability  of  strength  theories  or  plastic-type  limit  analysis. 

Furthermore,  the  test  results  were  limited  to  tensile  dominated  failures.  There  was 
scarcely  any  information  on  the  role  of  distributed  cracking  and  the  inherent  size  effect 
in  compression  failure  of  quasi-brittle  materials. 

b)  Weibull’s  Theory  of  Random  Strength 

There  were  also  misconceptions.  There  was  a  competing  and  much  older  theory  of  the  size 
effect,  proposed  by  Weibull  in  1939.  This  theory,  in  which  the  size  effect  was  explained 
by  the  randomness  of  the  material  strength,  ignored  the  large  stress  redistributions  that 
are  caused  by  damage  growth  prior  to  failure.  It  also  ignored  the  fact  that  the  release  of 
stored  energy  from  the  structure,  which  is  larger  in  a  larger  structure,  is  itself  a  source  of 
a  strong  deterministic  size  effect. 

It  thus  became  clear  that  Weibull’s  statistical  theory  of  size  effect  could  apply  only 
to  those  structures  which  fail  at  the  initiation  of  macroscopic  cracking,  that  is  at  the 
moment  the  microscopic  flaws  cease  to  be  microscopic.  This  approximation  is  of  course 
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good  enough  for  many  structures,  pan.oularly  metallic  structures,  which  typically  fail  (or 
must  be  considered  to  fail)  when  a  crack  exceeds  about  1%  of  the  cross  section  dimension, 
for  which  the  stress  redistributions  and  energy  release  aspects  are  still  macroscopically 
insignificant.  However,  such  a  situation  is  blatantly  untrue  for  concrete.  Reinforced 
concrete  structures  typically  develop,  in  a  stable  manner,  large  cracks,  typically  reaching 
over  50  to  90%  of  the  cross  section  dimension.  Likewise,  design  of  good  composites  or 
toughened  ceramics  requires  that  there  is  large  stable  crack  growth  before  the  maximum 
load  is  reached. 

The  assumptions  of  Weibull’s  theory  also  do  not  hold  for  fiber  composites  and  modern 
toughened  ceramics.  In  fact,  the  basic  principle  in  designing  stronger  and  tougher  com¬ 
posites  and  ceramics  is  to  force  the  damage  to  remain  broadly  distributed,  thus  blunting 
and  shielding  potential  large  cracks — in  other  words,  achieve  concrete-like  behavior. 

c)  Rate  Effect  and  Fatigue 

Another  crucial  aspect  was  insuflSciently  understood  and  unquantified — the  rate  effect  or 
time  dependence  in  the  development  of  distributed  damage.  It  was  obvious  that  time 
plays  at  least  some  role  in  every  type  of  failure.  But  physically  justified  formulations  for 
distributed  damage  were  lacking. 

Numerical  analysts  recognized  in  the  early  1980’s  that  introduction  of  rate  dependence 
in  the  failure  development  has  the  eflFect  of  regularizing  the  boundary  value  problem  of 
strain  softening  and  preventing  spurious  mesh  sensitivity.  Later,  however,  it  was  found 
that  the  regularization,  which  precluded  waves  of  imaginary  velocity,  is  short-lived.  Spuri¬ 
ous  excessive  damage  localization  and  spurious  mesh  sensitivity  develop  gradually  in  time. 
The  problem  is  not  regularized  asymptotically,  for  infinite  times.  This  showM  that  de¬ 
spite  of  taking  time  dependence  in  the  evolution  of  damage  into  consideration,  it  was  still 
necessary  to  use  some  sort  of  a  nonlocal  model,  with  a  characteristic  length.  Various  ways 
of  throwing  viscosity  into  the  stress-strain  relations  of  plasticity  with  a  degrading  yield 
limit  or  other  constitutive  models  were  attempted  and  showed  some  desirable  features. 
But  there  was  no  physical  foundation,  no  true  predictive  capability. 

Related  to  the  time  effect  is  fatigue.  The  fatigue  behavior  of  quasi-brittle  materials 
is  quite  different  from  metals.  They  are  less  sensitive  to  fatigue,  by  virtue  of  blunting 
and  shielding  of  potential  distinct  cracks  by  large  damage  zones.  But  fatigue  cannot  be 
ignored.  Yet  it  was  not  known  how  the  concept  of  distributed  damage,  and  the  fact  that 
it  inevitably  involves  a  size  effect,  should  impinge  on  fatigue. 

d)  Micromechanics  of  Crack  Systems 

Finally,  as  for  micromechanics  of  crack  systems,  major  advances  have  of  course  been 
achieved  between  1975  and  1990.  However,  they  were  limited  to  the  elastic  properties 
of  bodies  with  macroscopically  uniform  random  systems  of  distributed  cracks  or  various 
types  of  oriented  systems.  They  did  not  clarify  the  effect  of  growth  of  cracks  during 
loading,  nor  the  effect  of  spatial  localization  of  the  cracks,  which  makes  the  macroscopic 
fields  nonuniform. 
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For  example,  the  well-known  solutions  of  Budianski  and  O’Connel,  or  Budianski  and 
Hoenig,  Kachanov,  Ju  and  others,  considered  only  cracks  of  fixed  length  (i.e..  not  allowed 
to  grow),  distributed  spatially  uniformly  over  an  infinite  body.  These  solutions  used  var¬ 
ious  homogenization  methods  such  as  the  methods  of  periodic  cells,  the  self-consistent 
method  of  Hill,  the  Mori-Tanaka  method  and  other  methods  for  composites,  in  order  to 
determine  the  macroscopic  tensor  of  effective  elastic  moduli.  In  the  diagram  of  stress 
versus  strain,  this  meant  that  these  previous  solutions  provided  only  the  secant  elastic 
moduli.  They  were  incapable  of  providing  information  on  the  tangent  elastic  moduli, 
which  can  yield  a  negative  softening  slope  (corresponding  to  a  non-positive  definite  ma¬ 
terial  stiffness  matrix). 

Thus,  there  was  a  serious  gap  of  knowledge;  How  should  the  difference  between  the 
secant  elastic  mof^uli  and  the  tangent  elastic  moduli,  caused  by  the  growth  of  cracks  during 
loading,  be  determined?.  This  difference  determines  the  inelastic  stress  increments  —  the 
basic  characteristic  of  the  macroscopic  stress-strain  relation  for  damage. 

As  for  crack  interactions,  they  were  taken  into  account  in  some  of  the  solutions,  how¬ 
ever,  only  for  the  case  of  spatially  uniformly  distributed  cracks.  In  that  case  the  interac¬ 
tions  are  simple:  they  basically  cancel  each  other.  The  crack  interactions  in  large  crack 
systems  that  become  macroscopically  nonuniform,  that  is,  localize,  were  not  considered 
in  previous  studies.  Yet,  these  are  essential  for  the  properties  limiting  localization  of 
damage. 

Making  progress  in  the  foregoing  gaps  of  knowledge,  with  a  thrust  on  the  micro-macro, 
was  adopted  as  the  goal  of  the  present  project. 

II  Objective  of  Research  Effort 

The  basic  overall  objective  of  the  research  effort  was  to  develop  fundamental  understand¬ 
ing  of  the  macro-micro  correlation  in  the  phenomena  of  distributed  damage.  In  detail,  the 
objectives  (which  were  slightly  updated  as  the  research  was  advancing),  were  as  follows: 

1.  Principal  Objective: 

(a)  Analyze  interactions  among  growing  cracks  in  large  microcrack  systems  and  deduce 

a  continuum  approximation  of  the  discrete  relations  for  the  interacting  cracks. 

2.  Further  Objectives: 

(b)  Formulate  compression  failure  of  a  quasi-brittle  material  as  the  propagation  of  a  band 

of  splitting  microcracks. 

(c)  Determine  the  macroscopic  consequences  of  softening  slip  or  interface  fracture  be¬ 

tween  fiber  and  matrix  in  composites. 

(d)  Analyze  the  effect  of  inclusions  such  as  aggregate  pieces  or  fibers  (in  the  transverse 

cross  section  of  a  composite)  on  the  microcrack  interactions. 
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(e)  Determine  the  consequences  of  the  rate-process  theory  for  bond  ruptures,  governed 

by  activation  energy  and  Maxwell  energy  distribution,  for  the  macroscopic  rate- 
dependent  dajnage  or  fracture  model. 

(f)  Analyze  the  effect  of  distributed  cracking  in  a  boundary  layer,  affecting  the  strength 

and  size  effect  in  the  bending  of  beams  or  plates. 

(g)  Identify  in  mathematical  terms  the  limitations  of  Weibull  probabilistic  theory  of  size 

effect  and  damage  for  the  case  of  quasi-brittle  materials,  determine  the  macroscopic 
consequences  for  a  probabilistic  failure  theory,  and  deduce  a  rational  nonlocal  gen¬ 
eralization  of  the  Weibull  concept. 

(h)  Determine  the  size  effect  in  fatigue  of  a  quasi-brittle  material,  caused  by  the  existence 

of  a  large  zone  of  distributed  cracking. 

Ill  Summary  of  Accomplishments 

1.  Principal  Accomplishment 

The  principal  accomplishment  of  the  project  has  been  the  development  of  a  nonlocal 
damage  model  based  on  micromechanics  of  crack  interactions,  described  in  [1]  and  applied 
to  localization  analysis  in  (2)  (the  idea  first  presented  in  [34]).' 

Compared  to  the  situation  before,  this  model  appears  to  represent  a  major  break¬ 
through  in  the  continuum  modeling  of  distributed  damage.  The  model  considers  not  only 
stationary  cracks  but  cracks  that  grow  with  the  process  of  loading.  It  relates  the  growth 
of  these  cracks  to  the  macroscopic  continuum  stress-strain  relation  for  cracking  damage 
with  strain  softening  (such  as  continuum  damage  mechanics,  or  plasticity  with  degrading 
yield  limit). 

The  model  is  based  on  the  discrete  matrix  relations  for  the  superposition  method  for 
interacting  cracks,  and  utilizes  its  simplified  version  due  to  Kachanov.  The  classical  ho¬ 
mogenization  methods  could  not  be  used  (as  they  apply  only  to  macroscopically  uniform 
states  of  deformation  and  stress,  while  main  concern  is  the  localizing,  nonuniform,  and 
non  homogeneous  states).  So,  a  new  concept  for  the  micro- macro  transition  had  to  be 
formulated:  Find  a  continuum  field  equation  whose  possible  discrete  approximation  co¬ 
incides  with  the  matrix  equation  governing  a  system  of  interacting  microcracks.  Such  a 
discrete  approximation  can  be  obtained  for  nonuniform  states,  which  makes  the  continuum 
transition  possible. 

The  result  is  a  new  type  of  nonlocal  continuum,  described  by  a  Fredholm  integral 
equation  for  the  unknown  nonlocal  inelastic  stress  increments.  In  contrast  to  the  previous, 
heuristic  nonlocal  formulations,  there  are  two  spatial  integrals  instead  of  one.  One  integral, 
which  is  similar  to  that  used  in  the  previous  formulations,  ensues  from  the  fact  that  crack 
interactions  are  governed  by  the  average  stress  over  the  crack  length  (rather  than  the 
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value  of  the  macrc»copic  stress  field  at  the  crack  center).  This  integral  can  be  regarded 
as  a  short-range  averaging  of  the  inelastic  macro-stresses. 

The  second  integral  describes  long-range  crack  interactions.  Its  kernel  is  a  crack  influ¬ 
ence  function  which  has  directional  and  tensorial  properties,  in  contrast  to  the  previous 
nonlocal  formulations.  This  influence  function  is  a  second-rank  tensor  and  varies  with  a 
directional  angle,  i.e.,  is  anisotropic.  Thus  it  exhibits  sectors  of  shielding  and  amplification 
(which  were  missing  from  previous  formulations). 

A  rather  interesting  property  came  out  theoretically:  for  long  distances  of  two  in¬ 
teracting  cracks,  the  influence  function  decays  as  the  inverse  square  of  distance  in  two 
dimensions  and  as  the  inverse  cube  of  distance  in  three  dimensions.  This  decay  is  of  course 
similar  to  long-range  interactions  in  many  other  physical  laws  (although  in  previous  for¬ 
mulations  the  kernel  of  the  spatial  integral  was  assumed  to  decay  as  an  exponential). 
This  type  of  decay  implies  some  interesting  properties;  The  influence  function  is  not  in- 
tegrable  over  an  infinite  space  or  infinite  plane.  This  means  that  it  is  impossible  to  cause 
a  homogeneous  growth  of  strain  softening  damage  over  an  infinite  space. 

Effective  application  in  finite  element  codes  is  made  possible  by  formulating  the  so¬ 
lution  of  the  discretized  integral  equation  in  terms  of  the  Gauss-Seidel  iterative  method. 
The  advantage  is  that  this  type  of  solution  can  be  conveniently  combined  with  the  normal 
iterations  of  each  loading  step  in  a  nonlinear  finite  element  code.  This  greatly  simplifies 
the  handling  of  the  nonlinearity,  by  allowing  the  nonlocal  inelastic  stress  increments  to  be 
calculated  from  the  local  once  explicitly.  The  calculation  of  the  nonlocal  inelastic  stress 
increments  involves  evaluation  of  an  integral  over  the  finite  elements  of  the  structure, 
which  contains  the  crack  influence  function.  For  the  crack  influence  function,  simplified 
closed-form  expressions  which  have  asymptotically  exact  properties  for  an  infinite  space 
as  well  as  for  close-range  interactions,  are  derived. 

An  appealing  feature  of  the  new  nonlocal  formulation  is  that  the  constitutive  law 
becomes  strictly  local.  This  avoids  difficulties  with  the  unloading  criterion  or  with  the 
continuity  condition  of  plasticity,  which  were  encountered  in  previous  nonlocal  formula¬ 
tions  in  which  the  nonlocal  spatial  integral  was  part  of  the  constitutive  law. 

The  aforementioned  superposition  method  for  interacting  cracks  is  based  on  decom¬ 
posing  a  loading  step,  for  example  in  a  finite  element  program,  into  two  substeps:  In  the 
first  step,  the  cracks  are  imagined  to  be  temporarily  frozen  (or  glued),  that  is,  prevented 
from  opening  and  growing.  In  the  second  substeps,  these  cracks  are  imagined  unfrozen  or 
unglued.  This  means  that  the  stress  increments  transmitted  across  the  previously  frozen 
cracks  must  be  applied  as  loads  on  the  crack  surfaces,  in  two  opposite  directions. 

The  properties  of  this  new,  micromechanically  justified  nonlocal  formulation  have  been 
studied  by  analyzing  localization  of  strain-softening  damage  into  a  planar  band  [2].  To 
some  extent,  they  have  been  explored  in  finite  element  calculations  (however,  this  work  is 
still  continuing  and  a  paper  has  not  yet  been  written).  It  is  found  that  the  new  nonlocal 
model  predicts  localization  to  begin  as  soon  as  the  local  constitutive  law  deviates  from 
linearity,  which  can  be  already  before  the  peak  of  the  stress-strain  diagram.  This  is  a 
major  difference  from  the  previous  models,  which  indicated  localization  to  occur  only 
after  a  certain  negative  post-peak  slope  has  been  exceeded  and  allowed  no  localization  in 
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the  pre-peak  hardening  regime.  It  was  also  shown  that  bifurcations  of  the  equilibrium 
path  can  occur,  according  to  the  new  formulation,  even  in  the  regime  of  local  hardening, 
and  even  in  the  absence  of  geometric  nonlinearities  of  buckling. 

Although  some  new  interesting  questions  have  arisen  and  further  studies  will  be  neces¬ 
sary.  the  development  of  the  new  nonlocal  model  appears  to  represent  a  major  advance  in 
the  understanding  and  description  of  the  micro-macro  correlation  of  the  processes  involved 
in  distributed  softening  damage  due  to  cracking. 

2  Further  Accomplishments 

2. 1  Distributed  damage,  interface  fracture  and  size  effect  in  aerospace  fiber  composites. 


The  damage  in  fiber  composites,  which  are  important  for  aerospace  applications,  has 
some  particular  characteristics  due  to  the  anisotropic  nature  of  the  material  and  the 
role  played  by  interface  fracture.  For  this  reason,  tests  of  geometrically  similar  notched 
specimens  of  isotropic  and  cross-ply  laminates  of  carbon  fiber-epoxy  composites,  made 
from  unidirectionally  reinforced  plies,  were  tested  for  the  size  effect  [3).  As  might  have 
been  expected  from  the  distributed  nature  of  damage,  the  size  effect  is  found  to  be  quite 
significant  and  follows  approximately  the  general  size  effect  law  for  quasi-brittle  materials. 
The  size  effect  tests  yield  the  basic  fracture  characteristics,  particularly  the  fracture  energy 
of  the  material  and  the  effective  length  of  the  fracture  process  zone  (which  is  related  to  the 
characteristic  length  of  the  nonlocal  continuum).  These  results  mean  that  the  aerospace 
composites  should  be  analyzed  as  quasi-brittle  materials  and  that  size  effects  due  to 
distributed  damage  should  be  taken  into  account. 

Furthermore,  a  simplified  analytical  solution  has  been  obtained  for  the  pullout  of  a  fiber 
from  a  matrix  [4,  19].  It  was  assumed  that  the  interface  stress-slip  relationship  exhibits 
post-peak  softening  and  terminates  with  a  final  frictional  plateau.  This  assumption  is 
commonly  made  in  the  analysis  of  interface  behavior  in  composites,  both  for  fibers  in 
laminates  and  for  reinforcing  bars  in  concrete.  It  turned  out  [4]  that  the  softening  interface 
slip  alone  produces  a  size  effect,  again  approximately  following  the  size  effect  law  for 
quasi-brittle  materials.  From  this  size  effect,  the  interface  stress-slip  characteristics  can 
be  identified  more  easily  than  from  other  methods.  This  is  made  possible  by  the  simplicity 
of  the  analytical  solution,  which  can  be  inverted  [4]. 

To  exploit  this  solution,  further  tests  have  been  conducted  on  pullout  of  reinforcing 
bars  from  concrete  [5|.  In  contrast  to  previous  pullout  tests,  the  specimens  have  been 
engineered  in  such  a  way  that  the  failure  would  occur  due  to  interface  slip  exclusively, 
with  no  cracking  around  the  bar.  From  such  tests  (5|,  the  interface  stress-slip  softening 
characteristics  have  been  identified.  This  is  a  new  method  of  identifying  the  interface 
properties  from  experiments.  In  the  limit  for  very  large  sizes,  obtained  by  extrapolation 
of  the  test  results,  the  theory  makes  it  also  possible  to  determine  the  interface  fracture 
energy. 
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2.2  Propagation  of  a  band  of  splitting  microcracks  as  a  mechanism  of  compression  failure 


In  a  homogeneous  field  of  uniaxial  compressive  stress,  cracks  parallel  to  the  stress 
vector  release  no  energy.  Yet  they  are  typically  seen  to  form  in  that  manner.  Obvi¬ 
ously  there  must  be  other  mechanisms  which  provide  transverse  tensile  stresses  on  the 
microscale.  These  are  no  doubt  the  inhomogeneity  of  the  material  and  local  buckling  of 
damaged  material  on  the  microscale. 

A  theory  of  compression  failure  due  to  the  propagation  of  a  band  of  splitting  microc¬ 
racks  has  been  formulated,  taking  into  account  local  buckling  of  microslabs  of  the  material 
between  adjacent  splitting  cracks  [6|.  This  concept  has  been  applied  to  the  analysis  of 
failure  of  circular  cavities  in  a  compressive  stress  field — a  problem  of  importance  in  main 
applications  such  as  boreholes  in  rock  or  openings  in  structural  parts.  It  was  shown  that  in 
contrast  to  the  strength-based  analysis  of  compression  failures  (or  plastic  limit  analysis), 
the  theory  always  exhibits  a  size  effect.  In  the  simplest  form,  the  size  effect  for  the  failure 
stress  of  a  circular  opening  decreases  as  the  inverse  2/.5  power  of  the  opening  diameter 
[6|.  The  theory  has  also  been  applied  to  the  calculation  of  size  effect  in  the  failure  of 
concrete  columns  (which  would  similarly  be  applicable  to  the  failure  of  rock  walls).  The 
failure  mechanism,  according  to  experiments,  has  been  considered  to  involve  a  push-out  of 
a  triangular  region  limited  by  an  inclined  band  of  splitting  microcracks  [7).  The  predicted 
size  effect  was  confirmed  experimentally  [8|  by  size  effect  tests  of  reduced-scale  reinforced 
concrete  columns.  (The  current  methods,  embodied  in  standards,  do  not  consider  any 
size  effect  in  compression  failures  of  concrete.) 

The  foregoing  models  consider  interacting  cracks  in  a  homogeneous  material.  This  is 
good  enough  for  graphite  epoxy  or  similar  composites,  but  is  a  simplification  in  the  case  of 
concrete,  due  to  the  presence  of  inclusions  in  the  form  of  hard  aggregate  pieces.  Therefore, 
the  problem  of  a  body  containing  both  microcracks  and  inclusions  has  been  analyzed  |9|. 
The  analysis  has  been  numerical,  using  the  superposition  method  for  cracks  systems, 
which  was  extended  to  inclusions.  It  was  shown  that  the  inclusions  play  a  significant 
role,  but  they  do  not  alter  the  qualitative  nature  of  crack  interactions.  The  main  rcic  of 
aggregate  is  to  decide  the  dominant  spacing  of  the  microcracks. 

2.3  Identification  of  macro-fracture  characteristics  by  random  particle  simulation  of 
micro  structure 

The  quasi-brittle  material  behavior  can  be  easily  simulated  by  random  particle  systems 
(discrete  element  method)  in  which  the  interparticle  force-displacement  relationship  ex¬ 
hibits  softening.  Such  a  particle  system  can  approximate  the  microstructure  of  a  material 
such  as  concrete  or  fiber  composite  in  the  transverse  cross  section.  An  eflScient  numerical 
scheme  has  been  developed  and  used  to  study  the  correlation  of  the  macroscopic  fracture 
characteristics  to  the  characteristics  of  the  microstructure,  particularly  the  mean  and  co¬ 
efficient  of  variation  of  interparticle  strength,  and  the  mean  and  coefficient  of  variation 
of  microductility  (displacement  at  which  the  interparticle  force  is  reduced  to  zero).  It 
was  shown  that  the  macrofracture  characteristics  can  be  identified  by  simulating  geomet- 
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rically  similar  specimens  of  different  sizes  and  exploiting  the  calculated  size  effect  (10|. 
Furthermore,  it  was  shown  that  regular  lattices  of  particles  always  exhibit  directional  bias 
for  fracture,  even  if  the  strength  values  are  randomized.  A  method  to  efficiently  generate 
random  particle  systems  of  prescribed  particle  size  distribution  has  been  formulated  [lOj. 

2.4  Nonlocal  generalization  of  probabilistic  Weibull  theory  of  random  strength 

For  reasons  mentioned  before,  Weibull  probabilistic  theory  of  random  strength  has 
been  generalized  to  a  nonlocal  form  that  can  be  applied  to  quasi-brittle  materials  [11,  12 j. 
The  classical  assumption  that  the  material  failure  probability  is  determined,  at  c  ording 
to  Weibull  probability  distribution,  by  the  local  tensile  stress  has  been  replaced  by  the 
assumption  that  it  is  determined  by  the  average  of  strain  in  the  neighborhood  of  a  given 
point. 

It  was  found  that,  for  small  structure  sizes,  this  leads  to  the  same  size  effect  as  the 
classical  Weibull  theory,  but  for  large  structure  sizes  the  size  effect  is  different  and  ap¬ 
proaches  the  deterministic  size  effect  of  linear  elastic  fracture  mechanics.  The  approach 
to  a  deterministic  size  effect  for  large  sizes  is  explained  by  the  fact  that  the  size  of  the 
fracture  process  zone  tends  to  be  independent  of  the  structure  size  when  the  specimens 
are  large. 

2.6  Rate  effect  in  evolution  of  damage  and  fracture 

For  reasons  explained  in  Section  I,  modeling  of  the  rate  effect  and  understanding  of 
its  micromechanics  is  of  paramount  importance.  In  order  to  eliminate  the  difficult  and 
complicating  effects  of  wave  propagation,  tests  have  been  conducted  in  the  static  range, 
at  loading  rates  varied  over  5  orders  of  magnitude  [13,  14).  The  interrelationship  of  the 
loading  rate  effect  and  size  effect  has  been  experimentally  studied  for  rocks  [15]  (whose 
behavior  is  similar  to  ceramics)  and  concrete. 

Aside  from  the  well-known  dependence  of  strength  and  fracture  energy  on  the  loading 
rate,  several  new  effects  have  been  found.  The  fracture  specimens  of  concrete  in  the  post¬ 
peak  range  exhibit  load  relaxation,  but  those  of  rock  do  not  [13-15].  This  means  that 
creep  of  concrete  plays  a  role  in  the  rate  effect.  Loading  concrete  at  a  faster  rate  causes 
a  shift  of  the  size  effect  closer  to  linear  elastic  fracture  mechanics,  that  is,  toward  a  more 
brittle  behavior.  The  slower  the  loading,  the  higher  the  brittleness  [13-15],  which  at  first 
seemed  surprising.  This  is  micromechanically  explained  by  relaxation  of  the  stress  in  the 
vicinity  of  the  fracture  or  damage  front,  which  occurs  in  concrete  due  to  creep  (but  not  in 
rocks,  in  which  this  phenomenon  is  not  observed).  Another  new  phenomenon  that  came 
out  from  experiments  was  the  reversal  of  softening  response  to  hardening  response  by  a 
sudden  increase  of  the  loading  rate  [16].  This  is  a  dramatic  effect  which  can  cause  that 
the  second  peak  is  even  higher  than  the  previous  peak  under  the  previous  loading  rate 
[16]. 

These  phenomena  have  first  been  modeled  by  a  simple  rate-dependent  generalization 
of  the  R-curve  approach  to  quasi-brittle  fracture,  in  which  the  creep  in  the  specimen  was 
also  taken  into  account  [17].  To  obtain  a  more  realistic  model  based  on  micromechanics, 
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the  rupture  of  bonds  in  the  fracture  process  zone  was  analyzed  according  to  the  rate- 
process  theory  for  thermally  activated  processes  governed  by  activation  energy  [I'l.  18|. 
Based  on  Maxwell  distribution  of  kinetic  energies  of  atoms  or  molecules,  a  rate-dependent 
generalization  of  the  stress-displacement  relationship  of  the  cohesive  crack  model  has 
been  obtained  (an  equivalent  form  for  the  crack  band  model  for  distributed  cracking  then 
also  follows).  This  rate-dependent  formulation  was  also  applied  in  a  crack- band  finite 
element  analysis  of  concrete,  and  it  was  shown  that  the  aforementioned  experimentally 
observed  phenomena  can  be  simulated  [18|.  The  generalization  of  the  cohesive  crack  model 
to  rate  dependence  has  been  formulated  in  a  general  way  on  the  basis  of  compliance 
influence  functions  (Green’s  functions)  [20|.  Finally,  it  was  shown  that  the  size  effect 
curves  according  to  the  cohesive  crack  model  can  be  directly  calculated  based  on  eigenvalue 
analysis  of  the  maximum  load,  making  integration  of  the  solution  for  the  increase  of  the 
load  from  zero  to  the  maximum  unnecessary.  It  was  shown  that  the  structure  size  for 
which  a  given  relative  crack  length  corresponds  to  the  maximum  load  is  an  eigenvalue  of 
a  certain  integral  equation  (20). 

As  an  alternative  to  the  cohesive  crack  model,  a  novel  approach  to  simulating  fracture 
with  a  crack-tip  blunting  zone  has  been  formulated  by  assuming  that  the  cohesive  crack  is 
a  superposition  of  infinitely  many  linear  elastic  cracks  with  infinitely  densely  distributed 
tips  and  with  infinitely  small  stress  intensity  factors  |21).  This  approach  is  sometimes 
advantageous,  since  it  allows  exploiting  the  known  solutions  of  linear  elastic  fracture 
mechanics.  The  rate  eflfect  and  creep  have  also  been  incorporated  in  this  approach.  It 
was  shown  that  fracture  simulation  by  such  a  model  can  reproduce  the  size  effect  observed 
in  quasi-brittle  materials  as  well  as  the  effects  of  loading  rate  [21]. 

2.1  Fatigue  aspects  of  quasi-brittle  fracture 

Tests  of  size  effect  under  fatigue  loading  have  been  conducted  for  geometrically  similar 
specimens  of  different  sizes,  using  both  normal  and  high-strength  concretes  [22,  23|.  It 
was  found  that  fatigue  failures  also  exhibit  a  size  effect,  but  of  a  type  that  deviates  from 
the  well  known  Paris  law  for  the  growth  of  cracks  under  cyclic  loading,  which  is  known 
to  apply  to  metals.  The  size  effect  is  again  found  to  be  transitional,  approaching  Paris 
law  for  very  large  sizes.  It  was  also  shown  that  for  high-strength  concretes  the  fatigue 
behavior  is  more  brittle,  with  a  stronger  size  effect  than  for  normal  concretes. 

2.8  Boundary-layer  size  effect 

As  pointed  out  in  Section  I,  in  some  situations  quasi-brittle  structures  fail  at  the 
initiation  of  fracture  growth  from  the  surface.  In  that  case,  the  microcracking  is  not  yet 
localized  at  the  moment  of  failure,  but  it  still  engenders  size  effect.  This  type  of  size 
effect  is  of  a  different  nature.  A  simple  analytical  formulation  for  this  type  of  size  effect, 
as  manifested  in  the  tests  of  modulus  of  rupture  for  bending,  has  been  formulated  and 
calibrated  by  test  results  [24]. 
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2.9  Refinements  of  microplane  model  for  strain- softening  constitutive  relations 

This  constitutive  model  for  damage,  developed  under  a  previous  AFOSR  grant,  was 
further  extended  and  refined.  A  new  concept  of  geometric  damage  was  formulated  [25|. 
This  made  it  possible  to  separate  the  effect  of  a  reduction  of  the  effective  load-bearing 
cross  section  on  planes  of  various  orientations  within  the  material  from  the  stress-strain 
relationship  for  the  true  stress  (stress  in  the  undamaged  part  of  the  cross  section).  This 
analysis  also  provided  a  rational  expression  for  the  damage  tensor,  as  a  fourth-rank  ten¬ 
sor.  Compression  failures  and  cyclic  loading  failures  of  concrete  have  been  simulated  by 
extensions  of  this  model  [26,  271. 

2.10  Analysis  of  bifurcations  that  lead  to  localization  of  damage 

It  was  shown  that,  in  direct  tensile  tests,  the  tensile  strain-softening  damage  due  to 
cracking  leads  to  a  bifurcation  of  the  equilibrium  path  such  that  the  specimen  must  flex 
to  the  side  (28,  29). 

2.11  Some  further  related  works 

Several  other  studies  of  localization,  nonlocal  damage,  size  effect  and  other  aspects 
related  to  the  present  project  have  also  been  carried  out  [30-40|. 

Concluding  Remarks 

The  foregoing  diverse  results  complement  the  principal  accomplishment  outlined  in  Sec¬ 
tion  1.  Their  common  theme  is  the  micro-macro  correlation  of  damage  and  fracture. 
Several  types  of  phenomena  arise  on  the  microscale,  including  microcracking,  influence  of 
inclusions,  rate  effects  in  the  microcrack  growth,  probabilistic  aspects  of  the  microstruc¬ 
ture,  etc.  They  all  need  to  be  taken  into  account  in  order  to  obtain  a  fully  realistic  model 
based  on  micromechanics. 

IV.  Professional  Personnel  Associated  with  the  Re¬ 
search  Effort 

1.  Personnel 

1.  Zdenek  P.  Bazant  (Principal  Investigator) 

2.  Issac  Daniel  (Faculty  Advisor) 

3.  WiUiam  F.  Schell  (M.S.,  June  1992) 

4.  Stephen  Beissel  (M.S.,  June  1992) 

5.  Milan  Jirasek  (Ph.D.,  June  1993) 


6.  Ravindra  Gettu  (Ph.D.,  June  1992) 

7.  Yunping  Xi  (Ph.D.,  June  1992) 

8.  Zhengzhi  Li  (Graduate  Research  Assistant) 

9.  Josko  Oibolt  (Post-Doctoral  Research  Associate) 

10.  Ignacio  Carol  (Post-Doctoral  Research  Associate) 

11.  Mohammad  T.  Kazemi  (Ph.D.,  June  1991) 

12.  Gilles  Pijaudier-Cabot  (Visiting  Post-Doctoral  Research  Associate  from  E.N.S.  de 
Cachan,  France) 

13.  Mazen  R.  Tabbara  (Post-Doctoral  Research  Associate) 

14.  Zhishen  Wu  (Visiting  Post-Doctoral  Research  Associate  from  Nagoya  University. 
Japan) 

15.  Yuan-Neng  Li  (Post  Doctoral  Research  Associate) 

16.  Michael  Thoma  (Visiting  Research  Associate  from  Universitat  Munich,  Germany) 

17.  Rodrigue  Desmorat  (Visiting  Research  Associate  from  E.N.S.  de  Cachan,  Prance) 

2.  Theses: 

Ph.D. 

1.  Mohanuned  T.  Kazemi,  Fracture  Characteristics  of  Quasi-brittle  Materials  from  the 
Size  Effect  Method  and  Implications  in  Design,  1990. 

2.  Ravindra  Gettu,  Concrete  and  Rock  Fracture  and  the  Influence  of  LoaCmg  Rate, 
1992. 

3.  Yunping  Xi,  Analysis  of  concrete  creep,  shrinkage  and  fracture  by  deterministic  and 
probabilistic  methods,  1992. 

4.  Milan  Jirasek,  Modeling  of  Fracture  and  Damage  in  Quasibrittle  Materials,  1993. 

M.S. 

1.  William  F.  Schell,  Fatigue  Fracture  of  High  Strength  Concrete  Under  High  Frequency 
Loading,  1991. 

2.  Stephen  Beissel,  Numerical  Analysis  of  Nonlinear  and  Time- Dependent  Fracture  by 
Means  of  the  Smeared-Tip  Superposition  Method,  1990. 
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Fracture  Mechanics  of  Concrete  Structures,  Breckenridge,  Colorado,  June),  ed. 
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[9]  Pijaudier-Cabot,  G.,  and  Bazant,  Z.P.  (1991).  “Cracks  interacting  with  particles 
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5),  held  at  U.P.C.,  Barcelona,  September,  ed.  by  Z.P.  Bazant  and  I.  Carol,  E  k 
FN  Spon,  London,  291-307. 
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tures,  (Proc.  Int.  Conf.  on  Fracture  Mechanics  of  Concrete  Structures,  Breck¬ 
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3.1  Principal,  Keynote  or  Distinguished  Lectures 

[1]  Fracture  and  size  effects  in  quasi-brittle  structures,  2nd  International  Torroja  Lecture 

(presented  after  being  awarded  the  Gold  Medal  of  the  Building  Research  Institute 
of  Spain),  National  Council  for  Scientific  Research,  Madrid,  Spain,  Jan.  21,  1991. 

[2]  Size  effects  of  fracture  and  localization:  ap>er5U  of  recent  advances  and  their  exten¬ 

sion  to  simultaneous  fatigue  and  rate  sensitivity,  Int.  Conference  on  Fracture 
Processes  in  Brittle  Disordered  Materials  (org.  by  J.  vaji  Mier),  Noordwijk,  the 
Netherlands,  June  20,  1991. 

[3]  Fracture  mechanics  of  concrete:  an  apergu  of  basic  conceptual  models  (co-author 

V.S.  Gopalaratnam),  First  Int.  Conference  on  Fracture  Mechanics  of  Concrete 
Structures(FraMCoS  1),  Breckenridge,  Colorado,  June  1,  1992. 

[4]  Fracture  size  effect  and  concrete  design  code  (closing  lecture),  Cornett  ’’Fracture  of 

Concrete”,  Madrid,  Spain,  November  27,  1992. 

[5]  Time-dependence  on  fracture  and  fatigue  in  concrete  and  rock.  Medal  Lecture  (lecture 

in  Czech,  presented  after  the  conferral  of  the  Medal  of  Merit  for  Advances  in 
Mechanics),  Annual  Meeting,  Czech  Society  for  Mechanics,  held  at  Techn.  Univ. 
Prague,  February  1,  1993. 

[6]  Interaction  of  creep  and  fracture  of  concrete,  Proc.,  5th  International  RILEM  Sym¬ 

posium  (ConCreep  5),  held  at  U.P.C.,  Barcelona,  September  6,  1994. 


18 


3.2  Invited  Conference  Lectures 


[7]  FVacture  mechanics  of  concrete,  U.S.-Japan  Workshop  on  Finite  Element  Analysis  of 

Reinforced  Concrete  Structures  (org.  by  C.  Meyer),  Columbia  University,  New 
York,  June  3,  1991. 

[8]  Fracture  mechanics  of  quasi-brittle  structures:  recent  advances,  1 1th  Int.  Conference 

on  Structural  Mechanics  in  Reactor  Technology  (SMiRT  11),  Keio  Plaza  Hotel, 
Tokyo,  Aug.  20,  1991. 

[91  Rate  and  size  effects  in  concrete  failure;  implications  for  dams,  Int.  Conference  on 
Dam  Fracture,  University  of  Colorado,  Boulder,  September  12,  1991. 

[10|  Microplane  model  for  damage  in  concrete,  Scandanavian  Workshop  on  Materials 
Models  for  Fracture  and  Damage  in  CR.C.  Structures,  Hotel  Actif,  (org.  by  P. 
Bergan),  Det  Norske  Veritas,  Oslo,  Norway,  February  14,  1992. 

[11]  Fracture  models  for  concrete  and  size  effect,  ibid,  February  15,  1992. 

[12]  New  concept  of  nonlocal  continuum  damage:  Crack  influence  function.  Symposium 

on  Macroscopic  Behavior  of  Heterogenous  Materials  from  the  Microstructure, 
113th  ASME  Winter  Annual  Meeting,  Hilton,  Anaheim,  California,  November 
12,  1992. 

[13]  Micromechanics-based  continuum  model  for  fracture  of  damaging  materials  (with  M. 

Jirasek),  Symposium  on  Material  Mechanics,  ASCE-ASMEl-SES  Joint  Mechanics 
Conference  (MEET  ’93),  University  of  Virginia,  Charlottesville,  VA,  June  9, 
1993. 

3.3  Invited  Colloquium  Lectures  and  Seminars  at  Universities  and  Labora¬ 
tories 

[14]  Size  effect  in  failure  of  quasi-brittle  structures,  Polytecnic  University  of  Catalonia, 

International  Center  of  Numerical  Methods  in  Engineering,  Barcelona,  Jan.  17, 
1991. 

[15]  Nonlocal  generalization  of  Weibull  statistical  theory  of  size  effect  in  quasi-brittle 

structures.  Dept,  of  Mechanics,  Faculty  of  Mechanical  Engineering,  Technical 
University,  Munich,  Jan.  29,  1991. 

[16]  Micromechanics  arguments  for  nonlocality  of  continuum  damage,  Institut  fiir  Werk- 

stoffe  im  Bauwesen,  Stuttgart  University,  Feb.  1,  1991. 

[17]  Recent  advances  in  deterministic  and  statistical  theories  of  size  effect  in  structures 

with  damage  and  localization  (presented  in  FVench),  Laboratory  of  Mechanics, 
E,N.S.,  Paris,  Cachan,  Feb.  7,  1991. 

[18]  Size  effect  in  failure  of  quasi-brittle  structures,  Institute  of  Mechanics,  Faculty  of 

Civil  Engineering,  Technical  University,  Vienna,  Austria,  Feb.  13,  1991. 

[19]  Size  effect  in  failure  of  quasi-brittle  structures  (presented  in  Czech),  Czech  Technical 
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University  at  Prague,  Faculty  of  Civil  Engineering,  Czechoslovakia,  Feb.  19. 
1991. 

[20]  Size  effects  and  brittle  fracture  of  concrete  and  concrete  structures.  Special  lecture 
at  Institution  of  Structural  Engineers,  London,  U.K.,  Feb.  21,  1991. 

121]  Should  fracture  mechanics  size  effects  be  introduced  into  concrete  design  codes? 

Dept,  of  Civil  and  Mineral  Engineering,  University  of  Minnesota,  Minneapolis, 
MN,  March  1,  1991. 

(221  Nonlocal  statistical  size  effect  in  structures  with  large  stable  crack  growth.  Con¬ 
structed  Facilities  Division  Seminar,  Dept,  of  Civil  Engineering,  MIT,  Boston, 
March  21,  1991. 

[23|  Size  effect  in  failure  of  structures  exhibiting  stable  fracture  growth,  Materials  and 
Structures  Seminar,  Dept,  of  Civil  and  Environmental  Engineering,  University 
of  Western  Michigan,  Ann  Arbor,  MI,  May  16,  1991. 

[24]  Size  effect  in  failure  of  quasi-brittle  structures.  Faculty  of  Engineering  Science 
Seminar  Series,  the  University  of  Western  Ontario,  London,  Ontario,  Canada, 
May  17,  1991. 

[25|  FVacture  mechanics  of  concrete  structures  and  size  effect,  Dept,  of  Civil  and 
Environmental  Engineering,  Politecnic  University,  New  York,  June  6,  1991. 

[26]  Fracture  of  brittle  materials,  guest  lecture  of  Graduiertenkolleges,  Institute  for 

Structural  Design  and  Construction,  Suttgart  University,  Germany,  June  25, 
1991. 

[27]  Instabilities  and  bifurcations  caused  by  localization  of  damage  or  fracture,  Institute 

of  Mechanics,  Dept,  of  Mechanical  Engineering,  T.H.  Darmstadt,  July  8,  1991. 

[28]  Size  effect  in  brittle  failure  of  concrete  structures,  Shimizu  Institute  of  Technology. 

Shimizu  Corp.,  Tokyo,  Aug.  21,  1991. 

[29]  Size  effect  in  failure  of  qu6isi-brittle  structures  -  energy  release  and  nonlocal  theory. 

National  Chung-Hsing  University,  Tai-Chung,  Taiwan,  Aug.  23,  1991. 

[30]  Consequences  of  fracture  mechanics  for  future  design  practice  and  codes  for  rein¬ 

forced  concrete  structures,  a  lecture  for  practicing  engineers  sponsored  by  the 
Chinese  Institute  of  Civil  and  Hydraulic  Engineering  and  the  Chinese  Society  of 
Structural  Engineering,  Dept,  of  Civil  Engineering,  National  Taiwan  University, 
Taipei,  Aug.  26,  1991. 

[31]  Nonlocal  generalization  of  Weibull  statistical  strength  theory.  Center  for  Earthquake 

Engineering  Research,  National  Taiwan  University,  Taipei,  Aug.  27,  1991. 

[32]  Should  design  codes  consider  fracture  mechanics  size  effect?  Korea  Insitute  of 

Construction  Technology  (co-sp>onsored  by  Korean  Concrete  Institute,  KCI), 
Seoul,  Korea,  Aug.  29,  1991. 

[33]  Nonlocal  generalization  of  Weibull  statistical  theory  and  nonlocal  finite  element 

codes.  Structural  Engineering  Dept.,  Korea  Atomic  Energy  Research  Institute, 
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Appendix  1. 


Copies  of  Transparencies  from  a  Lecture 
Explaining  the  Principal  Accomplishment 
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(Section  III-l,  Ref.  [1],  [2],  [34]) 


CONTINUUM  MODEL  FOR 
DAMAGE  LOCALIZATION  IN 
SOLIDS  WITH  INTERACTING 
MICROCRACKS 

OUTLINE 

1 .  Historical  Overview,  Problem  Statement 

2.  New  Nonlocal  Model  Based  on  Crack  Interactions 

3.  Properties  of  Smoothed  Crack  Influence  Function 

4.  Localization  in  a  Layer 

5.  Size  Effect  and  Applications  in  Finite  Element  Analysis 
with  Microplane  Model 


STRAIN-SOFTENING 


1 


OBSERVATIONS 


'  Acoustic 


emissions 
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At  first  —  controversial  ...  dismissed  for  violation  of 

Drucker's  postulate,  Hadamard's 
condition  (wave  velocity  real) 


PROBLEMS: 

—  Mesh  objectivity  (spurious  mesh  sensitivity) 


—  Spurious  localization  of  damage  to  a  zero  volume 

~  Loss  of  ellipticity  of  static  problem 
hyperbolicity  of  wave  problem 

Same  kind  of  problem  occurs  for:  Nonassociated  flow  rule 

(lack  of  normality) 


3 


False  remedy  (sidetracking  the  problem) 
—  continuum  damage  mechanics 


a^(I-Q))T 
T-f(s)  6J 
"true"  stress 


Partial  remedy:  Regularization  by  means  of 

VISCOSITY  (artificial  or  real) 
—  does  not  work  asymptotically 

for  t  ->  00 


c)  The  only  general  remedy 

—  some  type  of  NONLOCAL  concept 


1. 


2. 


Limit  the  crack  band  width,  hmin  element  size) 


...  crack  band  model 
1976,  1979,  1983 

Nonlocal  continuum  damage 
1984,  1987 


a)  Averaging  model  (1984)  (Nonlocal  integral) 

b)  Gradient  models  (micropolar  plasticity,  etc.) 

—  related  (result  of  Taylor  series  expansion) 

Physical  Justiflcation  of  Nonlocality? 


—  microcracks  -  but  how? 

—  inclusions,  grains?  -  No 


-  easier,  nearly  all  the  studies  have  so  far  been  limited  to  this  (see  e.g.  a 
review  by  M.  Kachanov,  Appl.  Mech.  Rev.  45(8),  1992,  304-335),  but 
is  less  important. 

TOPICS  STUDIED: 

^  _  Crack  density  tensor  -  anisotropy  due  to 

^  r  - \  --  cracks  -  crack  friction  and  slip  -  fluid- 

f  filled  cracks  -  interacting  but 

//  .  statistically  uniformly  distributed  cracks 

//  ^  ^  localization)  ^  (secant)  elastic 

j  Yr  moduli  with  or  without  crack  interactions 

/  -  self-consistent  method,  Mori-Tanaka 

/  ^  method,  method  of  effective  field  - 

ijy  ^  differential  scheme  -  periodic  crack 

.  ^  arrays  of  various  geometries,  with 

/j.  l5  .  u.n  A  shielding  and  amplification 

"y  ”  '  /  I— ^  configurations  -  variational  bounds  on 

V  ^  _  effective  moduli. 


V  '' 

■  ^  \ 


ASSUMED  THAT: 
1 .  Cracks  do  not  ni 


1 .  cracks  do  not  propagate  during 
deformation  increment. 

2.  Cracks  remain  statistically  uniform  on 
the  macroscale. 

LIMITATION: 

—  This  can  yield  only  the  secant  moduli  E, 
(but  one  needs  mainly  the  tangent  moduli 
E. ). 


stage  2. 


^  {  f. 


/  trc(ci 

propa9atioA! 


N  \  •  -  ^  ' 


s  ' 


\  Nt 


-  '  »'  7 

I  <  ^ 

P\ 


'  '  r ' 
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-  harcUer,  studied  very 
little  but  is  much  more 
important. 

ASSUMED: 

Cracks  do  not  localize 
due  to  crack 
interactions. 

-  yields  only  the  local 
moduli,  without  the 
effect  of  crack 
interactions. 


▼  \  I 

stage  3.  Tangent  Stiffneas  at  Propagating  Intcractini 


Microcracks  with  Localization 


A 


-  '  f 


very  hard,  not  studied 
so  for 

but  required  for  realistic 
solution! 


Interactions  of 
propagating  cracks 


cause  a  change  of 
stiffness  from  its  local 
value  to  a  certain 
nonlocal  value 
governing  localization 
of  cracking. 


LOCAL  AND  NONLOCAL  MACROSCOPIC 
STRESS-STRAIN  RELATIONS 


a)  Load  form: 

Aa  =  E:{A€-  Ae")  =  E:A€- AS 
Ac  =  E  :  Ae  -  AS 

4 

where  AS  =  inelastic  stress  increment  tensor 


(1) 

(2) 


b)  Previous  nonlocal  damage  model 
(Pijaudier-Cabot  &  Baiant): 

Aa  =  g:  A€~  Ag  (3) 

A5  is  the  nonlocal  inelastic  stress  increment ,  defined  by 
spatial  averaging: 

(4) 

(5) 

kernel  a(x,^)  =  nonlocal  weight  function  of  mean  l(nor- 
malized). 


ASjx)  =  jy  a(x,  0 A5(0  dViO  | 

L  aix,  0  dne)  =  1 


f  1 

^  NONLOCALITY  CAUSED  BY  INTEBACTION  OF 
*  GROWING  MICROCRACKS:  Two  substeps: 

I.  Cracks  frozen,  stresses  due  to  loads  solved. 

IL  Cracks  unfrozen,  stresses  due  to  crack  tractions  solved.  ,  • 


» 


XUP€RPor  ITIQM 


Nomial  surface  traction  due  to  unfreezing  of  a  crack: 


Superposition  method  (Gollins  1963,  Datsyshin  and  Savruk 
1973,  Gross  1982,  Chudnovsky  and  Kachanov  1983,  Chud- 
novsky  et  al.  1987,  Chen  1984,  and  Horii  and  Nemat- 
Nasser  1985) — Kachanovas  (1987)  simplification: 


I/=l 


in  which  (..)  =  averaging  operator  over  crack  surface; 
=  crack  influence  coefficients. 
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f  H  rotiHj  ^ 
iiv4eriLcA*#Hi 
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^Simplifying  hypothesis:  Consider  at  each  point  only  the 
^  dominant  microcrack  oriention,  coinciding  with  the  max¬ 
imum  principal  inelastic  macro-stress  (i.e.,  Mode 

I).  Denote: 


In  terms  of  macro-stresses: 


^  NONLOCAL  CON  TINUUM— Fredholm  integral  equa- 
'  tion; 

A^'>(x)  -  jy  A(x,  0 =  (A5(i)(x)>  (10) 


where:  {AS^^\x))  =  AS^^\^)a{Xy^)dV{^)  (11) 

A(a;^,^„)  =  crack  influence  function. 

Hf>  -  ^  Uyfi  €^Cfc/fWi  Tf  Jlw/. 
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7^4  caria AA  Avc  /iNif  Vr  Local  ! 


Gauss-Seidel  Iteration  Method  (discrete): 


^^i)lr+il  =  <a5«}  +  E  (/X  =  1, 2,  ...N) 

.I/=l 

A  - -  (14) 

Locai  , 
r/ivc<( ) 


(r+l) 


Method  of  successiv^approximations  (continuum): 

AS^^)  ^  {A5(>)(x))  +  j^,A{x,OA^^\^)dVXO  (15) 
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CRACK  INFLUENCE  FUNCTION  IN  TWO  DIMEN 
SIGNS: 
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^For  cracking  in  all  directions: 
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Admissibility  of  uniform  stress  fields  requires  (for  2D): 
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NEW  NONLOCAL  DAMAGE  CONCEPT:  n 

MICROMEGHANICS  OF  CRACK 
^  INTERACTIONS 

geneous)  system  of  and  growing  microcracks- 

Kachanoy’s  simplification  of  superposition  method. 

2.  Continuum  counterpart:  Fredholm  integral  equation 

for  i^iila(aJJnda&tk.^Ar^mcrei^  with  faKpJo- 
tegrals, 

•  Saint- Venant  principle:  short-range  averaging. 

zero  mean,  2)  second-rank  tensor,  3)  directional 
dependence,  3)  shielding  and  amplification  sectors. 

L  2D,  in  3D; 
is  nonintegrable! 

Nonlocal  inelastic  stress  in¬ 
crements  in  finite  element  code  solved  by  iterations 
in  load  steps. 

4.  Constitntive  law  local  — >  no  problem  with  unloading 
criterion  ana  continuity  condition! 

5.  Localization  into  a  band  within  a  layer:  1)  bifurcates 
well  before  load-deflection  peak,  2)  load-deflection 

.  peak  occurs  before  stress-strain  peak. 

6.  Nonlocal  microplane  analysis  of  fractures  dominated 
by:  mode  I,  shear  &  compression — same  characteris¬ 
tic  length. 


oo-space:  unitom  cracking 
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NONLOCAL  DAMAGE  CONCEPT  BASED  ON 
MICROMECHANICS  OF  CRACK  INTERACTIONS 

Zdenek  P.  Bazant*,  Fellow,  ASCE 

Abstract:  A  nonlocal  continuum  model  for  strain-softening  damage  is  derived  by  micromechanics 
analysis  of  a  macroscopicaily  nonhomogeneous  (nonuniform)  system  of  interacting  and  growing  mi¬ 
crocracks,  using  Kachanov’s  simplified  version  of  the  superposition  method.  The  continuum  model  is 
obtained  by  seeking  a  continuum  field  equation  whose  possible  discrete  approximation  coincides  with 
the  matrix  equation  governing  a  system  of  interacting  microcracks.  The  result  is  a  Fredholm  integral 
equation  for  the  unknown  nonlocal  inelastic  stress  increments,  which  involves  two  spatial  integrals. 
One  integral,  which  ensues  from  the  fact  that  crack  interactions  are  governed  by  the  average  stress 
over  the  crack  length  rather  than  the  crack  center  stress,  represents  short-range  averaging  of  inelastic 
macro-stresses.  The  kernel  of  the  second  integral  is  the  long-range  crack  influence  function  which  is  a 
second-rank  tensor  and  varies  with  directional  angle  (i.e.,  is  anisotropic),  exhibiting  sectors  of  shielding 
and  amplification.  For  long  distances  r,  the  weight  function  decays  as  r~^  in  two  dimensions  and  as 
in  three  dimensions.  Application  of  the  Gauss- Seidel  iteration  method,  which  can  conveniently  be 
combined  with  iterations  in  each  loading  step  of  a  nonlinear  finite  element  code,  simplifies  the  handling 
of  the  nonlocality  by  allowing  the  nonlocal  inelastic  stress  increments  to  be  calculated  from  the  local 
ones  explicitly.  This  involves  evaluation  of  an  integral  containing  the  crack  influence  function,  for  which 
closed-form  expressions  are  derived.  Because  the  constitutive  law  is  strictly  local,  no  difficulties  arise 
with  the  unloading  criterion  or  the  continuity  condition  of  plasticity. 

INTRODUCTION 

The  nonlocal  continnum — a  concept  introduced  in  elasticity  by  Eringen  (1965, 1966),  Kroner  (1967) 
and  others  (see  Ba2ant,  1986) — is  a  continuum  in  which  the  stress  at  a  given  point  depends  not 
only  on  the  strain  at  that  point  but  on  the  deformation  of  a  certain  neighborhood.  As  is  now 
generally  accepted,  finite  element  analysis  of  distributed  strain-softening  damage,  including  its  final 
localization  into  sharp  fracture,  requires  the  use  of  some  type  of  nonlocal  continuum  (Ba2ant,  1984; 
Ba2ant,  Belytschko  and  Chang,  1984;  Baiant,  1986).  An  effective  type  is  the  nonlocal  damage 
concept,  in  which  the  local  damage  or  fracturing  strain  figuring  in  the  incremental  stress-strain 
relation  is  replaced  by  its  spatial  average  (Pijaudier-Cabot  and  Ba2ant,  1987;  Ba2ant  and  Pijaudier 
Cabot,  1988;  Balant  and  Lin,  1988a,b;  Baiant  and  OZbolt,  1990,  1992a,  1992b). 
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The  argument  for  the  nonlocal  damage  concept  has  been  mainly  computational — the  need  to 
limit  localization  of  strain-softening  damage  to  zones  of  nonzero  volume.  The  physical  explanation, 
on  the  other  hand,  has  been  mainly  phenomenologic  and  empirical.  Intuitively,  it  has  been  expected 
that  the  main  source  of  nonlocality  must  be  the  interactions  among  adjacent  microcracks.  Certain 
micromechanics  arguments  based  on  a  system  of  microcracks  have  been  shown  to  lead  to  the 
nonlocal  damage  concept  (Bazant,  1987, 1991).  However,  interpretation  of  these  arguments  for  the 
purpose  of  finite  element  analysis  has  not  been  clear.  The  interactions  among  the  microcracks  with 
simultaneous  crack  growth  during  the  loading  steps  have  not  been  taken  into  account,  and  the  form 
of  the  spatial  integral  characterizing  the  nonlocal  continuum  has  not  been  physically  justified.  The 
crack  interactions  have  recently  been  analyzed  by  Pijaudier-Cabot  and  Baiant  (1991),  and  Baiant 
and  Tabbara  (1992).  However,  the  problem  of  determining  the  nonlocal  continuum  approximation 
has  not  been  addressed  in  that  context.  It  will  be  in  this  paper  (the  contents  of  which  have  been 
summarized  at  a  recent  conference;  Bazant  1992). 

A  special  case  of  nonlocal  continuum  models  for  strain  softening,  which  will  not  be  studied  here, 
are  the  gradient  models,  which  can  be  obtained  from  a  Taylor  series  expansion  of  the  nonlocal  spatial 
integral  (Bazant,  1984).  Much  attention  has  recently  been  devoted  to  gradient-dependent  plasticity 
of  micropolar  (or  Cosserat)  type  (de  Borst,  1990,  1991;  de  Borst  and  Sluys,  1991;  Muhlhaus  and 
Aifantis,  1991;  Vardoulakis,  1989;  Sluys,  1992;  and  Dietsche  and  Wiliam,  1992).  These  models, 
however,  have  so  far  been  justified  by  the  need  to  regularize  the  boundary  value  problem,  while  a 
physical  justification  from  micromechanics  is  still  lacking.  Some  microstructural  physical  arguments 
for  micropolarity  have  been  offered  for  sand,  but  they  have  been  vague  and  inconclusive. 

Important  contributions  to  micromechanics  of  cracking  and  damage  have  been  made  by  Kachanov 
(1985,  1990),  Chudnovsky  et  al.  (1987),  Ju  and  Lee  (1991),  Lee  and  Ju  (1991),  Ju  (1990,  1991), 
Krajcinovic  and  Fonseka  (1981),  Benveniste  et  al.  (1989)  and  others;  see  also  the  review  in  Bazant 
(1986).  Most  studies  have  so  far  been  limited  to  the  special  problem  of  determining  the  effective 
elastic  moduli  of  randomly  microcracked  solids  that  are  on  the  macroscale  in  a  statistically  homo¬ 
geneous  state  (for  an  excellent  review,  see  Kachanov,  1992).  For  this  special  problem,  it  has  been 
possible  to  apply  the  homogenization  methods  for  composites,  such  as  Hill’s  self-consistent  model, 
methods  of  periodic  cells,  methods  of  composite  cylinders  or  composite  spheres,  variationally-based 
bounds  such  as  Hashin-Shtrickman  bounds,  statistical  models  for  macro-homogeneous  crack  arrays, 
etc. 

However,  homogenization  is  not  the  principal,  most  difficult  issue.  Rather,  it  is  the  continuum 
smearing  of  damage  that  is  spatially  nonuniform  (statistically  nonhomogeneous).  The  smearing 
must  preserve  the  essential  interactions  of  cracks  or  other  micro-defects  that  govern  localization 
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of  strain.  This  issue  cannot  be  handled  by  homogenization  methods  because  they  apply  only 
to  macroscopically  uniform  fields.  A  different  type  of  continuum  model  is  required  to  handle 
localization.  Such  a  model  will  be  proposed  in  this  paper. 

Numerical  studies  with  a  finite  element  program  are  beyond  the  scope  of  this  paper,  but  are 
already  in  progress  (in  collaboration  with  J.  Oibolt,  using  the  microplane  constitutive  law).  The 
results  indicate  that  structural  failures  dominated  by  tension,  shear  or  compression  can  all  be 
modeled  using  the  same  nonlocal  material  characteristics,  especiaUy  the  same  characteristic  length. 
This  has  not  been  possible  with  the  previous  nonlocal  models. 

LOCAL  AND  NONLOCAL  MACROSCOPIC  STRESS-STRAIN  RELATIONS 

Finite  element  analysis  of  inelastic  solids  is  generally  carried  out  in  small  loading  steps.  For  each 
of  them  the  local  constitutive  law  may  be  written  in  the  incremental  form 

Aer  =  E  :(A€- A€")=  E  :Ae- AS  (1) 

Here  A<r,  Ae  =  increments  of  the  stress  and  strain  tensors,  E  =  fourth-rank  tensor  of  elastic  moduli 
of  uncracked  material,  Ae'*  =  inelastic  strain  increment  tensor,  and  AS  =  inelastic  stress  increment 
tensor.  In  a  nonlocal  continuum  formulation,  £q.  (1)  is  replaced  by 

A<r  —  E  :  Ae  —  A^  (2) 

A^  is  the  nonlocal  inelastic  stress  increment  tensor,  which  has  been  defined  in  recent  works  by  the 
spatial  averaging  integral: 

AS(x)=  f  a(*,0A5(()  dV(0  (3) 

Jv 

V  —  volume  of  the  body;  x,(  =  coordinate  vectors;  and  a(x,()  =  given  nonlocal  weight  function. 
When  A5(x)  is  a  uniform  field,  A^(x)  =  A5(x)  must  represent  a  possible  solution.  Hence  the 
normalizing  condition 

y^a(x,OdV(0=l  (4) 

NONLOCALITY  CAUSED  BY  INTERACTION  OF  GROWING  MICROCRACKS 

The  main  source  of  post-peak  strain-softening  is  the  gradual  spread  of  distributed  microcracking. 
Accordingly,  consider  an  increment  of  prescribed  loads  or  boundary  displacements  for  an  elastic 
solid  that  contains,  at  the  beginning  of  the  load  step,  many  microcracks  numbered  as  /i  =  1,  ...N. 
On  the  macroscale,  the  microcracks  are  considered  to  be  smeared,  as  required  by  a  continuum 
model.  Exploiting  the  principle  of  superposition,  we  may  decompose  the  loading  step  into  two 
substeps: 
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I.  la  the  first  substep,  the  cracks  (already  opened)  are  imagined  temporarily  ‘^ozen”  (or  'billed 
with  a  glue”),  that  is,  they  can  neither  grow  and  open  wider  nor  close  and  shorten.  Also, 
no  new  cracks  can  nucleate.  The  stress  increments,  caused  by  strain  increments  Ac  and 
transmitted  across  the  temporarily  frozen  (or  glued)  cracks  (I  in  Fig.  2),  are  then  simply 
given  by  E  :  Ae.  This  is  represented  by  the  line  segment  13  (Fig.  1)  having  the  slope  of  the 
initial  elastic  modulus  £. 

n.  In  the  second  substep,  the  prescribed  boundary  displacements  and  loads  aire  held  constant, 
the  cracks  are  '^unfrozen”  (or  ""unglued"),  and  the  stresses  transmitted  across  the  cracks  are 
relaxed.  This  is  equivalent  to  applying  pressures  (surface  tractions)  on  the  craM:k  faces  (II  in 
Fig.  2).  In  response  to  this  pressure,  the  cracks  are  now  allowed  to  open  wider  and  grow 
(remaining  critical  according  to  the  crack  propagation  criterion),  or  to  close  and  shorten. 
Also,  new  cracks  are  now  allowed  to  nucleate. 

If  no  cracks  grew  or  closed  (nor  new  cracks  nucleated),  the  unfreezing  (or  unglueing)  at  prescribed 
increments  of  loads  or  boundary  displacements  that  cause  macro-strain  increment  Ac  would  en¬ 
gender  the  stress  drop  34  down  to  point  4  on  the  secant  line  31  (Fig.  1).  The  change  of  state  of  the 
solid  would  then  be  calculated  by  applying  the  opposite  of  this  stress  drop  onto  the  crack  surfaces. 
However,  when  the  cracks  propagate  (and  new  cracks  nucleate),  a  larger  stress  drop  defined  by  the 
local  strain-softening  constitutive  law  and  represented  by  the  segment  A5  =  33  in  Fig.  1  takes 
place.  Thus,  the  normal  surface  tractions 

Apn  =  n^AS^n^  (5) 

representing  the  normal  component  of  tensor  A5^,  must  be  considered  in  the  second  substep  as 
loads  Ap^  that  are  applied  onto  the  crack  surfaces  (Fig.  2),  the  unit  normals  of  which  are  denoted 
as  (a  product  with  no  product  sign  denotes  here  a  product  of  tensors  contracted  on  one  index; 
often  it  is  written  as  the  dot  product,  but  here  we  omit  the  dot).  Note  also  that  for  mode  11  or 
in  cracks,  a  .similar  equation  could  in  general  be  written  for  the  tangential  tractions  on  the  crack 
faces. 

Now  we  introduce  two  simplifying  hypotheses: 

1.  Although  the  stress  transmitted  across  each  temporarily  frozen  crack  varies  along  the  crack,  we 
consider  only  its  average,  i.e.,  Ap^  is  constant  along  each  crack  (Fig.  3a).  This  approximation, 
which  is  crucial  for  our  formulation,  was  introduced  by  Kachanov  (1985, 1987).  He  discovered 
by  numerical  calculations  that  the  error  is  negligible  except  for  the  rare  case  when  the  distance 
between  two  crack  tips  is  at  least  an  order  of  magnitude  less  than  their  size. 


2.  We  consider  only  Mode  I  crack  openings,  i.e.  neglect  the  shear  modes  (modes  II  and  III)- 

This  is  often  justified,  for  instance  in  materials  sach  as  concrete,  by  a  high  surface  roughness  ^ 

which  prevents  any  significant  relative  slip  of  the  microcrack  faces  (the  mode  II  or  III  relative 
displacements  that  can  occur  on  a  macroscopic  crack  are  mainly  the  result  of  Mode  I  openings 
of  microcracks  that  are  inclined  with  respect  to  the  macrocrack). 

A  simple-minded  kind  of  superposition  method  would  be  to  unfreeze  all  the  cracks,  load  by 
pressure  only  one  crack  at  a  time,  and  then  superpose  all  the  cases  (Fig.  2a).  In  this  approach, 
the  pressure  on  each  crack,  would  be  known.  But  one  would  still  have  to  solve  a  body  with 
many  cracks. 

A  better  kind  of  superposition  method  is  that  adopted  by  Kachanov  (1985,  1987),  which  was 
also  used  by  Datsyshin  and  Savruk  (1973),  Gross  (1982),  Chudnovsky  and  Kachanov  (1983),  Chud- 
novsky  et  al.  (1987),  Chen  (1984),  and  Horii  and  Nemat-Nasser(1985),  and  in  a  displacement 
version  was  introduced  already  by  Collins,  1963.  In  this  kind  of  superposition,  one  needs  to  have 
the  solution  of  the  given  body  for  the  case  of  only  one  crack,  with  all  the  other  cracks  considered 
frozen  (Fig.  2a).  The  cost  to  pay  for  this  advantage  is  that  the  pressures  to  be  applied  at  the 
cracks  are  unknown  in  advance  and  must  be  solved.  By  virtue  of  Kachanov’s  approximation,  we 
apply  this  kind  of  superposition  to  the  average  crack  pressures  only.  The  opening  and  the  stress 
intensity  factor  of  crack  p  are  approximately  characterized  by  the  uniform  (average)  crack  pressure 
that  acts  on  a  single  crack  within  the  given  solid  that  has  elastic  moduli  E  and  contains  no 
other  crack.  This  pressure  is  solved  from  the  superposition  relation: 

Af 

~  ^  Ap„  M  =  1,  ...^■  (6) 

irsl 

(...)  is  the  averaging  operator  over  the  crack  length;  are  the  crack  influence  coefficients  rep¬ 
resenting  the  average  pressure  (Fig.  3a)  at  the  frozen  crack  p  caused  by  a  unit  uniform  pressure 
applied  on  unfrozen  crack  i/,  with  all  the  other  cracks  being  frozen  (Fig.  3b);  and  =  0  because 
the  sunamation  in  (6)  must  skip  i/  =  pt.  The  reason  for  the  notation  for  with  an  overbar  instead 
of  the  operator  (...)  is  that  the  unknown  crack  pressure  is  uniform  and  thus  its  distribution  over  the 
crack  area  never  needs  to  be  calculated  and  no  averaging  of  pressure  actually  needs  to  be  carried 
out. 

Note  that  the  exact  solution  requires  considering  pressures  Ap^(*')  and  Ap^(*')  that  vny 
with  coordinate  x*  along  each  crack.  In  numerical  analysis,  the  crack  must  then  be  subdivided  into 
many  intervals.  This  could  hardly  be  reflected  on  the  macroscopic  continuum  level,  but  is  doubtless 
unimportant  at  that  level. 
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Substituting  (5)  into  (6),  we  obtain 


s 

=  (A(n^S^n^)>  +  ^  A^yA(n„5t,n^)  (7) 

1/sl 

The  values  of  are  graphically  represented  in  Fig.  1  by  the  segment  A?  =  35.  This  segment 
can  be  smaUer  or  larger  than  segment  3?. 

Now  we  adopt  a  third  simplifying  hypothesis;  In  each  loading  step,  the  influence  of  the  microc¬ 
racks  at  macro-continuum  point  of  coordinate  vector  (  upon  the  microcracks  at  macro-continuum 
point  of  coordinate  vector  x  is  determined  only  by  the  dominant  microcrack  orientation.  This 
orientation  is  normal  to  the  unit  vector  of  the  maximum  principal  inelastic  macro-stress  tensor 
A?^^^  at  the  location  of  the  center  of  microcrack  /i.  We  use  the  deflnition: 

AJJ.*’  =  A(n^S^np,)  =  (n^5;,n^]new  -  [»»M5^«M]old  (®) 

The  subscripts  ‘new’  and  ‘old’  denote  the  values  at  the  beginning  and  end  of  the  loading  step, 
respectively.  According  to  this  hypothesis,  the  dominant  crack  orientation  generally  rotates  from 
one  loading  step  to  the  next.  Eq.  (7)  may  now  be  written  as: 

-  '£  ASi"  =  (ASi'l)  (9) 

V=1 

Alternatively,  one  might  assume  to  approximately  coincide  with  the  direction  of  the  maxi¬ 
mum  principal  strain.  Such  an  approximation  is  simpler  to  use  in  finite  element  programs.  It  might 
be  realistic  enough,  especially  when  the  elastic  strains  are  relatively  small. 

When  the  principal  directions  of  the  inelastic  stress  tensor  5  do  not  rotate,  the  increment 
operators  A  can  of  course  be  moved  inside  each  product  in  (7),  i.e.  A(n^^^n^)  =  n^A^^n^,  etc. 
One  might  wonder  whether  this  should  not  be  done  even  when  these  directions  rotate  (i.e.  when 
varies),  which  would  correspond  to  crack  orientations  being  fixed  when  the  cracks  begin  to  form. 
But  according  to  the  experience  with  the  so-called  rotating  crack  model,  empirically  verified  for 
concrete,  it  is  more  realistic  to  assume  that  the  orientation  of  the  dominant  cracks  rotates  with  the 
principal  direction  of  5. 

It  might  seem  we  should  have  taken  in  the  foregoing  equations  only  the  positive  part  of  A5^. 
But  this  is  not  necessary  since  the  unloading  criterion  prevents  A5^  from  being  negative. 

FIELD  EQUATION  FOR  NONLOCAL  CONTINUUM 

Now  comes  the  most  difficult  step.  We  need  to  determine  the  nonlocal  field  equation  for  the 
macroscopic  continuum  which  represents  the  continuum  counterpart  of  (9).  The  homogenization 
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theories  as  known  are  inapplicable,  because  they  apply  only  to  macr<»copically  uniform  fields  while 
the  nonunifonnity  of  the  macroscopic  field  is  the  most  important  aspect  for  handling  localization 
problems.  The  following  simple  concept  is  proposed: 

The  continuum  field  equation  we  seek  is  an  equation  whose  discrete  approximation  can  be  written 
in  the  form  of  the  matrix  crack  interaction  relation  (9). 

This  concept  leads  us  to  propose  the  following  field  equation  for  the  continuum  approximation 
of  microcrack  interactions: 

-  /  A(x,€)A5<'>(«)dV^(0  =  (A5<‘>(x))  (10) 

Jv 

because  an  approximation  of  the  integral  by  a  sum  over  the  continuum  variable  values  at  the  crack 
centers  yields  (9).  Here  we  denoted  A(x^,(„)  =  ^(A^)/Vc  =  crack  influence  function,  Ve  is  a 
constant  that  may  be  interpreted  roughly  as  the  volume  per  crack,  and  f  is  a  statistical  averaging 
operator  which  yields  the  average  (moving  average)  over  a  certain  appropriate  neighborhood  of  point 
X  or  Such  statistical  averaging  is  implied  in  the  macro-continuum  smoothing  and  is  inevitable 
because  in  a  random  crack  array  the  characteristics  of  the  individual  cracks  must  be  expected  to 
exhibit  enormous  random  scatter. 

It  must  be  admitted  that  the  sum  in  (9)  is  an  unorthodox  approximation  of  the  integral  from 
(10)  because  the  values  of  the  continuum  variable  aure  not  sampled  at  certain  predetermined  points 
such  as  the  chosen  mesh  nodes  but  are  distributed  at  random,  that  is,  at  the  microcrack  centers. 
Another  point  to  note  is  that  (9)  is  only  one  of  various  possible  discrete  approximations  of  (10). 
Since  this  approximation  is  not  unique,  the  uniqueness  of  (10)  as  a  continuum  approximation  is 
not  proven.  Therefore,  acceptability  of  (10)  will  also  depend  on  computational  experience  (which 
has  so  far  been  favorable). 

When  (10)  is  approximated  by  finite  elements,  it  is  again  converted  to  a  matrix  form  similar 
to  (9).  However,  the  sum  then  runs  over  the  integration  points  of  the  finite  dements.  This  means 
the  crack  pressures  (or  openings)  that  are  translated  into  the  inelastic  stress  increments  are  only 
sampled  at  these  int^ation  points,  in  the  sense  of  their  density,  instead  of  being  represented 
individually  as  in  (9).  Obviously,  such  a  sampling  can  preserve  only  the  long-range  interactions  of 
the  cracks  and  the  averaging.  The  individual  short-ramge  crack  interactions  will  be  lost,  but  they 
are  so  random  and  vast  in  number  that  aspiring  to  represent  them  in  any  detail  would  be  futile 
anyway. 

For  macroscopic  continuum  smearing,  the  averaging  operator  (...)  over  the  crack  length  now 
needs  reinterpretation.  Because  of  the  randomness  of  the  microcrack  distribution,  the  macro¬ 
continuum  variable  at  point  x  should  represent  the  spatial  average  of  the  effects  of  all  the  possible 


microcrad(  realizations  within  a  neighborhood  of  point  c  whose  size  is  roughly  equal  to  the  spacing  t 
of  the  dominant  microcraurks  (which  is  in  concrete  approximately  determined  by  the  spacing  of  the 
largest  aggregates);  hence, 

(A5<‘H»))  =  £  AS^^H()o(x,()dV(()  (11) 

The  weight  function  a(x,()  is  analogous  to  that  in  (3).  It  should  vanish  everywhere  outside  a 
domain  of  a  diameter  roughly  equal  to  f.  For  computational  reasons,  it  seems  preferable  that 
a  have  a  smooth  bell  shape.  Because  of  randomness  of  the  microcrack  distribution,  function 
a(x,()  may  be  considered  as  rotationally  symmetric  (i.e.,  same  in  all  directions,  or  isotropic). 
Strictly  speaking,  the  macroscopic  averaging  domain  could  be  a  line  segment  in  the  direction  of 
the  dominant  microcrack  (that  is,  normal  to  AS^^H*))*  or  ^  elongated  roughly  elliptical  domain. 
However,  using  a  line  segment  seems  insufficient  for  preventing  damage  localization  into  a  line  in 
the  case  of  a  homogeneous  uniaxial  tension  field,  and  it  would  also  be  at  variance  with  the  energy 
release  argument  for  nonlocality  of  damage  presented  in  Baiant  (1987,  1991). 

Equation  (10)  represents  a  Fredholm  integral  equation  (i.e.,  an  integral  equation  of  the  second 
kind  with  a  square- integrable  kernel)  for  the  unknown  A1^*\x),  which  corresponds  in  Fig.  1  to 
the  segment  35.  The  inelastic  strain  increment  tensors  A5^*H*)  o®  right-hand  side,  which 
f  correspond  in  Fig.  1  to  the  segment  3il^,  are  calculated  from  the  strain  increments  using  the  given 
local  constitutive  law  (  for  example  the  microplane  model,  continuum  damage  theory,  plastic¬ 
fracturing  theory,  or  plasticity  with  yield  limit  degradation). 

SOME  ALTERNATIVE  FORMS  AND  PROPERTIES  OF  THE  CONTINUUM  MODEL 

The  solution  of  (10)  can  be  written  as; 

A5<*\x)  =  (A5<^)(x))  -  /  iir(x,0(A5(')(0)dV(0  (12) 

Jv 

in  which  function  K{x^^)  is  the  resolvent  of  the  kernel  A(x,().  (This  resolvent  could  be  calculated 
numerically  in  advaince  of  the  nonlocal  finite  element  analysis,  but  it  would  not  allow  a  simple 
physical  interpretation  and  a  closed-form  expression.)  With  the  notation 

9  fti/  —  S/ii/  A|^ 

where  =  Kronecker  delta,  Eq.  (9)  can  be  transformed  to 


(13) 


(14) 
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The  oucio-coatinuam  counterpart  of  thk  discrete  matrix  relation  is 

=  <A5<“(x))  (15) 

which  represents  an  integral  equation  of  the  first  kind  for  the  unknown  function  Obvi¬ 

ously, 

«(x,0  =  tf(*-O-A(x,0  (16) 

where  S{x  —  ()  =  Dirac  delta  function  in  two  or  three  dimensions;  indeed,  substitution  of  this 
expression  into  Eq.  (15)  yields  £q.  (10). 

Defining  the  inverse  square  matrix: 

=  (1") 

we  may  write  the  solution  of  the  equation  system  (14)  as 

=  Y,  5„.(A5<‘>)  =  Y,  C„A  =  Y 

V  \  U 

with  oty\  =  a(x,,,f;^).  The  macro- continuum  counterpart  of  the  last  equation  is 

A3^'>(x)=  /  5(x,0<A5<')(C))dV({)=  /  C(x,{)A5(')(e)dV(e)  (19) 

Jv  Jv 

where  B{x^,(^)  =  £{B^u)IVe  and  C(x,^)  =  Jy  B{x,£)a{£,x)dV{£).  The  kernel  B(x,()  repre¬ 
sents  the  resolvent  of  the  kernel  9(x,()  of  (15).  Furthermore, 

B(x,()  =  S(x-0-J^(^,()  (20) 

because  substitution  of  this  equation  into  Eq.  (19)  furnishes  Eq.  (12).  With  (19)  we  have  reduced 

the  nonlocal  formulation  to  the  same  form  as  (3)  for  the  previous  nonlocal  damage  formulation 
(Pijaudier- Cabot  and  Ba2ant,  1987;  Bazant  and  Pijaudier-Cabot,  1989;  Ba2ant  and  Oibolt,  1990, 
1991, 1992).  However,  the  presence  of  the  Dirac  delta  function  in  the  last  equation  makes  Eq.  (19) 
inconvenient  for  computations.  Aside  from  that,  it  seems  inconvenient  to  calculate  in  finite  element 
codes  function  B(x,  ().  Another  difference  is  that  the  weight  function  (i.e.,  the  kernel)  is  anisotropic 
(and,  in  the  present  simplification,  associated  solely  with  the  principal  inelastic  stresses). 

Note  also  that  if  we  would  set  A(x,()  =  0,  the  present  model  would  become  identical  to  the 
aforementioned  previous  nonlocal  damage  model.  But  this  would  not  be  realistic.  The  interactions 
characterized  by  A(x,^)  appear  to  be  essential. 


Because  the  nonlocal  integral  in  (22)  is  additive  to  the  local  stress  A5,  the  present  nonlocal 
model  can  be  imagined  as  an  overlay  of  two  solids  that  are  forced  to  have  equal  displacements 
at  all  points;  (i)  The  given  solid  with  all  the  damage  due  to  cracks,  but  local  behavior  (no  crack 
interactions);  and  (ii)  an  overlaid  solid  that  describes  crack  interactions  only.  The  nonlocal  stress 
A?  represents  the  sum  of  the  stresses  from  both  solids.  It  is  the  stress  that  is  to  be  used  in 
formulating  the  differential  equilibrium  equations  for  the  solid. 

For  the  sake  of  simplicity,  we  have  so  far  assumed  that  the  influence  of  point  (  on  point  x 
depends  only  on  the  orientation  of  the  maximum  principal  inelastic  stress  at  (.  Since  at  (  there 
might  be  cracks  normal  to  all  the  three  principal  stresses  (denoted  now  by  superscripts  t  =  1,2,3 
in  parentheses),  it  might  be  more  realistic  to  consider  that  each  of  them  separately  influences  point 
X.  In  that  case,  Eqs.  (9)  and  (10)  can  be  generalized  as  follows: 

(21) 

i/=i  j=i 

A^’>(x)-  /  EA‘‘'^OA^%)dF(0  =  (A5(‘)(x))  a  =  1,2,3)  (22) 

Similar  generalizations  can  be  made  in  the  subsequent  equations,  too.  Note  that  when  the  body 
is  infinite,  all  the  summations  or  integrations  in  this  paper  are  assumed  to  follow  a  special  path 
labeled  by  ©,  which  will  be  defined  in  the  next  section. 

The  heterogeneity  of  the  material,  such  as  the  aggregate  in  concrete,  is  not  specifically  taken 
into  account  in  our  equations.  Although  the  heterogeneity  obviously  must  influence  the  nonlo¬ 
cal  properties  (e.g.  Pijaudier-Cabot  and  Bazant,  1991),  this  influence  is  probably  secondary  to 
that  of  microcracking.  The  reason  is  that  the  pre-peak  (hardening)  inelastic  behavior,  in  which 
microcracking  is  much  less  pronounced  than  after  the  peak  while  the  heterogeneity  is  the  same, 
can  be  adequately  described  by  a  local  continuum.  The  main  effect  of  heterogeneity  (such  as  the 
aggregates  in  concrete,  or  grains  in  ceramics)  is  indirect;  it  determines  the  spacing,  orientations 
and  configurations  of  the  microcracks. 

ADMISSIBILITY  OF  UNIFORM  INELASTIC  STRESS  FIELDS 

In  the  previous  nonlocal  formulations,  the  requirement  that  a  field  of  uniform  inelastic  stress 
and  damage  must  represent  at  least  one  possible  solution  led  to  the  normalizing  condition  (4). 
Similarly,  we  must  now  require  that  the  homogeneous  stress  field  A3f^^^  =  (A5^*^)  satisfy  (9)  and 
(10)  identically.  This  yields  the  conditions  that  the  integral  of  A(x,f)  or  the  sum  of  over  an 
infinite  body  vanish.  However,  the  asymptotic  behavior  of  A(x,  {)  for  r  — ►  oo  which  will  be  discussed 
later  causes  this  integral  or  sum  to  be  divergent.  Therefore,  the  conditions  must  be  imposed  in  a 
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special  form — the  integral  in  polar  coordinates  is  required  to  vanish  only  f<K  a  special  path,  labeled 
by  ©,  in  which  the  angular  integration  is  completed  before  the  limit  r  — '  oo  is  calculated,  that  is. 


=  [I'  A(*,()rd0^dr  =  0  (for  2D) 

j  \{x,i)dV{^)  =  ^m  j  j  A(*,()r*sintfdM^^  dr  =  0  (for  3D)  (23) 

r,  0  are  polar  coordinates,  r,$,<f>  are  spherical  coordinates.  Furthermore,  labeling  again  by  © 
a  similar  summation  path  (or  sequence)  over  all  the  cracks  (/  in  an  infinite  body,  the  following 
discrete  condition  needs  to  be  also  imposed: 


0 

X;A^.  =  0  (24) 

U 

This  condition  applies  only  to  am  airray  of  infinitely  many  microcracks  that  are,  on  the  macroscale, 
perfectly  ramdom  and  distributed  statistically  uniformly  over  an  infinite  body  (or  are  periodic).  By 
the  saime  reasoning,  for  an  infinite  body  we  must  also  have 

r  K(x,^)dViO  =  0  (25) 

Jv 

£  «(*,OdV(f)  =  £  B{x,i)dV(0  =  C(*,f)dV(0  =  1;  (26) 

amd  in  the  discrete  form 

0  ©  ©  © 

=  1  (27) 

1/  If  y 

For  integration  paths  in  which  the  radial  integration  up  to  r  oo  is  carried  out  before  the  angular 
integration,  the  foregoing  integrads  and  sums  are  divergent. 

GAUSS-SEIDEL  ITERATION  APPLIED  TO  NONLOCAL  AVERAGING 


For  the  purpose  of  finite  element  amalysis,  we  will  now  assume  that  subscripts  n  and  i/  label  the 
numericad  integration  points  of  finite  elements,  rather  than  the  individual  microcraudes.  This  means 
that  the  microcracks  axe  represented  by  their  mean  statistical  characteristics  sampled  only  at  the 
numerical  integration  points. 

In  finite  element  programs,  nonlinearity  is  typically  handled  by  iterations  of  the  loading  steps. 
Let  us,  therefore,  examine  the  iterative  solution  of  (9)  or  (14),  which  represents  a  system  of  N 
linear  algebraic  equations  for  N  unknowns  if  are  given.  The  matrix  of  is  in 

general  nonsymmetric  (because  the  influence  of  a  large  crack  on  a  small  crack  is  not  the  same  as  the 
influence  of  a  small  crack  on  a  large  crack).  This  nonsymmetry  seems  disturbing  until  one  realizes 
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that  this  is  so  only  because  of  our  choice  of  variables  and  (ASj,^^),  which  do  not  represent 

thermodynamically  conjugate  pairs  of  generalized  forces  and  generalized  displacements.  If  (ASi^^) 
were  expressed  in  terms  of  the  average  crack  openings  Tv^,  then  the  equation  system  resulting  from 
(9)  or  ( 14)  would  have  a  matrix  which  would  have  to  be  symmetric  (because  of  Betti’s  theorem),  and 
also  positive  definite  (if  the  body  is  stable).  These  are  the  attributes  mathematically  required  for 
convergence  of  the  iterative  solution  by  Gauss-Seidel  method  (e.g.,  Rektorys,  1969;  CoUatz,  1960; 
Korn  and  Korn,  1968;  Varga,  1962;  Fox,  1965;  Strang,  1980).  Aside  from  that,  convergence  of  the 
iterative  solution  of  (9)  or  ( 14)  must  also  be  expected  on  physical  grounds  (because  it  is  mechanically 
equivalent  to  the  relaxation  method,  which  always  converges  for  stable  elastic  systems). 

In  the  r-th  iteration,  the  new,  improved  values  of  the  unknowns,  labeled  by  superscripts  [r  +  1], 
are  calculated  from  the  previous  values,  labeled  byrufescript  [r],  either  according  to  the  recursive 
relations: 

.V 

Ap|:+‘J  =  (ApJ  + (28) 

v=l 

^  (AS<'))  +  (p  =  l,2,...iV)  (29) 

u=l 

or  according  to  the  recursive  relations: 

iV 

Ap5:+‘1  =  {ApJ  +  ^A^,ApI;+'l+  Y,  (p  =  l,2,...iV)  (30) 

l/Sil  i/ssn+l 

=  (dSW)+£A„.A5l‘>''*'^  (^  =  1,2,...JV)  (31) 

v=li+l 

Equation  (29),  also  known  as  the  Gauss  method  or  Jacobi  method,  is  normally  slightly  less  efficient 
than  (31),  in  which  the  latest  approximations  are  always  used.  The  values  of  ASj^^  may  be  used 
as  the  initial  values  of  in  the  first  iteration. 

It  is  possible  to  derive  Eq.  (28)  more  directly,  rather  than  from  (6).  To  this  end,  we  note  that 
the  sequence  of  iterations  is  identical  to  a  solution  by  the  relaxation  method  in  which  one  crack  after 
another  is  relaxed  (i.e.  its  pressure  reduced  to  zero)  while  all  the  other  cracks  are  frozen  (which  is 
a  problem  with  one  crack  only),  as  illustrated  hi  Fig.  2b.  Each  relaxation  produces  pressure  on  the 
previously  relaxed  cracks.  After  relaxing,  one  by  one,  all  the  cracks,  the  cycle  through  all  the  cracks 
is  repeated  a^ain  and  again.  This  kind  of  relaxations  is  known  in  mechanics  to  converge  in  general 
(this  was  numerically  demonstrated  for  a  system  of  cracks  and  inclusions  by  Pijaudier-Cabot  and 
Ba2ant,  1991).  The  solution  to  which  the  relaxation  process  converges  is  obviously  that  defined 
by  Eq.  (9).  Note  also  that  this  relaxation  argument  in  fact  represents  a  simple  way  to  prove  the 
superposition  equation  (6). 
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For  structural  engineers,  it  is  interesting  to  note  the  similarity  with  the  Cross  method  (moment 
distribution  method)  for  elastic  frames.  Relaxing  the  pressure  at  one  crack  while  all  the  other 
microcracks  are  frozen  (glued)  is  analogous  to  relaxing  one  joint  in  a  frame  while  all  the  other  joints 
are  held  fi.xed.  Repeating  this  for  each  joint,  and  then  repeating  the  cycles  of  such  relaxations  of 
all  the  joints,  eventually  converges  to  the  exact  solution  of  the  frame. 

The  macro-continuum  counterpart  of  the  Gauss-Seidel  iterative  method,  which  converges  to  the 
solution  of  the  Fredholm  integrad  equation  (10),  is  analogous  to  (29)  and  is  given  by  the  following 
relation  for  successive  approximations  (iterations): 

^5(i)[r+iJ(^)  ^  A(*,  OA (32) 

The  discrete  approximation  of  the  last  relation  is  the  equation  that  ought  to  be  used  in  finite 
element  programs  with  iterations  in  each  step.  We  see  that  the  form  of  averaging  is  different  from 
that  currently  used,  given  by  (3).  There  are  now  two  additive  spatial  integrals,  one  for  close-range 
averaging  of  the  inelastic  stresses  from  the  local  constitutive  relation  and  one  for  long-range  crack 
interactions  based  on  the  latest  iterates  of  the  inelastic  stresses. 

In  programming,  the  old  iterates  need  not  be  stored  in  the  computer  memory.  So  the  subscripts 
[r]  and  [r  +  1]  may  be  dropped  and  equations  (31)  and  (32)  and  may  be  replaced  by  the  following 
assignment  statements: 

yv 

(M=l,2,...iV)  (33) 

*'=1 

A5<'^(*)  -  (A5<‘>(*))-i-^A(x,e)A^'\OdnO  (34) 

A  strict  implementation  of  Gauss-Seidel  iterations  suggests  programming  one  iteration  loop 
for  (33)  to  be  contained  within  another  loop  for  the  iterations  of  the  loading  step  in  which  the 
displacement  and  strain  increments  in  the  structure  are  solved.  However,  one  common  iteration 
loop,  which  is  computationally  much  more  efficient,  can  serve  both  purposes.  Then,  of  course,  the 
iteration  solution  is  not  exactly  the  Gauss-Seidel  method  because  the  strains  are  also  being  updated 
during  each  iteration.  There  is  already  some  computational  experience  showing  that  convergence 
can  still  be  achieved. 

The  common  iteration  loop  has  the  advantage  that  it  permits  the  use  of  the  explicit  load- 
step  algorithm  for  structural  analysis.  In  a  loading  step  of  this  algorithm,  one  evaluates  in  each 
iteration  at  each  integration  point  the  elastic  stress  increments  E  :  Ac  and  the  local  inelastic  stress 
increments  A5  from  fixed  strains  Ae;  then  one  uses  (33)  to  calculate  from  A5  the  nonlocal  inelastic 
stress  increments  A?  for  all  the  integration  points,  and  solves  new  nodal  displacements  and  strains 
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*  by  eUstic  structural  auaiysis. 

0  CRACK  INFLUENCE  FUNCTION 

Cracks  Far  from  Boundary  in  Two-Dimensional  Body 

By  virtue  of  applying  the  Gauss-Seidel  iterative  method,  coefficients  can  be  obtained  from  the 
stress  field  of  only  one  pressurized  crack  in  the  given  elastic  solid.  In  practice,  this  solid  is  finite, 
and  then  should  in  principle  be  calculated  taking  into  account  the  geometry  of  the  body.  This 
means  that  for  every  different  body  shape  and  size  and  every  different  crack  location,  a  new  set  of 
coefficients  A^,,  would  have  to  be  calculated.  This  would  be  a  preposterous  task. 

A  simplification  is  suggested,  however,  by  the  decay  of  stresses  with  the  distance  from  a  pres¬ 
surized  crack.  For  practical  purposes,  the  distance  of  most  cracks  from  the  boundary  is  such  that 
the  interference  of  the  boundary  with  the  stress  field  of  the  crack  is  negligible.  So,  except  for  points 
near  the  boundary,  this  field  can  be  approximately  calculated  as  if  the  crack  were  embedded  in  an 
infinite  elastic  solid. 

For  the  purpose  of  macro-continuum  representation,  some  aspects  of  the  stress  field  in  an  Infinite 
body  underlying  the  crack  influence  function  A  must  be  preserved  while  others  must  be  simplified. 
Preserved  must  be  the  long-range  asymptotic  form  of  this  field,  because  the  long-range  contributions 
f  to  the  integral  that  come  from  the  neighborhood  of  a  remote  point  (  come  to  point  x  from  nearly 
the  same  direction  and  nearly  the  same  distance  (Fig.  3c).  How  to  handle  the  close-range  fields 
of  the  microcracks  is  a  much  more  difficult  question.  Certain  aispects  must  obviously  be  simplified: 
First,  it  is  impossible  to  represent  on  the  macro-scale  the  microcracks  as  finite  in  size,  having  (in 
two  dimensions)  two  distinct  crack  tips,  and  second,  the  singularities  of  the  stress  fields  near  the 
crack  tips  must  be  smeared  at  the  macro-level  as  a  nonsingular,  bounded  field.  The  'ondltion 
is  met  by  taking  the  long-range  asymptotic  field  of  a  crack  in  infinite  elastic  solid.  This  is  easy 
to  derive,  as  follows. 

Consider  now  a  crack  in  an  infinite  solid,  subjected  to  uniform  pressure  <7  (Fig.  3b ,e).  According 
to  Westergaard’s  solution  (e.g.  Broek,  1987;  Hellan,  1984), 

<r„  =  ReZ  -  y  Im  Z'  —  <r,  <Tyy  =  ReZ  +  ybn  Z'  —  a,  =z  —yRe  Z'  (35) 
in  which  Oxx  and  (Tyy  are  the  normal  stresses,  is  the  shear  stress,  and 

Z  =  <72  (2^  -  2  =  r  e‘*  (36) 

Here  2a  =  crack  length,  i*  =  -1,  Z'  =  dZ/d*,  and  r,<^  =  polar  coordinates  with  origin  at  the  crack 
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center  end  angle  ^  measured  from  the  crack  direction  z.  For  r  >  a  we  have  the  approximation: 


From  this,  we  calcnlate 


Re  Z  =  a  ^1  +  cos2^  + ,  Z' =  +  ...) 

y  Im  Z'  =  <ro^r  sin^  Im  (-r~^e~^*)  =  sin ^(- sin 3^) 


Substituting  this  into  (35)  and  using  the  formulas  for  products  of  trigonometric  functions,  we 
get  the  following  simple  result  for  the  long-range  (r  >  a)  asymptotic  field: 


a„  =  ok(r) 
Try  =  ak{r) 


cos  4^ 


=  ak{r)  (  cos  2^  — 


cos  4^' 


sin  4^  —  sin  '2<t> 


where  k{r)  =  a?/r^.  Subscripts  x,y  refer  to  cartesian  coordinates  with  origin  at  point  (  coinciding 
with  the  crack  center  and  axis  y  normal  to  the  crack;  (Txx  and  Oyy  are  the  normal  stresses,  is 
the  shear  stress;  and  <t>  are  polar  coordinates  with  origin  at  the  crack  center,  with  the  polar  angle 
(t>  measured  from  axis  z.  The  principal  stresses  and  and  the  first  principal  stress  direction 
^(1)  are  given  by: 

<7!^)  =  (Tk{r)  +  sin  =  (Tk{r)  -  sin  (40) 

tan  2^^^^  =  -cot  3^ 

The  foregoing  expressions  describe  the  long-range  form  of  function  A(z,  ().  It  does  not  matter 
that  they  have  a  singularity  at  the  crack  center,  because  they  are  invalid  for  not  too  large  r. 
Note  that  the  average  of  each  expression  over  the  circle  r  =  constant  is  zero,  which  is  in  fact  a 
necessary  property. 

Function  A(x,()  can  also  be  easily  determined  for  small  r.  As  intuitively  suggested  by  Fig.  3d, 
the  short-range  interactions  go  in  all  directions  and  should  cancel  each  other.  That  this  is  indeed 
so  is  confirmed  by  Kachanov’s  (1992)  numerical  studies  of  interactions  of  randomly  generated  crack 
systems  that  are  uniform  over  a  large  body.  He  found  that  for  such  systems  the  classical  assumption 
of  noninteracting  cracks  is  very  good,  which  means  that  all  the  interactions  mutually  cancel.  It 
follows  that  for  r  -+  0,  the  function  A(*,^)  should  approach  the  asymptote  A  =  0  (Fig.  3g). 

For  intermediate  r,  calculation  of  A(z,()  would  need  to  take  into  account  statistical  interac¬ 
tions,  which  seems  very  difficult.  Therefore,  we  propose  to  use  a  smooth  empirical  function  that 
approaches  for  r  — ►  00  and  for  r  -♦  0  the  two  asymptotic  curves  we  established,  as  shown  in  Fig. 
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3g.  We  also  know  the  fonction  must  be  bounded.  The  simplest  expression  to  have  these  properties, 
which  replaces  a^/r^  in  the  forgoing  expressions,  is 


Here  £  is  an  empirical  constant  that  represents  the  distance  to  the  peak  in  Fig.  3g.  It  may  be 
identified  with  what  has  been  called  the  characteristic  length  of  the  nonlocal  continuum.  Probably 
its  value  reflects  the  dominant  spacing  of  the  microcracks,  which  in  turn  is  determined  by  size 
and  spacing  of  the  dominant  inhomogeneities  such  as  aggregates  in  concrete,  or  grain  or  crystal 
size  in  ice,  ceramics  and  rocks.  It  may  perhaps  be  taken  equal  to  the  larger  of  the  crack  size  and 
the  maximum  inhomogeneity  (aggregate)  size,  k  is  an  empirical  constant  such  that  lU  roughly 
represents  the  average  or  effective  crack  size  a  for  the  macro-continuum  (in  theory,  it  seems  this 
value  should  be  increased  during  the  loading  process  since  the  cracks  grow). 

In  the  formalism  we  introduced  previously,  A(x,()  is  a  scalar.  All  the  information  on  the 
relative  crack  orientations  is  embedded  in  the  values  of  this  function.  The  principal  stress  direction 
at  point  (,  which  can  be  regarded  as  the  dominant  crack  direction  at  that  location  (Fig.  3e),  is 
all  the  directional  information  needed  to  calculate  the  stress  components  at  point  x;  see  (40),  in 
which  r  =  ||*-€||  =  distance  between  points  x  and  The  value  of  A(x,(),  needed  for  (32)  or  (9), 
may  be  determined  as  the  projection  of  the  stress  tensor  produced  at  point  x  onto  the  principal 
inelastic  stress  direction  at  that  point.  According  to  Mohr  circle:  2A(*,()  =  («r**  +  (Tyy)  +  (Oyr  - 
(Ty,)  cos  2(^i>  -  -  2Txy  sin  in  which  =  angles  of  the  principal  inelastic  stress  directions 

at  points  (,x,  respectively,  with  the  line  connecting  these  two  points  (i.e.  with  the  vector  x  -  (). 
Substituting  here  for  <r„,  etc.,  the  expressions  from  (39),  one  obtains  a  trigonometric  expression 
which  (as  Planas,  1992,  pointed  out),  can  be  brought  by  trigonometric  transformations  to  the  form: 

A(x,0  =  -  [  cos  2^  +  cos  2V' +  cos  2(^ -f  t^)  ]  (42) 

where  9  =  90“  -  Note  that  the  function  A(x,  ()  is  symmetric.  This  is  of  course  a  necessary 
consequence  of  the  fact  that  the  body  is  elastic. 

Two  properties  contrasting  with  the  previous  nonlocal  formulations  should  be  noted:  (1)  the 
crack  influence  function  is  not  axisymmetric  (isotropic)  but  depends  on  the  polar  angle  (i.e.  is 
anisotropic),  and  (2)  it  exhibits  a  shielding  sector  and  an  amplification  sector.  We  may  define 
the  aunplification  sector  as  the  sector  in  which  Cyy  (the  same  stress  component  as  that  applied  at 
the  crack  faces)  is  positive,  and  the  shielding  sector  as  the  sector  in  which  is  negative.  The 
amplification  sector  <t„>Q  is,  according  to  (39),  given  by  0  <  ^  where 

=  55.740“  (43) 
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Th«  scctcH'  in  which  the  voluoaetric  stress  (first  stress  invariant)  is  positive  is  ^  <  45*.  The 

sector  in  which  >  0  is  ^  <  22.5*  and  ^  >  67.5*.  The  sector  in  which  2  To^mx  =  ~  ^  0 

^  <  45*.  The  maximum  principal  stress  positive  for  all  angles  and  the  minimum  principal 
stress  is  positive  for  0  <  21.471*. 

The  consequence  of  the  anisotropic  nature  of  the  crack  influence  function  is  that  interactions 
between  adjacent  cracks  depend  on  the  direction  of  damage  propagation  with  respect  to  the  ori¬ 
entation  of  the  ma»mum  principal  inelastic  stress.  In  a  cracking  band  that  is  macroscopically  of 
mode  I  (Fig.  4a),  propagating  in  the  dominant  direction  of  the  microcracks,  the  microcracks  assist 
each  other  in  growing  because  they  lie  in  each  other’s  amplification  sectors.  In  a  cracking  band  that 
is  macroscopically  of  mode  II  (Fig.  4b),  the  microcratcks  are  mutually  in  the  transition  between 
their  amplification  amd  shielding  sectors,  and  thus  interact  little.  Under  compression,  a  band  of 
axial  splitting  cracks  may  propagate  sideways  (Fig.  4c),  and  in  that  case  the  microcracks  inhibit 
each  other’s  growth  because  they  lie  in  each  other’s  shielding  sectors.  Different  interactions  of  this 
kind  probably  explain  why  good  fitting  of  test  data  with  the  previous  nonlocal  microplane  model 
required  using  a  different  material  characteristic  length  for  different  type  of  problems  (e.g.,  mode  I 
fracture  specimens  versus  diagonal  shear  failure  of  reinforced  beam). 

Cracks  Far  from  Boundary  in  Three-Dimensional  Body 


The  case  of  three  dimensions  (3D)  is  not  difficult  when  the  cracks  are  penny-shaped  and  the  bound¬ 
ary  is  remote.  The  stresses  around  such  cracks  have  been  expressed  as  integrals  of  Bessel  functions 
(Sneddon  and  Lowengrub,  1969;  Kassir  and  Sih,  1975),  which  are  cumbersome  for  calculations. 
Recently,  however,  Fabrikant  (1990)  ingeniously  derived  the  following  closed-form  expressions: 

_  <7i  -f-  Re  <r2  <7i  -  Re  <72  _  Im  <7, 

~  2  ’  ~  2  ’  ~  2 
Tx,  =  Re  r„  r,,  =  Im  r*  (44) 


in  which 

<72 

Tx 

B 

h 

Lx 


—{B  -  D),  <7i  =  —((1  -H  2u)B  +  D] 

^2i^2aa/?/3/  ^V(6l2^-2(?-hp^)-5fj]\ 

X  /2/J 

S!l  _  arcsin  -  D- 

/2  ’  ifh 

^ ,  h  =  ^  I3  =  y/i^  -  a*,  U  =  yjl\- Li 

L2  =  >/(<*  +  P)*  + 


(45) 
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in  which  a  —  crnck  radios  (Fig.  3f);  are  the  spherical  coordinates  attached  to  cartesian 

coordinates  n,  y,  r  at  point  with  angle  9  measured  from  axis  z  which  is  normal  to  the  crack  at 
point  C;  ^  distance  between  points  x  and  and  p,  x  are  the  cylindrical  coordinates  with  origin 
at  the  crack  center  and  p,  ^  as  polar  coordinates  in  the  crack  plane,  angle  0  being  measured  from 
axis  z. 

Since  the  long-range  asymptotic  form  of  the  foregoing  stress  field  has  not  been  given,  we  need 
to  derive  it.  For  this  purpose,  one  needs  to  note  that,  for  large  r,  Li  ss  r  -  a  sin  9,  X}  «  r  asintf 
(see  the  meaning  of  Li  and  X3  in  Fig.  3f),  li  %  asintf,/2  »  r  and,  for  r  a,  arcsin(a//2)  « 
[1  +  /6ll)]a/l2f  y/ll  ~  as  r(l  -  (a^/2r^)].  The  result  is  the  following  long-range  asymptotic 

field: 


Off 

=  <TA:(r)  |^(l-h2i/)(sin*tf-0 

+  (1 

0^ 

=  <Tfc( r)  ^(  1  -1-  2i/)  ^sin*  ^  ^ 

-(1 

Ozx 

=  <Tl:(r)  ^sin*d- 0 

=  -  <7l;(r)  sin2d(4  -  5sin*fl), 

e 

6)  sin*  j 


in  which,  for  three  dimensions,  ib(r)  =  a^/(Tr^).  For  the  same  reasons  as  those  that  led  to  Eq.  (41), 
this  expression  may  be  replaced  by 

1  /  \  3 


-  i  (  V 

~  TT  \  r2  +  ^  y 


The  crack  influence  function  based  on  (46)  satisfies  s^ain  the  condition  that  its  spatial  average  over 
every  surface  r  =  constant  be  zero. 

It  is  important  to  note  that,  asymptotically  for  large  distances  r,  the  crack  influence  function 
in  three  dimensions  decays  as  r~^,  whereas  in  two  dimensions  it  decays  as  r~^.  Again,  in  contrast 
to  the  previous  formulations,  the  weight  function  (crack  influence  function)  is  not  axisymmetric 
(isotropic)  but  depends  on  the  polar  or  spherical  angles  (i.e.  is  anisotropic). 

Note  again  that  one  can  distinguish  a  shielding  sector  and  an  amplification  sector.  According 
to  the  change  of  sign  of  a,,  in 

Eq.  (46),  the  boundary  of  these  sectors  is  given  by  the  angle 

=  arcsin  =  54.736*  (48) 

or  90®  —  01,  =  35.264®.  Thus,  the  amplification  sector  9  >  9i,  ia  significantly  narrower  in  three  than 
in  two  dimensions. 
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In  the  case  a  field  translationally  symmetric  in  z,  one  might  wonder  whether  integration  over 
z  might  yield  the  two>dimensional  crack  influence  function.  However,  this  cannot  occur  because  the 
two-dimensional  crack  influence  function  corresponds  in  three  dimensions  to  a  field  of  strip  cracks 
aligned  in  th  z  direction,  which  cannot  yield  the  same  properties  as  the  penny-sh^>ed  cracks. 

Cracks  Near  Boundary 

When  the  boundary  is  near,  the  crack  influence  function  should  be  obtained  by  solving  the  stress 
field  of  a  pressurized  crack  located  at  a  certain  distance  d  from  the  boundary;  Fig.  4d.  Obviously, 
the  function  will  depend  on  d  as  a  parameter,  i.e.,  A(z,(,d).  Functions  A  will  be  different  for  a 
free  boundary,  fixed  boundary  (Fig.  4e),  sliding  boundary,  and  elastically  supported  boundary  or 
interface  with  another  solid.  When  the  crack  is  near  a  boundary  comer  (Fig.  4f),  A  represents  the 
solution  of  the  stress  field  of  a  pressurized  crack  in  the  wedge,  and  will  depend  on  the  distances 
form  both  boundary  planes  of  the  wedge.  These  solutions  will  be  much  more  complicated  than 
for  a  crack  in  infinite  body,  and  simplifications  will  be  needed.  On  the  other  hand,  because  of  the 
statistical  nature  of  the  crack  system,  exact  solutions  of  these  problems  are  not  needed.  Only  their 
essential  feature  are. 

A  crude  but  simple  approach  to  the  boundary  effect  is  to  consider  the  same  weight  function  as 
for  an  infinite  solid,  protruding  outside  the  given  finite  body.  In  the  previous  nonlocal  formulations, 
based  on  the  idea  of  spatial  averaging,  the  same  weight  function  as  for  the  infinite  solid  has  been 
used  in  the  spatial  integral  and  the  weight  function  has  simply  been  scaled  up  (renormalized),  so 
that  the  integral  of  the  weight  function  over  the  reduced  domain  would  remain  1.  In  the  present 
formulation,  such  scaling  would  have  to  be  applied  to  all  the  weight  functions  whose  integral  should 
be  1,  i.e.  a,  0,  B,C.  For  those  weight  functions  whose  integral  should  vanish,  a  different  scaling 
would  be  needed  to  take  the  proximity  of  the  boundary  into  account;  for  example,  the  values  at 
the  boundary  should  be  scaled  up  so  that  the  spatial  integral  would  always  vanish,  as  indicated  in 
(23).  As  a  reasonable  simplification,  this  might  perhaps  be  done  by  replacing  the  A^  values  for 
the  integration  points  of  the  boundary  finite  elements  by  k^A^  where  the  multiplicative  factor 
ki,  is  determined  from  the  condition  that  ^  (with  the  summation  carried  over  all  the 

points  in  the  given  finite  body); 

*6  =  -  2  /  Y.  (49) 

interior  v  '  boundary  v 

LONG-RANGE  DECAY  AND  INTEGRABILITY 

Consider  now  an  infinite  two-dimensional  elastic  solid  in  which  the  stress,  strain  and  cracking  are 
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macroscopically  uniform.  All  the  microcracks  are  of  the  same  size  a,  and  the  area  per  crack  is  s^. 
The  stress  o  applied  on  each  microcrack  is  the  same.  From  (39)  we  calculate  the  contribution  to 
the  nonlocal  integral  from  domain  V\  outside  of  a  circle  of  radius  Ri  that  is  sufficiently  large  for 
permitting  the  approximation  k{r)  ss 


/  +  Oyy)AV  =  Urn  /  / 

Jvx  Jt=Rx  J4 


aa^co62(i>  rd^r  <70* 


/•~  cosj 

JrsRx  J*=a  *■ 
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d0dr  (50) 


N^ow  an  important  observation,  to  which  we  already  alluded:  The  last  expression  is  an  improper 
integral  which  is  divergent  (because  it  is  divergent  when  the  integrand  is  replaced  by  its  absolute 
value;  see  e.g.  Rektorys,  1969).  This  also  means  that  the  value  of  the  integral  depends  on  the 
integration  path.  For  some  path  the  integral  may  be  convergent,  and  that  path,  shown  in  (50),  has 
been  labeled  by  0.  So  we  must  conclude  that  a  homogeneous  A5  field,  that  is,  a  field  of  uniform 
length  increment  of  all  the  cracks  in  an  infinite  body  that  is  initially  in  a  statistically  uniform  state, 
is  impossible. 

But  this  is  not  all  that  surprising.  As  is  known  from  analysis  of  bifurcation  and  stable  equilib¬ 
rium  path,  strain-softening  damage  (which  is  due  to  microcrack  growth)  must  localize  (e.g.  Baiant 
and  Cedolin,  1991).  So  in  practice  the  domain  of  the  integrals  such  as  the  last  one  must  not  be 
infinite  in  two  directions.  It  can  only  be  finite  or  infinite  in  one  direction  only,  as  is  the  case  for  a 
localization  band.  The  basic  reason  for  this  situation  is  that  the  asymptotic  decay  r~^,  which  we 
have  obtained,  is  relatively  weak — much  weaker  than  the  exponential  decay  assumed  in  previous 
works  (for  an  exponential  decay,  the  integration  domain  could  be  infinite  in  all  directions  without 
causing  this  kind  of  problem). 

A  similar  analysis  of  uniform  damage  can  be  carried  out  for  an  infinite  three-dimensional  solid, 
and  the  conclusion  is  that  the  integration  domain,  that  is,  the  zone  of  growing  microcracks,  can 
only  be  finite  or  infinite  in  two  directions  only  (a  localization  layer),  but  not  in  three. 

A  similar  divergence  of  the  integral  over  infinite  space  has  been  known  to  occur  in  other  problems 
of  physics,  for  example,  in  calculation  of  the  stresses  from  periodically  distributed  inclusions,  or 
the  light  received  firom  infinitely  many  statistically  uniformly  distributed  stars.  For  a  perspicacious 
mathematical  study  of  this  type  of  problem,  see  Furuhashi,  Kinoshita  and  Mura  (1981). 


GENERAL  FORMULATION:  TENSORIAL  CRACK  INFLUENCE  FUNCTION 

In  £q.  10,  the  principal  stress  orientations  at  points  x  and  (  are  reflected  in  the  values  of  the 
scalar  function  A(*,f).  For  the  purpose  of  general  analysis,  however,  it  seems  more  convenient 
to  use  a  tensorial  crack  influence  function  referred  to  common  structural  cartesian  coordinates 
X  =  Xi,Y  =  X2,Z  s  X3,  and  transform  ail  the  inelastic  stress  tensor  components  to  X,Y,Z. 
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Th«  local  cartesian  coordinates  z  s  zi,  y  s  X2,  r  s  zs  at  point  (  are  chosen  so  that  axis  y  c<^cide 
with  the  direction  of  the  maximum  principal  value  of  the  inelastic  stress  tensor  ?((),  and  ax^  z  ^ 

and  z  coincide  with  the  other  two  principal  directions  (Fig.  4).  Equations  (33)  and  (34)  may  be  eiS> 

rewritten  in  common  structural  coordinates  as  follows: 

+  (;,=  l,2,...iV;i=  1,2,3)  (51) 

Ifsl  isl 

-  {ASij{x))  +  f  TR\%ii)A^}ix,i)AS^'\CdV{i)  (*  =  1,2,3)  (52) 

in  which,  similarly  to  (22),  we  included  the  influence  of  the  dominant  cracks  normal  to  aU  the 
principal  stress  direction  at  each  point;  Of  =  Ckjcij  =  fourth-rank  coordinate 

rotation  tensor  (programmed  as  a  square  matrix  when  the  stress  tensors  are  programmed  as  column 
matrices)  at  point  f  or  Cki,cij  -  coefficients  of  rotation  transformation  of  coordinate  axes 
(direction  cosines  of  new  axes)  from  local  coordinates  z,  at  point  (  (having  in  general  a  different 
orientation  at  each  f)  to  common  structural  coordinates  Xj  (cfc/  =  cos(zfc,-Y/),X/  =  ct/Zk,(T/j  = 

Ckicijckl) ;  subscripts  /,  J  ot  k,  I  refer  to  cartesian  components  in  the  common  structural  coordinates 
or  in  the  local  coordinates  at  and  or  .\^*/(*,{)  =  components  of  a  tensorial  discrete  or 

continuous  nonlocal  weight  function  (crack  influence  function,  replacing  the  scalar  function  A), 
which  are  equal  to  times  the  cartesian  strws  components  for  <7  =  1  as  defined  by  (39)  for 
two  dimensions,  or  times  such  cartesian  components  as  defined  by  (46)  for  three  dimensions 
(with  r  =  |1®-€||). 

CONSTITUTIVE  RELATION  AND  GRADIENT  APPROXIMATION 

As  is  clear  from  the  foregoing  exposition,  the  constitutive  relation  is  defined  only  locally.  It 
yields  the  inelastic  stress  increment  illustrated  by  segment  32  shown  in  Fig.  I.  This 

contrasts  with  the  previous  nonlocal  formulations,  in  which  the  nonlocal  inelastic  strain,  stress 
or  damage  was  part  of  the  constitutive  relation.  This  caused  conceptual  difiiculties  as  well  as 
continuity  problems  with  formulating  the  unloading  criterion.  Furthermore,  in  the  case  of  nonlocal 
plasticity,  this  also  caused  difficulties  with  the  consistency  condition  for  the  subsequent  loading 
surfaces. 

Here  these  difficulties  do  not  arise,  because  the  nonlocal  spatial  integral  is  separate  from  the 
constitutive  relation.  Thus  the  unloading  criterion  can,  amd  must,  be  defined  strictly  locally.  If 
plasticity  is  used  to  define  the  local  stress-strain  relation,  the  consistency  condition  of  plasticity  is 
also  local. 

Recently  there  has  been  much  interest  in  limiting  localization  of  cracking  by  means  of  the  so- 
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called  gradient  models.  These  models  can  be  looked  at  as  approximations  of  the  nonlocal  integral- 
type  models,  and  can  be  obtained  by  expanding  the  nonlocal  integral  in  Taylor  series  (Baiant,  1984). 
Unlike  the  present  model,  there  have  been  only  scant  and  vague  attempts  at  physical  justifications 
for  the  gradient  models,  especially  for  aggregate-matrix  composites  such  as  concrete.  It  seems  that 
the  physical  Justification  for  the  gradient  models  of  such  materials  must  come  indirectly,  through 
the  integral-type  model.  However,  if  that  is  the  case,  the  present  conclusions  signal  a  problem.  If 
the  spatial  integral  in  (10)  were  expanded  into  Taylor  series  and  truncated,  the  long-ramge  decay  of 
the  type  r”*  or  r~^  could  not  be  preserved.  Yet  it  seems  that  this  decay  is  for  microcrack  systems 
important.  If  so,  then  the  gradient  approximations  are  physically  unjustified. 

CONCLUSIONS 

1.  The  inelastic  stress  increments  correspond  to  the  stresses  that  the  load  increment  would  pro¬ 
duce  on  the  cracks  if  they  were  temporarily  ‘Trozen"  (or  ‘^glued”),  i.e.,  prevented  from  opening  and 
growing.  The  nonlocality  arises  from  two  sources:  (1)  crack  interactions,  which  means  that  appli¬ 
cation  of  the  pressure  on  the  crack  surfaces  that  corresponds  to  the  “unfreezing”  (or  “unglueing”) 
of  one  crack  produces  stresses  on  all  the  other  frozen  cracks;  and  (2)  averaging  of  the  stresses  due  to 
unfreezing  over  the  crack  surface,  which  is  needed  because  crack  interactions  depend  primarily  on 
the  stress  average  over  the  crack  surface  (or  the  stress  resultant)  rather  than  the  stress  at  the  crack 
center.  The  crack  interactions  (source  1)  can  be  solved  by  Kachanov’s  (1987)  simplified  version  of 
the  superposition  method,  in  which  only  the  average  crack  pressures  are  considered. 

2.  The  resulting  nonlocal  continuum  model  involves  two  spatial  integrals:  One  integral,  which 
corresponds  to  source  (1)  and  has  been  absent  from  previous  nonlocal  models,  is  long-range  and 
has  a  weight  function  whose  spatial  integral  is  0;  it  repre^nts  interactions  with  remote  cracks  and 
is  based  on  the  long-range  asymptotic  form  of  the  stress  field  caused  by  pressurizing  one  crack 
while  all  the  other  cracks  are  frozen.  Another  integral,  corresponding  to  source  (2),  is  short-range, 
involves  a  weight  function  whose  spatial  integral  is  1,  and  represents  spatial  averaging  of  the  local 
inelastic  stresses  over  a  domain  whose  diameter  is  roughly  equal  to  the  spacing  of  major  microcracks 
(which  is  roughly  equal  to  the  spacing  of  large  aggregates  in  concrete). 

3.  As  an  approach  to  continuum  smoothing  when  the  macroscopic  field  is  nonuniform,  one  may 
seek  a  continuum  field  equation  whose  possible  discrete  approximation  coincides  with  the  matrix 
equation  governing  a  system  of  interacting  microcracks. 

4.  The  long-range  asymptotic  weight  function  of  the  nonlocal  integral  representing  crack  in¬ 
teractions  (source  1)  has  a  separated  form  which  is  calculated  as  the  remote  stress  field  of  a  crack 
in  infinite  body.  It  decays  with  distance  r  from  the  crack  as  in  two  dimensions  and  r~^  in 
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three  dimensions.  This  long-range  decay  is  much  weaker  than  assumed  in  previous  nonlocal  mod¬ 
els.  In  consequence,  the  long-range  Integral  diverges  when  the  damage  growth  in  an  infinite  body 
is  assumed  to  be  uniform.  This  means  that  only  the  localized  growth  of  damage  zones  can  be 
modeled. 

5.  In  contrast  to  the  previous  nonlocal  formulations,  the  weight  function  (crack  influence  func¬ 
tion)  in  the  long-range  integral  is  a  tensor  and  is  not  axisymmetric  (isotropic).  Rather,  it  depends 
on  the  polar  or  spherical  angle  (i.e.  is  anisotropic),  exhibiting  sectors  of  shielding  and  amplification. 

6.  When  an  iterative  solution  of  crack  interactions  according  to  the  Gauss-Seidel  iterative 
method  is  considered,  the  long-range  nonlocal  integral  based  on  the  crack  influence  function  yields 
the  nonlocal  inelastic  stress  increments  explicitly.  This  explicit  form  is  suitable  for  iterative  solutions 
of  the  loading  steps  in  nonlinear  finite  element  programs.  The  nonlocal  inelastic  stress  increments 
represent  a  solution  of  a  tensorial  Fredholm  integral  equation  in  space,  to  which  the  iterations 
converge. 

7.  The  constitutive  law,  in  this  new  formulation,  is  strictly  local.  This  is  a  major  advantage, 
eliminating  difficulties  with  formulating  the  unloading  criterion  and  the  continuity  condition,  ex¬ 
perienced  in  the  previous  nonlocal  models  in  which  nonlocal  inelastic  stresses  or  strains  have  been 
part  of  the  constitutive  relation. 
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1  Local  and  Nonlocal  Inelastic  Stress  Increments  During  the  Loading  Step. 

2  Superposition  Method  for  a  Solid  with  Many  Cracks  (a,  b  —  two  alternatives).  I 

3  Crack  Interactions  of  Various  Types,  Their  Radial  and  Angular  Dependences,  and  Coordi¬ 
nates. 

4  Cracks  Near  Boundary  and  Crack  Bands.  I 
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Errata  and  Addendum 

Errata: 

•  In  the  sentence  preceding  (12),  replace  the  word  ‘subscript’  by  the  word  ‘superscript’. 

•  In  equation  (35b),  replace  a**  by  Oy^. 

•  In  the  last  sentence  of  the  second  paragraph  after  (40),  replace  r  — ♦  oo  by  r  — ►  0. 

Addendum:  A  rigorous  mathematical  definition  of  the  continuum  crack  influence  function 
A  has  not  been  given  in  the  paper.  It  can  be  given  as  folows.  Function  A(0,  ^)  represents  the 
influence  of  a  source  crack  at  x  =  0  on  a  target  crack  at  At  the  macro-continuum  point 
X  =  0  there  may  or  may  not  be  a  crack.  To  idealize  the  random  two-dimensional  arrangement 
of  cracks,  we  may  imagine  that  the  center  of  the  source  crack  influencing  some  target  crack 
can  occur  randomly,  with  equal  probability,  anywhere  within  the  square  s  x  s  centered  at  F>oint 
X  =  0;  s  represents  the  typical  spacing  of  the  dominant  cracks  of  length  2a  near  point  x  =  0 
(in  a  material  such  as  concrete,  s  «  spacing  of  the  largest  aggregate  pieces.  The  macroscopic 
crack  influence  function  can  describe  the  influence  of  the  source  crack  only  in  the  average  sense. 
Therefore,  A(0,4)  is  defined  as  the  mathematical  expectation,  5,  with  regard  to  all  the  possible 
realizations  of  the  source  crack  center  within  the  square  s  x  s;  A(0,  ^  =  (f  —  x,t]  —  y)]) 
where  the  operator  (  )  represents  averaging  over  length  2a  of  the  target  crack  at  and 

—  x,r)  —  y)  =  r  =  vector  from  the  center  x  =  (x,  y)  of  a  source  crack  to  the  center  ^  =  (^,  tj) 
of  the  target  crack.  In  detail,  chosing  axis  y  to  be  normal  to  the  source  craM^k,  we  have 

1/^1  /"'/s  /••/2 

A(0,0  =  5-/  ~2  /  <^^\^-x,V-y)dxdyda'  (53) 

where  is  the  principal  sti  ;  =  (^,  fj)  caused  by  a  imit  uniform  pressure  applied  on  the 
faces  of  a  crack  of  I«igth  2a  centtied  at  x  =  (x,  y),  as  given  by  equation  (40).  The  last  integral, 
gives  the  precise  mathematical  definition  of  A.  However,  the  integral  seems  diflicult  to  evaluate 
and  unnecessarily  complicated.  The  simple  approximation  given  in  the  paper  on  the  basis  of 
the  as)anptotic  properties  of  this  integral  appears  to  be  preferable  for  practical  computations. 
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LOCALIZATION  ANALYSIS 

OF  NONLOCAL  MODEL 
BASED  ON  CRACK  INTERACTIONS 

Milan  Jirasbk^  and  Zobnbk  P.  Bazant”.  Fbllow  ASCE 

ABSTRACT. —  The  conventional  nonlocal  model,  often  used  as  a  localization 
limiter  for  continuum-based  constitutive  laws  with  strain-softening,  has  been  based 
on  an  isotropic  averaging  function.  It  has  recently  been  shown  that  this  type  of  non¬ 
local  averaging  leads  to  a  model  which  cannot  satisfactorily  reproduce  exp>erimental 
results  for  very  diflferent  test  geometries  without  modifying  the  value  of  the  char¬ 
acteristic  length  depending  on  geometry.  A  micromechanically  based  enrichment 
of  the  nonlocal  operator  by  a  term  taking  into  account  the  directional  dependence 
of  crack  interactions  can  be  expected  to  improve  the  performance  of  the  nonlocal 
model.  The  aim  of  this  paper  is  to  examine  this  new  model  in  the  context  of  a  simple 
localization  problem  reducible  to  a  one-dimensional  description.  Strain  localization 
in  an  infinite  layer  under  plane  stress  is  studied  using  both  the  old  and  the  new 
nonlocal  formulations.  The  importance  of  a  renormalization  of  the  averaging  func¬ 
tion  in  the  proximity  of  a  boundary  is  demonstrated  and  the  differences  between 
the  localization  sensitivity  of  the  old  and  new  model  are  pointed  out.  In  addition 
to  the  detection  of  bifurcations  from  an  initially  uniform  state,  the  stable  branch  of 
the  load-displacement  diagram  is  followed  using  an  incremental  procedure. 

Introduction 

As  is  now  widely  accepted,  continuum  modeling  of  progressive  cracking  in  quasib- 
rittle  materials  such  as  concrete,  rock,  tough  ceramics  or  ice,  requires  constitutive 
models  that  exhibit  strain-softening.  In  the  context  of  standard  local  constitutive 
models  (in  which  the  stress-strain  relationship  at  one  point  is  not  influenced  by  the 
evolution  of  stress  and  strain  at  other  points),  the  presence  of  strain-softening  leads 
to  serious  theoretical  as  well  as  numerical  deficiencies.  The  governing  differential 
equations  lose  ellipticity  (in  a  static  formulation)  or  hyperbolicity  (in  a  dynamic 
formulation)  and  the  problem  ceases  to  be  well-posed.  These  deficiencies  manifest 
themselves  in  numerical  calculations  by  spurious  mesh  sensitivity — strain  usually 

‘Postdoctoral  Research  Fellow,  Northwestern  University,  Evanston,  Illinois  60208;  currently 
Assistant  Professor,  Faculty  of  Civil  Engrg.,  Czech  Tedinical  University,  Thakurova  7,  166  29 
Prague,  Czech  Republic. 

^Walter  P.  Murphy  Professor  of  Civil  Engineering,  Northwestern  University,  Evanston,  Illinois 
60208. 


localizes  into  a  narrow  band  whose  width  depends  on  the  size  of  finite  elements  in 
the  mesh  and  converges  to  zero  as  the  mesh  is  refined.  The  corresponding  load- 
displacement  diagram  always  exhibits  snapback  for  a  sufficiently  fine  mesh  and  the 
total  energy  dissipated  by  fracture  converges  to  zero. 

To  remedy  the  situation,  a  device  called  the  localization  limiter  must  be  intro¬ 
duced  to  enforce  a  finite  width  of  the  localization  band  and  a  finite  energy  dissipa¬ 
tion.  The  localization  width  is  closely  related  to  the  so-called  characteristic  length  of 
the  material  determined  by  the  microstructure,  e.g.,  by  the  size  of  inhomogeneities. 

Several  types  of  localization  limiters  have  been  proposed.  A  wide  class  of  lo¬ 
calization  limiters  is  represented  by  the  nonlocal  continuum  concept,  which  was 
introduced  into  continuum  mechanics  by  Eringen  (1965,  1966),  Kroner  (1967), 

Eringen  and  Edelen  (1972)  and  others,  and  was  proposed  as  a  localization  lim¬ 
iter  by  Baiant,  Bel}rtschko  and  Chang  (1984).  An  effective  nonlocal  damage  model 
was  developed  by  Pijaudier-Cabot  and  Bazant  (1987)  and  Bazant  and  Lin  (1988). 

It  bears  some  resemblance  to  the  crack  band  model  (Ba^nt  and  Oh,  1983)  and 
to  the  mesh-dependent  softening  modulus  of  Pietruszczak  and  Mroz  (1981).  A 
differential  form  of  the  nonlocal  concept  (Bazant,  1984)  was  exploited  in  various 
gradient-dependent  models  (Schreyer  and  Chen,  1986;  Lasry  and  Belytschko,  1988; 
de  Borst  and  Miihlhaus,  1991).  A  more  refined  limiter  of  this  t)rpe  is  the  micropolar 
continuum  (Cosserat  and  Cosserat,  1909),  which  was  extended  to  strain-softening 
problems  by  Miihlhaus  and  Vardoulakis  (1987).  A  computational  model  for  the 
elastoplastic  Cosserat  continuum  was  formulated  by  de  Borst  and  Sluys  (1991). 

Viscoplastic  regularization  (Needleman,  1987)  limits  localization  by  adding  rate- 
dependent  terms  to  the  constitutive  equations. 

New  Approach  to  Nonlocal  Averaging 

One  of  the  most  powerful  and  computationally  effective  localization  limiters  is  the 
concept  of  nonlocal  averaging,  first  used  in  strain-softening  analysis  by  Bazant 
(1984)  and  Ba^nt,  Belytschko  and  Chang  (1984). 

The  original  version  of  the  nonlocal  approach,  which  was  dealing  with  nonlocal 
total  strain,  led  to  certain  numerical  difficulties  and  resulted  into  a  cumbersome 
imbricate  structure  of  the  finite  element  approximation.  A  substantial  increase  of 
computational  efficiency  was  achieved  by  later  improvements  based  on  the  idea  that 
only  the  quantities  directly  associated  with  strain-softening,  such  as  the  damage, 
the  damage  energy  release  rate  or  the  accumulated  plastic  strain,  should  be  treated 
as  nonlocal,  while  the  elastic  part  of  the  behavior  should  remain  local.  Nonlocal 
versions  of  several  constitutive  models  were  successfully  implemented  into  finite  el¬ 
ement  codes  and  applied  to  a  variety  of  problems  by  Ba^nt  and  Pijaudier-Cabot 
(1988),  Ba^nt  and  Lin  (1988)  and  Bazant  and  Ozbolt  (1990).  The  nonlocal  version  «* 
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(Bazant  and  Oibolt,  1990)  of  the  microplane  model  (Bazant  and  Prat,  1988)  proved 
to  be  particularly  efficient  for  the  computer  analysis  of  structures  made  of  quasib- 
rittle  materials  such  as  concrete.  However,  it  also  became  clear  that  the  classical 
nonlocal  concept  based  on  an  isotropic  weight  function  has  its  limitations  and  does 
not  allow  formulating  a  model  universally  applicable  to  the  same  material  under 
different  loading  conditions.  More  specifically,  it  turned  out  that  the  values  of  the 
characteristic  length  required  to  fit  experimental  data  for  very  different  test  geome¬ 
tries  are  significantly  different  and  therefore  cannot  be  regarded  as  a  true  material 
parameter.  Moreover,  the  physical  meaning  of  nonlocal  averaging  was  not  clear 
and  theoretically  supported,  and  so  the  nonlocal  concept  app>eared  as  an  artifice 
dictated  merely  by  the  need  to  regularize  the  governing  differential  equations. 

To  overcome  these  difficulties,  a  micromechanically  based  derivation  of  the  non¬ 
local  operator  has  recently  been  presented  (Bazant,  1992).  This  led  to  certain 
modifications  of  the  original  approach.  Both  the  original  and  the  new  approaches 
start  from  the  incremental  form  of  a  local  constitutive  law 

Aa  =  Ct:Ac  (1) 

where  Aa,  Ae  are  the  increments  of  the  stress  and  strain  tensor  and  Ct  is  the 
fourth-rank  tangential  stiffness  tensor  of  the  material.  The  total  stress  increment  is 
decomposed  into  the  elastic  and  inelastic  part: 


Aa  =  C„  :  (Ae  -  Ac")  =  C„  :  Ac  -  AS  (2) 

Here,  C,,  denotes  the  stiffness  tensor  for  unloading,  Ac"  is  the  increment  of  the 
inelastic  strain  tensor  and  AS  the  increment  of  the  local  inelastic  stress  tensor. 
Equations  (1)  and  (2)  can  be  combined  to  yield  the  law  relating  the  local  inelastic 
stress  increment  to  the  strain  increment: 


AS  =  (C„  -  Ct)  :  Ac  (3) 

In  the  nonlocal  formulation,  the  elastic  stress  increment  remains  unchanged 
while  the  inelastic  stress  increment  AS  is  replaced  by  its  nonlocal  value  AS.  The 
constitutive  law  is  now  given  by 

Aa  =  C«  :  Ac  —  AS  (4) 

where  the  nonlocal  inelastic  stress  increment  is  to  be  computed  by  applying  a  certain 
nonlocal  operator  on  the  locaJ  inelastic  stress  increment  derived  from  the  strain  in¬ 
crement  according  to  (3).  In  the  previously  used  nonlocal  formulation,  this  operator 
represents  weighted  averaging  over  a  certain  neighborhood: 

AS(x)=  |^4>(x,OAS(Od^  (5) 
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The  scalar  weight  function  depends  only  on  the  distance  r  =  ||x  —  ^||  be¬ 

tween  the  “source  point”  ^  and  the  “effect  point”  x,  and  on  a  parameter  called 
the  characteristic  length  I  of  the  nonlocal  continuum.  The  usual  form  of  $(x,  0 
has  been  either  a  Gaussian  distribution  function  or  a  bell-shaped  function  with  a 
compact  support  ♦(x, 0  =  ♦oil  —  <  0  where  ‘s  a  normalizing  factor 

such  that  =  1. 

Based  on  analysis  of  the  equations  describing  the  interaction  among  microc¬ 
racks  in  an  elastic  medium,  the  following  generalization  of  the  nonlocal  concept  has 
recently  been  derived  (Baiant,  1992): 

A5<‘)(x)  =  f  <l>(x,OAS^')(Od^+  /  (6) 

where  =  1,2,3,  are  the  increments  of  the  principal  inelastic  stresses  and 

A^’^^(x,  $)  is  the  so-called  crack  influence  function.  Superscripts  at  indicate 
that  the  value  of  this  function  depends  not  only  on  the  locations  of  the  source  point 
and  the  effect  point,  but  also  on  the  orientation  of  the  principal  directions  at  these 
points.  Analysis  of  the  stress  fields  in  two-  and  three-dimensional  infinite  bodies 
with  a  single  crack  provides  us  with  the  asymptotic  form  of  the  crack  influence 
function  and  shows  that  this  function  is  decaying  as  r~^  in  two  dimensions  and 
in  three  dimensions,  in  contrast  to  the  much  faster  decay  of  the  aforementioned  av¬ 
eraging  function  $(x,  0-  Furthermore,  the  crack  influence  function  is  not  isotropic, 
i.e.  it  cannot  be  reduced  to  a  function  of  the  distance  r  only.  The  behavior  of  A 
for  small  values  of  r  is  a  statistical  problem,  cannot  be  easily  derived,  and  has  to 
be  reasonably  approximated.  The  following  form  of  the  crack  influence  function  for 
two-dimensional  problems  has  been  derived  after  certain  simplifications  (Bazant, 
1992): 

A(x, ^)  =  —-^j^\cos26  -b  cos 2^  -b  cos2(®  +  V'))  (7) 

where 


The  angles  9  and  ti)  characterize  the  orientations  of  two  interacting  cracks  as  shown 
in  Fig.  la,  and  x  is  a  nondimensional  parameter  roughly  equal  to  the  ratio  of  the 
average  crack  size  and  the  characteristic  length.  The  orientations  9  and  rp  depend 
on  stress  state  at  each  point. 

A  substantial  simplification  of  Equation  (6)  can  be  obtained  by  taking  into 
account  only  the  interactions  between  dominant  cracks  forming  in  the  planes  per¬ 
pendicular  to  the  mtocimum  principal  stress; 

AS(^Hx)=  /  $(x,0A5(i)(0d$-b  /  A(^i)(x,0A5(^n^)dC  (9) 

•/V  Jv 
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The  superscripts  and  will  further  be  omitted  to  simplify  the  notation.  Note 
that  in  the  continuum  description  a  crack  is  considered  at  every  point.  This  is  of 
course  only  the  continuum  smearing.  The  cracks  are  in  reality  discrete  (in  more 
detail,  see  Ba^nt,  1992). 


Simplified  One-Dimensional  Problem 

Behavior  of  the  new  nonlocal  model  in  general  multidimensional  problems  can 
hardly  be  treated  analytically.  It  is  feasible  after  implementation  in  a  finite  ele¬ 
ment  program,  but  this  will  be  the  subject  of  another  paper  (Ozbolt  and  Bazant). 
The  present  paper  will  focus  on  the  basic  properties  of  the  new  model,  which  must 
be  examined  first.  The  most  basic  property  is  one-dimensional  localization  of  dam¬ 
age  into  a  straight  band,  taking  place  inside  an  infinite  layer  of  thickness  L  (Fig.  lb). 
For  the  case  of  a  local  continuum  in  which  the  localization  limiter  is  introduced  as  a 
lower  limit  on  the  band  width,  as  in  the  crack  band  model,  this  problem  was  treated 
in  Bazant  (1988a)  and  Bazant  and  Lin  (1989)  (see  also  Bazant  and  Cedolin,  1991, 
Sec.  13.3).  To  make  use  of  the  simple  expression  for  the  crack  influence  function 
A(x,  4)  in  two  dimensions  (in  contrast  to  the  much  more  complicated  form  for  a  3-D 
continuum),  we  will  consider  a  plane  stress  situation — the  dimension  of  the  layer 
in  the  z-direction  is  assumed  to  be  so  smali  that  the  corresponding  normal  stress 
<7*  is  negligible.  On  the  other  hand,  the  dimension  of  the  layer  in  the  j/-direction  is 
very  large  and  the  corresponding  normal  strain  €y  is  negligible.  The  layer  is  loaded 
by  enforcing  a  uniform  displacement  in  the  x-direction  at  one  of  the  fixed  bound¬ 
aries,  which  causes  an  increase  of  strain  €i  and  a  change  of  stress  a*.  To  simplify 
the  notation,  the  subscripts  at  cr^  and  Ci  as  well  as  at  the  corresponding  stiffness 
coefficients  will  be  dropped.  The  stiffness  coefficients  C„,  Ct  and  C,  (to  be  defined 
later)  are  to  be  understood  as  the  components  Cmi  (or  Cxx)  of  the  stiffness  tensors 
C„,  Ct,  C„  resp.,  in  a  local  constitutive  law  describing  a  plane  stress  problem. 

As  the  shear  strains  and  stresses  are  zero,  equilibrium  in  the  x-direction  requires 
Ox  to  be  constant,  but  can  in  general  vary  as  a  function  of  x.  Of  course,  for  a 
local  continuum  with  a  one-to-one  relationship  between  stress  and  strain,  Cx  would 
have  to  be  a  constant,  too,  but  the  existence  of  a  softening  part  in  the  stress-strain 
law  can  lead  to  strain  localization  and  loss  of  uniqueness.  In  a  local  formulation, 
localization  would  occur  right  at  peak  stress  and  there  would  be  no  lower  limit 
on  the  width  of  the  possible  localization  band.  As  will  be  shown  later,  in  the 
present  nonlocal  formulation  the  strain  can  cease  to  be  constant  even  before  the 
peak  stress,  but  a  true  localization  band  forms  only  after  the  peak  and  its  width 
cannot  decrease  below  a  certain  minimum  depending  on  the  ratio  of  the  layer  width 
and  the  characteristic  length  of  the  model,  as  well  as  on  the  tangential  modulus. 

With  the  assumption  that  all  the  quantities  depend  only  on  one  spatial  variable 
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I  and  that  the  total  stress  (and  thus  also  the  stress  increment)  is  independent  of  x, 
we  can  set  y  =  0  in  the  basic  equations  (3),  (4)  and  (9)  and  rewrite  them  as 

A5(i)  =  [Cu(jr)  -  Ct(i)lAe(x)  (10) 

Act  =  Cu(x)A6(x)  —  A5(i)  (11) 


A5(x)  =  r  r  0,^,  11)  AS (adidTt  +  r  r  AS (Od^dr,  = 

7-00  J-oo  7-00  7-00 

=  r^(x,0A5(0d^+  r  A(x.0A5(0d^  (12) 

7-00  7-00 

where 

♦(a^.0=  r°  Mx,0,^,ri)dTf,  A(x,0=  f  Aix,0,^,r])dT}  (13) 

7—00  7-00 


The  term  that  is  additional  in  (9)  compared  to  (5)  should  vanish  in  a  state  of 
uniform  strain  when  the  local  and  nonlocal  inelastic  stresses  are  identical.  It  might 
therefore  be  expected  that  A  A(x,  ^)d^  =  0  for  any  value  of  x.  If  the  integral  is 
formally  transformed  to  polar  coordinates,  the  integrand  is  given  by  a  product  of  a 
periodic  function  of  the  angular  coordinate  with  zero  mean  and  another  function  of 
the  radius,  and  on  this  basis  the  foregoing  condition  seems  to  be  satisfied.  A  careful 
examination  of  the  definition  of  A(x,  0  however  reveals  that  for  large  values  of  r,  A 
behaves  asymptotically  as  in  two  dimensions  and  in  three  dimensions,  and 
so  the  integral  /^/^A(x,  y,  r])dT}d^  is  not  absolutely  convergent.  Such  a  problem 
with  integrability  is  common  to  many  physical  problems  formulated  in  an  infinite 
domain  and  is  not  easy  to  overcome.  Fortunately  it  disappears  when  dealing  with 
real-life  finite  bodies  or  with  semiinfinite  bodies  bounded  at  least  in  some  direction. 
This  is  also  the  case  for  the  layer  studied  in  this  chapter.  The  limits  of  integration 
in  the  i-direction  are  finite  and,  with  this  modification,  the  integral  converges  but 
is  not  equal  to  zero. 

In  the  simple  situation  considered,  the  directions  of  the  maximum  principal 
inelastic  stress  at  all  points  are  aligned  (Fig.  lb),  which  implies  that  9  —  With 
the  notation  C  =  (®  ~  0/^  one-dimensional  crack  influence  function  can  i. 
expressed  as 


A(x,«)--j - (ITc5j575 - ■‘•^1 


A  surprising  fact  is  that  the  resulting  function  is  positive  for  all  values  of  its  argu¬ 
ments  (Fig.  Ic),  which  contradicts  the  intuitively  expected  property  A{x,^)d^  = 
0.  This  is  a  consequence  of  the  lack  of  absolute  integrability  of  the  original  two- 
dimensional  crack  influence  function.  By  some  tedious  algebraic  manipulations 
it  can  be  shown  that  the  function  in  the  brackets  in  (14)  decays  for  large  C  as 
+  0(C''®),  and  so  the  one-dimensional  crack  influence  function  is  integrable. 
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Bifurcation  Analysis  of  Post-Peak  Behavior 

Formulation  of  the  Problem 

Having  developed  the  basic  framework  of  a  one-dimensional  localization  problem, 
we  now  focus  on  the  analysis  of  a  possible  bifurcation  of  the  equilibrium  path  after 
reaching  the  p>eak  stress  and  entering  the  softening  regime.  The  local  stress-strain 
law  is  assumed  to  be  linear  up  to  the  peak,  with  a  constant  slope  Cq,  and  then  to 
start  decaying  with  an  initial  slope  Cg. 

Up  to  the  peak,  the  tangential  stiffness  Ct  and  the  unloading  stiffness  C„  are 
identical  and  equal  to  Co,  and  thus  the  local  inelastic  stress  increments  given  by 
(10)  vanish  at  all  points  of  the  layer.  The  basic  equation  (12)  has  a  trivial  solution 
AS{x)  =  0  and  (11)  then  implies  A€(x)  =  Aa/Co  =  const.,  which  means  that  the 
strains  remain  uniform  up  to  the  peak.  The  picture  dramatically  changes  after  the 
peak  stress  is  reached.  A  part  of  the  layer  can  experience  further  strain  increase 
accompanied  by  softening  while  the  rest  unloads  in  an  elastic  way.  The  unloading 
modu’  IS  Cu  is  still  equal  to  Cq  at  all  points  of  the  layer,  but  the  tangential  modulus 
Ct  remains  equa  to  Co  only  in  the  unloading  part  (denoted  by  C)  and  jumps  to  C, 
in  the  softening  region  (denoted  by  5).  Equations  (10)  and  (11)  can  be  substituted 
into  (12)  to  get  a  single  integral  equation  for  the  unknown  strain  increment  A€(j): 

CoA€(x)-Aa  =  r  i(x,OiCo-Ct(a)^€U)d^ 

J -oo 

+  n  A(ar,0(C'oAe(0  -  Acr)d^  (15) 

J—oo 

So  far,  we  have  kept  the  integration  limits  at  minus  and  plus  infinity.  The  region 
outside  the  layer  can  be  thought  of  to  be  fixed  to  p>erfectly  rigid  clamps  which  repre¬ 
sent  a  continuation  of  the  body.  So  it  seems  to  be  natural  to  set  the  corresponding 
strain  and  stress  increments  equal  to  zero.  Moreover,  the  difference  Co  —  Ct{0  is 
zero  for  ^  lying  in  the  unloading  region  U  and  the  integrand  in  the  first  integral  van¬ 
ishes  outside  the  softening  region  5.  After  dividing  by  Cq  and  rearranging,  equation 
(15)  reads 

/  «  »  A/t 

/  ^{x,i)A€{i)d^  -I-  /  A(i,OAe(^)dC  -  Ae(i)  =  —  (A(i)  -  1)  (16) 

Js  Jo  Go 

where  /z  =  1  —  C3/C0  ,  A(i)  =  Jq  A(x,^)d^.  The  parameter  fi  characterizes  the 
local  constitutive  law.  It  is  always  positive;  its  values  between  0  and  1  indicate 
hardening,  /x  =  1  corresponds  to  a  horizontal  yield  plateau,  and  /x  >  1  to  softening. 
On  the  other  hand,  the  type  of  the  global  load-displacement  diagram  is  determined 
by  the  sign  of  the  stress  increment  Aa.  Naturally,  Aa  >  0  means  global  hardening. 


Aa  <  0  global  softening  and  Act  =  0  implies  a  horizontal  yield  plateau  in  the 
load- displacement  diagram. 

In  addition  to  equation  (16),  an  acceptable  solution  of  the  problem  must  satisfy 
the  loading-unloading  criterion 

Ae(i)  >  0  if  I  €  5,  Ae(i)  <  0  if  X  6  t/  (17) 

This  additional  condition  is  exploited  to  determine  the  extent  of  the  softening  and 
unloading  region. 

When  studying  the  bifurcation  problem,  the  increments  of  stress  and  strain  are 
infinitesimal  and  Ae(x)  can  change  proportionally  to  Act.  As  this  study  focuses  pri¬ 
marily  on  the  softening  behavior,  we  can  look  for  a  strain  increment  per  a  unit  stress 
decrement  and  normalize  it  by  the  initial  elastic  modulus  Co  to  get  a  nondimen- 
sional  quantity  e(x)  =  — CoAe(x)/ACT.  In  terms  of  this  unknown  function,  equation 
(16)  can  be  rewritten  as 

H  f  +  f  A(i,^)e(Od^  -  e(x)  =  1  -  A(x)  (18) 

Js  Jo 

If  we  look  for  solutions  that  cane  exhibit  global  hardening,  we  can  replace  the 
definition  of  e(x)  by  e(x)  =  CoA€(x)/Act  and  the  right  hand  side  of  (18)  changes 
its  sign.  Finally,  the  case  of  no  stress  change  (resulting  into  a  plateau  in  the  load- 
displacement  diagram)  can  be  treated  by  setting  e(x)  =  Ae(x)  and  replacing  the 
right  hand  side  of  (18)  by  zero.  The  loading-unloading  condition  is  the  same  for  all 
the  above-mentioned  cases: 

e(i)>0ifx€5,  e(x)<0ifjeC  (19) 

Discretization  of  the  Problem 

To  solve  equation  (18)  numerically,  one  can  look  for  the  values  eo,  Ci,  62, . . .  eyv  of 
the  unknown  function  e(x)  at  a  finite  number  of  points  iq  =  0,  Xi,  X2,  ■  ■  ■  xn  = 
L.  The  unknowns  can  be  collected  to  form  a  vector  (colunm  matrix),  e.  After 
approximating  the  integrals  by  sums,  the  integral  equation  (18)  can  be  replaced  by 
a  matrix  equation 

(/iF  -H  L  -  I)e  =  i  -  1  (20) 

where  F  and  L  are  square  matrices,  1  is  a  vector,  I  stands  for  the  unit  square  matrix 
and  i  for  the  vector  with  all  components  equal  to  1 .  The  matrix  counterpart  of  the 
loading- unloading  criterion  (17)  is  then 

Se>0,  Ue<0  (21) 
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where  the  diagonal  incidence  matrices  S  and  U  =  I  —  S  have  zero  and  unit  diagonal 
elements  indicating  whether  the  corresponding  point  lies  in  the  softening  or  unload¬ 
ing  region.  To  evaluate  the  vector  1  and  the  matrices  F  and  L  in  (20),  a  numerical 
quadrature  rule  must  be  applied  to  the  integrals  in  (18). 

Solution  Strategies 

As  the  solution  of  (20)  is  subject  to  (21),  it  must  be  constructed  in  an  iterative  way. 
In  a  parameter  study,  when  one  wants  to  explore  the  effect  of  on  the  post-peak 
behavior,  the  softening  region  S  can  be  chosen  in  advance  and  one  can  then  look 
for  the  corresponding  value  of  p: 

1.  Given  S  and  U,  compute  the  matrices  L  and  F  and  the  vector  1. 

2.  Make  an  initial  estimate  of  the  parameter  p. 

3.  Assemble  (fiF  L  —  I)  and  i  —  1. 

4.  Solve  the  system  of  linear  equations  (20). 

5.  Check  if  the  solution  e  satisfies  conditions  (21).  If  it  does,  output  the  solution 
and  stop.  If  it  does  not,  modify  p  and  go  to  step  3. 

It  can  be  expected  that  softening  will  tend  to  concentrate  in  a  band  either 
inside  the  layer  or  at  its  boundary.  The  former  situation  can  be  denoted  as  U-S-U 
(unloading  band  -  softening  band  -  unloading  band),  the  latter  by  S-U  (softening 
band  -  unloading  band).  Another  possibility  is  that  all  the  material  softens  (denoted 
simply  by  S)  or  that  there  ex;  t  several  separate  localization  bands,  e.g.  S-U-S  or 
S-U-S-U. 

Method  of  Analysis  and  Solution  for  Old  Nonlocal  Model 

Now  we  need  to  explain  how  to  construct  an  admissible  solution  for  a  given  value 
of  parameter  //,  discuss  the  meaning  of  the  eigenvalues  and  the  character  of  the 
solutions  for  different  localization  modes.  The  computational  procedure  can  be 
best  illustrated  by  a  simple  example.  The  parameter  k  is  first  set  to  zero,  which 
means  that  the  two-dimensional  crack  influence  function  A(x,  ^)  defined  by  (7),  (8), 
as  well  as  its  one-dimensional  counterpart  A(x,  ^)  defined  by  (14),  is  identically  zero 
and  the  old  nonlocal  formulation  is  recovered.  The  matrix  L  and  vector  I  then 
disappear  from  the  equations  and  (20)  takes  a  special,  simpler  form 

(ijtF  -  I)e  =  i  (22) 

Fig.  2a  shows  the  strain  increment  profiles  for  an  assumed  localization  pattern  U-S- 
U  with  the  total  length  of  the  layer  L  =  20/  and  the  assumed  length  of  the  softening 
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region  h  ~  lOZ.  The  profiles  were  constructed  for  a  sequence  of  fi  values  between  0.99 
and  1.03  and  the  loading-unloading  criterion  was  tested  for  each  of  them.  A  solution 
satisfies  the  loading-unloading  criterion  if  it  is  positive  for  i/Z  €  (5, 15)  and  negative 
everywhere  else.  Fig.  2a  indicates  that  for  fi  =  0.99  and  /i  =  1.00,  the  solution  is 
negative  over  the  whole  layer  and  it  decreases  as  ^  grows.  Between  /x  =  1.00  and 
H  =  1.01,  the  solution  jumps  to  large  positive  values  and  then  decreases  again.  The 
interval  on  which  it  is  positive  shrinks  and  at  /x  =  1.02  it  only  slightly  exceeds 
the  assumed  softening  interval  5  =  (5,  15).  When  /x  reaches  1.03,  the  interval  with 
positive  strain  increments  is  already  inside  5.  As  this  transition  is  continuous,  there 
must  be  a  value  of  fj,  between  1.02  and  1.03  for  which  the  loading-unloading  criterion 
is  exactly  satisfied.  If  a  function  /(/x)  is  defined  by  assigning  to  each  /x  the  value  of 
the  strain  increment  at  x  =  5,  a  necessary  condition  to  satisfy  the  loading-unloading 
criterion  is  /(/x)  =  0  .  This  nonlinear  equation  can  be  solved  by  one  of  the  standard 
techniques,  e.g.  by  the  secant  method  or  by  the  Newton  method.  In  the  latter 
case,  the  derivative  of  /  is  computed  numerically  using  a  difference  formula.  The 
graph  of  /(/x)  is  shown  in  Fig.  2b  and  it  is  clear  that  once  the  interval  containing 
the  root  and  no  singularities  is  located,  the  iteration  process  converges  without  any 
problems. 

The  singular  points  of  /(/x)  correspond  to  the  values  of  /x  for  which  the  coefficient 
matrix  (/xF  -  I)  is  singular,  or,  equivalently,  to  the  eigenvalues  of  P“’.  When 
increasing  fi  from  zero,  the  first  singular  value  is  reached  approximately  at  /xi  = 
1.006.  At  this  point,  the  strain  increments  jump  from  large  negative  to  large  positive 
values  (see  Fig.  2a).  For  ft  <  p,\,  the  function  f{fi)  has  only  negative  values  and 
the  corresponding  solutions  are  not  admissible.  The  first  root  of  f{fi)  can  be  found 
at  fii  =  1.0237  and  the  corresponding  solution  is  really  admissible  (it  satisfies  the 
loading-unloading  criterion).  After  the  second  singular  value  /X2  is  passed,  another 
root  can  be  detected  at  /X2  =  1.0990,  but  the  corresponding  solution  drops  below 
zero  in  a  small  interval  in  the  middle  of  the  softening  band  and  therefore  is  not 
admissible. 

The  iterative  procedure  can  be  repeated  for  different  sizes  of  the  softening  region 
and  each  of  the  calculations  yields  one  possible  post-peak  branch  for  a  particular 
value  of  the  paramete'  fi.  Several  such  solutions  are  depicted  in  Fig.  3a.  More 
localized  solutions  require  a  higher  value  of  fi,  i.e.  a  steeper  slope  of  the  descending 
part  of  the  local  constitutive  law.  Solutions  with  a  larger  softening  zone  are  possible 
for  smaller  values  of  fi,  however,  fi  must  always  be  larger  than  1,  which  means  that 
the  locaJ  law  must  exhibit  softening  (and  not  hardening  or  a  horizontal  plateau). 

Other  sets  of  solutions  can  be  constructed  for  other  localization  patterns.  It 
turns  out,  however,  that,  for  the  old  nonlocal  model  with  k  =  0,  the  solutions  are 
invariant  with  respect  to  a  shift  along  the  x-axis  and  therefore  the  S-U  localization 
profiles  have  the  same  shape  as  the  U-S-U  profiles  and  are  only  shifted  to  the 
boundary.  Similarly,  the  S-U-S  profiles  can  be  obtained  by  moving  two  identical 
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U-S-U  profiles  to  both  boundaries  (Fig.  3b).  This  seems  to  be  a  deficiency,  because 
the  presence  of  boundaries  would  no  doubt  affect  the  shape  of  the  localization 
profiles  and  the  corresponding  values  of  /x.  The  behavior  of  the  present  model  can 
be  understood  if  one  realizes  that  the  softening  region  is  not  affected  by  anything 
outside  it,  because  the  local  inelastic  stress  increments  in  the  unloading  region  are 
zero  and  thus  they  do  not  contribute  to  the  nonlocal  inelastic  stress  increments, 
which  can  be  evaluated  from  the  strain  displacements  in  the  softening  zone  only. 
That  is  why  the  position  of  the  softening  region  does  not  make  any  difference  and 
the  only  important  thing  is  its  length.  At  the  same  time,  the  strain  increment 
profiles  evaluated  under  the  assumption  of  loading  only  (the  S  type  of  localization 
pattern)  are  highly  nonuniform,  with  strain  concentration  in  the  middle  of  the  layer 
(Fig.  3c).  This  means  that  the  boundaries  repel  strain  localization. 


Renormalized  Averaging  Function 


The  picture  substantially  changes  if  the  averaging  function  ^(x,^)  is  renormalized 
in  the  vicinity  of  the  boundaries.  The  normalizing  condition  0  =  1 

ensures  that  a  uniform  local  quantity  in  an  infinite  body  leads  to  a  uniform  nonlocal 
quantity  with  the  same  value.  If  this  property  is  to  be  preserved  in  a  finite  body, 
the  integration  domain  must  be  changed  to  the  domain  of  the  body  V  and,  instead 
of  the  original  averaging  function  in  an  infinite  body  ^(x,^)  =  4>o[l  —  (r//)2)2,  a 
normalized  function 


<t>n(x,^) 


/v<^(x,Od^ 


(23) 


must  be  used. 

When  the  normalized  averaging  function  is  implemented,  the  model  is  able  to 
exactly  reproduce  uniform  strain  increments  and  also  the  shape  of  the  S-U  and  .S- 
U-S  localization  patterns  becomes  more  reasonable  (Fig.  3d,e).  This  formulation  is 
therefore  adopted  for  the  subsequent  development. 

Due  to  renormalization,  the  matrix  F  assembled  under  the  assumption  of  loading 
everywhere  has  the  property  that  the  sum  of  its  elements  in  every  row  is  equal  to 
1  (this  is  the  discrete  analog  of  the  integral  normalizing  condition).  This  can  be 
written  as  Fi  =  i  where  i  is  the  previously  defined  vector  with  all  components  equal 
to  1.  As  of  course  also  li  =  i,  equation  (22)  has  a  solution  e  =  i/(^  —  1)  for 
auiy  fi  ^  1.  If  fi  >  1,  this  solution  is  admissible  and  it  represents  uniform  strain 
increment  profiles  associated  with  stress  decrements.  The  corresponding  post-peak 
branch  in  the  global  load-displacement  diagram  has  the  same  slope  as  the  post-peak 
branch  in  the  local  constitutive  law.  If  /x  <  1,  the  solution  is  not  admissible  under 
the  assumption  that  stress  decreases,  however,  it  is  admissible  if  one  assumes  that 
stress  increases.  Again,  the  slope  of  the  global  load-displacement  diagram  is  the 
same  as  the  slope  of  the  local  constitutive  law  (both  are  positive  and  hardening 
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occurs).  The  transition  from  hardening  to  softening  is  given  by  /i  =  1  when  the 
coefficient  matrix  in  (22)  becomes  singular.  But  this  is  perfectly  consistent  with 
the  fact  that  the  unknown  function  e{x)  defined  by  e(x)  =  — CoAe(i)/Aa  can  be 
introduced  only  if  the  stress  change  is  not  zero.  If  Aa  =  0,  equation  (22)  can  be 
used  only  if  e(x)  is  replaced  directly  by  A€(x)  and  the  right  hand  side  is  set  to  zero. 
The  homogeneous  set  of  equations  with  the  singular  coefficient  matrix  F  —  I  has 
infinitely  many  solutions,  all  of  them  multiples  of  the  eigenvector  i.  The  physical 
meaning  is  that  for  a  local  constitutive  law  with  a  horizontal  plateau,  the  strain 
increments  are  uniform  and  arbitrarily  large  while  the  stress  does  not  change  at  all. 

Besides  the  uniform  solution,  several  other  admissible  solutions  may  exist  for 
the  same  value  of  the  parameter  /x,  i.e.  for  the  same  post-jseak  slope  of  the  local 
constitutive  law.  It  can  be  proven  (Bazant,  1988b)  that  the  branch  that  will  be 
actually  followed  by  the  real  system  is  the  one  with  the  steepest  descent.  All  other 
branches  are  unstable  in  the  sense  that  they  can  never  be  followed  spontaneously, 
unless  an  additional  restriction  is  imposed  on  the  system  (despite  the  fact  that  the 
points  on  these  branches  might  be  stable  states).  StabiUty  of  different  branches 
of  the  global  response  existing  for  a  given  local  constitutive  law  can  be  evaluated 
by  introducing  a  parameter  related  to  the  post-peak  slope  of  the  load-displacement 
diagram.  To  avoid  difficulties  with  a  discontinuity  at  snapback,  the  negative  inverse 
value  of  the  post-peak  slope  is  used  as  such  parameter  rather  than  the  slope  itself. 
It  is  convenient  to  introduce  a  nondimensional  compliance  parameter 


s  =  — ■ 


CpAe 

Act 


Co 

LAcr 


fL  J  rL 

I  A€(x)dx  =  —  /  e{x)dx  (24) 

Jo  L  Jo 


whose  values  are  positive  for  post-peak  softening  and  negative  if  snapback  occurs; 
s  =  0  corresponds  to  a  vertical  drop  in  the  global  load-displacement  diagram  indi¬ 
cating  a  loss  of  stability  under  displacement  control. 

It  follows  from  the  definition  of  the  compliance  parameter  s  that  the  actual 
branch  is  that  which  minimizes  s.  To  study  the  effect  of  p  on  the  localization 
pattern  and  on  the  post-peak  slope,  the  compliance  parameter  was  evaluated  for 
various  types  of  solutions  and  plotted  against  /x.  Fig.  4  shows  such  a  plot  for 
«  =  0,  L  =201  and  a  renormalized  averaging  function  It  is  clear  that  the 
pattern  S-U  dominates  in  all  situations  covered  by  this  plot.  This  means  that  the 
strain  tends  to  localize  into  a  band  at  one  boundary  (the  S-U  pattern)  rather  than 
into  a  band  in  the  middle  (the  U-S-U  pattern)  or  into  two  symmetric  bands  at  both 
boundaries  (the  S-U-S  pattern).  The  decrease  of  s  with  an  increasing  /x  indicates 
that  the  post-peak  slope  of  the  load-displacement  diagram  is  getting  steeper  as 
the  slope  of  the  local  constitutive  law  becomes  steeper.  At  /x  =  1.14,  s  becomes 
negative,  which  corresponds  to  the  occurrence  of  a  snapback.  Beyond  this  limit, 
the  test  cannot  be  performed  in  a  stable  manner  by  controlling  only  the  relative 
displacement  of  the  boundaries. 
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It  is  interesting  to  check  whether  localization  would  occur  for  all  values  of  /x  >  1 , 
i.e.,  whenever  the  local  constitutive  law  exhibits  softening.  It  turns  out  that  the 
localization  threshold  lies  slightly  above  1.  This  threshold  is  determined  by  the 
solution  of  the  S-U  type  with  the  maximum  possible  locaUzation  width  h  =  L  - 
201.  At  this  extreme  width,  the  S-U  locahzation  pattern  is  in  fact  identical  with 
the  S  pattern  denoting  loading  only.  However,  the  corresponding  solutions  are 
distinct,  because  the  S  solutions  are  uniform  while  the  S-U  solution  must  satisfy 
the  degenerated  loading-unloading  condition  Ae(f/)  =  0  (the  unloading  region  U 
shrinks  to  one  point).  As  the  matrix  F  is  uniquely  determined  by  the  assumption 
of  loading  everywhere,  the  governing  equation 

ifiF  -l)e  =  i  (25) 


is  the  same  for  both  cases.  To  get  two  distinct  solutions,  the  coeflScient  matrix 
pF-I  must  be  singular  and  fi  is  therefore  the  reciprocal  of  an  eigenvalue  of  F.  As 
explained  before,  the  matrix  F  assembled  under  the  assumption  of  loading  only  has 
always  =  1  as  its  eigenvalue  (and  it  turns  out  to  be  the  largest  eigenvalue).  The 
corresponding  jxi  =  \/^i  is  also  equal  to  1  but  then  equation  (25)  has  no  solution. 
This  means  that  for  a  local  constitutive  law  with  a  horizontal  plateau,  the  global 
response  does  not  exhibit  softening.  The  second  largest  eigenvalue  <^2  of  F  is  smaller 
than  1  and  its  inverse  value  /i2  =  l/<^2  is  the  critical  value  of  /x  for  which  localization 
starts.  As  det(^2F  —  I)  =  0,  solutions  of  (25)  can  be  written  as 


1  - 

e  =  - -I  -I-  062 

M2  -  I 


(26) 


where  62  is  the  eigenvector  of  F  corresponding  to  the  eigenvalue  02  and  a  is  an 
arbitrary  constant.  Only  solutions  with  all  components  nonnegative  are  admissible 
and  the  one  with  the  last  component  equal  to  0  is  the  initial  solution  of  the  S-U 
type.  When  /x  is  increased,  the  softening  band  S  ceases  to  extend  over  the  whole 
layer  and  starts  shrinking. 

A  similar  analysis  has  been  performed  for  other  widths  of  the  layer  and  the  effect 
of  the  layer  width  L  as  an  additional  parameter  has  been  investigated.  As  expected, 
narrow  layers  are  less  susceptible  to  localization  than  wide  ones,  and  higher  values 
of  M  are  needed  to  produce  results  similar  to  those  for  wide  layers.  Three  important 
characteristics  of  the  localization  sensitivitiy  can  be  defined: 

•  /xj  =  1  ...  transition  from  global  softening  to  global  hardening, 

•  M2  ...  onset  of  localization, 

•  Us  snapback,  loss  of  stability. 

The  values  of  mi,  M2  can  be  determined  by  an  eigenvalue  analysis  of  the  matrix 
F  while  Us  must  be  solved  for  by  iteratively  looking  for  the  value  of  m  causing  the 
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compliance  parameter  s  to  be  zero.  The  characteristic  values  pi,  /i2,  n,  are  plotted 
against  the  ratio  L  jl  in  Fig.  5.  Depending  on  the  layer  width  and  the  slope  of  the 
local  constitutive  law,  four  types  of  behavior  can  be  distinguished  and  graphically 
represented  as  four  regions  in  Fig.  5: 

•  A  -  global  hardening, 

•  B  -  global  softening  without  localization,  strain  increments  remain  uniform. 

•  C  -  localization  into  a  softening  band,  stable  during  displacement  control, 

•  D  -  snapback  in  the  global  load-displacement  diagram  immediately  after  peak. 


Analysis  of  the  New  Model 

So  far,  all  analyses  and  considerations  have  been  concerned  with  the  old  localization 
model  characterized  by  the  absence  of  the  additional  term  based  on  the  crack  influ¬ 
ence  function.  How  will  the  results  be  affected  by  the  presence  of  this  term  in  the 
integral  equation  (16)  or  its  matrix  counterpart  (20)?  The  first  striking  difference 
is  that  uniform  strain  increments  are  no  longer  possible.  This  can  be  easily  proven 
by  substituting  A€(i)  =  Ae  =  const,  into  (16),  which  leads  to 

-  I)A«  +  ^  =  A(x)  (^  -  A€)  (27) 

As  the  function  \{x)  is  not  constant  (due  to  boundary  effect),  this  equation  can 
be  satisfied  only  if  the  expression  Ao/Cq  —  Ae  (multiplying  A(x)  on  the  right  hand 
side)  is  zero,  but  then  (27)  reduces  to  ^Ae  =  0,  which  can  hold  only  if  /i  ==  0  or 
Ae  =  0.  The  latter  case  represents  no  change  at  all  and  can  be  excluded.  Uniform 
strain  increments  are  therefore  possible  only  if  ^  =  0,  which  happ>ens  if  the  local 
constitutive  law  has  a  linear  elastic  part.  As  soon  as  any  nonlinearity  occurs,  strain 
increments  become  nonuniform.  Fig.  6a  shows  several  solutions  derived  under  the 
assumption  of  loading  only  fbr  /c  =  O.l  and  n  ranging  from  0.979  to  0.985  while 
Fig.  6b  shows  such  solutions  for  y,  ranging  from  1.002  to  1.008. 

Again,  the  roots  of  the  characteristic  equation 

detinF  -h  L  -  I)  =  0  (28) 

mark  important  points  where  the  number  of  admissible  solutions  or  the  character  of 
the  solution  change.  The  first  characteristic  value  /ii  corresponds  to  the  transition 
from  global  hardening  to  global  softening.  Between  jii  and  there  is  only  one 
admissible  solution  for  each  value  of  ft.  This  solution  is  nonuniform  but  all  the  points 
are  softening.  At  /i2,  solutions  of  the  S-U  type  start  existing  and  as  their  compliance 
parameter  s  is  smaller  than  that  of  the  S  type  solutions,  the  actual  response  follows 


14 


the  localized  branch.  In  contrast  to  the  old  nonlocal  model  with  k  =  0,  the  S 
t}rpe  solution  ceases  to  be  admissible  at  some  value  of  n  and  it  changes  into  a  U- 
S-U  solution.  However,  the  S  type  solution  is  “reborn”  at  the  third  characteristic 
value  P3  along  with  an  S-U-S  solution  and  at  some  higher  value  of  p  it  changes 
its  character  again.  The  compliance  parameter  is  plotted  against  the  parameter 
H  for  the  most  important  localization  patterns  in  Fig.  7.  The  figure  reveals  that 
the  actual  solution  is  of  the  S-U  type  for  all  values  of  >  p.i.  This  was  the  case 
for  the  old  nonlocal  model,  too,  but  an  important  difference  can  be  noticed:  The 
generalized  nonlocal  model  allows  strain  localization  even  for  /x  <  1,  i.e.  even  when 
the  local  constitutive  law  exhibits  hardening  rather  than  softening.  The  hardening 
slope  must,  however,  be  sufficiently  small.  This  is  demonstrated  in  Fig.  8  (similar 
to  Fig.  5  for  the  old  model),  showing  the  four  different  regions  as  discussed  at  the 
end  of  the  preceding  subsection. 
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Incremental  Analysis  of  the  Loading  Process 


Formulation  of  the  Problem 


The  previous  section  was  devoted  to  the  analysis  of  the  initial  directions  of  the 
post-peak  branches,  assuming  a  linear  behavior  up  to  the  peak.  Let  us  proceed  to  a 
more  complicated  problem — an  incremental  analysis  of  the  entire  stable  post-peak 
branch,  i.e.  the  branch  starting  with  the  lowest  value  of  the  compliance  parameter 
defined  previously.  Recall  that  the  basic  integral  equation  (18)  was  derived  under 
the  assumption  that  the  unloading  modulus  Cu(i)  be  everywhere  equal  to  the  initial 
modulus  Co  and  the  tangential  modulus  Ct(i)  be  equal  to  the  softening  modulus  C* 
in  the  softening  region  S  and  to  the  initial  modulus  Co  in  the  unloading  region  (/. 
But  this  is  the  ctise  only  in  a  uniform  state  with  no  damage.  After  a  finite  nonuni¬ 
form  increment  is  applied,  the  values  of  Cu(ar)  and  Ct{x)  in  general  change,  except 
for  one  situation — the  bilinear  local  constitutive  law  with  unloading  as  in  plasticity 
(by  which  we  mean  unloading  with  the  initial  slope  Co).  In  this  special  case,  strain 
increments  grow  proportionally  to  the  decreasing  stress  until  the  local  stress  drops 
down  to  zero  at  the  first  point  of  the  body.  All  the  other  local  constitutive  laws 
require  a  generalization  of  equation  (18). 

The  derivation  can  follow  the  same  line  as  for  the  bifurcation  analysis  but  the 
moduli  must  be  treated  as  functions  rather  than  constants.  Introducing  two  auxil¬ 
iary  functions 


CM  -  Ct(x) 
Co 


j/(x) 


CM 

Co 


(29) 
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the  integral  equation  governing  the  problem  under  consideration  can  be  derived: 


N 


-  HMx)  =  1  -  A(x)  (30) 

The  matrix  counterpart  of  (30)  can  be  written  in  a  form  similar  to  (20); 

(F^  +  W-N^)e  =  i-1  (31) 

Subscripts  ^  and  „  emphasize  that  the  matrices  depend  on  the  current  values  of 
the  functions  nix),  t'(x),  which  are  in  turn  determined  by  the  total  strain  profile 
e(x),  the  profile  of  the  maximum  previously  reached  strain  tmaxix)  and  the  local 
constitutive  law.  Note  that  ?•?  is  a  generahzed  form  of  (20)  but  describes  the 
problem  on  a  different  level  —  as  an  evolution  equation  characterizing  an  entire 
branch  of  the  equilibrium  path  rather  than  a  bifurcation  from  a  given  state. 


Bilinear  Local  Constitutive  Law 

As  an  example,  consider  a  bilinear  local  constitutive  law  with  damage  (unloading  to 
the  origin);  Fig.  9a.  Let  Cp  be  the  strain  at  peak  stress  and  tj  the  strain  at  complete 
failure.  Given  the  current  strain  e  and  the  maximum  previously  reached  strain  (-max- 
the  parameters  p,  v  at  the  given  material  point  can  be  evaluated  as  follows; 

1)  Virgin  loading  [tmax  <  Cp):  M  =  0,  j/  =  1 

2)  Softening  (cp  <  <  e/):  ^  “  0 

3)  Complete  fracture  (e/  <  (.max)'  A*  =  0,  i/  =  0 

Note  that  the  unloading  region  is  excluded  from  the  integral  containing  /i(x)  and 
therefore  it  is  not  necessary  to  make  a  difference  between  softening  and  unloading- 
reloading  after  previous  damage  (</  is  the  same  for  both  cases). 

Typical  load-displacement  diagrams  start  by  a  hnear  elastic  part  which  exactly 
corresponds  to  the  local  constitutive  law,  because  in  the  absence  of  inelastic  stress 
increments,  the  local  and  nonlocal  stress  is  the  same.  The  load-displacement  dia¬ 
gram  bifurcates  right  at  peak  and,  according  to  the  results  presented  in  the  previous 
section,  the  actual  branch  is  that  which  represents  localization  into  a  softening  band 
at  one  boundary.  As  the  loading  continues,  the  localization  band  becomes  narrower 
(Fig.  9d)  and  the  load-displacement  diagram  becomes  steeper  (Fig.  10)  until  a  snap- 
back  occurs. 

The  global  response  was  followed  up  to  the  snapback  or  even  beyond  it  for  layers 
of  different  sizes  and  for  local  constitutive  laws  with  different  post-peak  slop>es.  As 
expected,  the  global  response  is  more  brittle  for  steeper  local  post-peak  slopes  char¬ 
acterized  by  the  ratio  Cs/Cq  (Fig.  10a)  and  for  larger  relative  sizes  L/l  (Fig.  10b). 
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Nonlinear  Local  Constitutive  Laws 


f 


All  the  load-displacement  diagrams  constructeo  in  the  previous  subsection  tend  to 
snap  back,  even  for  small  sizes  and  for  small  post-peak  slopes  in  the  local  constitutive 
law.  The  reason  is  that,  as  the  strain  increases,  the  tangential  modulus  Ct  =  C, 
remains  constant  while  the  unloading  modulus  C„  decreases  to  zero  and  so  the 
parameter  1  —  Ct/Cu  grows  without  any  bounds.  To  model  long  tails  in  the  load- 
displacement  diagram  with  a  progressively  decreasing  slope,  the  local  constitutive 
law  must  exhibit  a  similar  type  of  behavior.  One  of  the  simplest  examples  is  given 
by  a  law  linear  up  to  the  |)eak  with  a  subsequent  exponential  decay  (Fig.  9d): 


if  e  <  €p, 


a  ~  f  exp 


if  e  >  Cp 


(32) 


where  ifc  is  a  nondimensional  constant  controlling  the  initial  post-peak  slope.  Large 
values  of  k  indicate  a  steep  post-peak  slope.  Unloading  is  assumed  to  follow  the 
initial  slope.  This  type  of  a  local  constitutive  law  results  into  a  progressive  increase 
of  the  width  of  the  locahzation  band  (Fig.  9e)  and  the  corresponding  global  load- 
displacement  diagrams  are  quite  reasonable  (Fig.  11a). 

As  the  most  complex  example,  let  us  consider  a  case  when  the  local  constitutive 
law  is  nonlinear  even  before  the  peak  stress.  A  simile  law  of  this  type  is  given  by 
(Fig.  9c); 

a  =  Coe  exp  (  -  -^ 

V 

This  can  be  again  combined  either  with  unloading  to  the  origin  (damage)  or  unload¬ 
ing  with  the  initial  slope  (plasticity).  The  former  case  is  studied  here.  The  incre¬ 
mental  solution  must  begin  with  zero  stress  and  displacement,  and  the  normalized 
load- displacement  diagram  starts  slightly  deviating  from  the  local  constitutive  law 
even  in  the  pre-peak  range  (Fig.  lib).  The  evolution  of  the  total  strain  profiles  is 
depicted  in  (Fig.  9e)  (for  the  law  with  damage).  It  is  clear  that,  in  the  pre-peak 
range,  the  strain  at  all  the  points  is  increasing  but  not  uniformly.  Soon  after  the 
peak  stress,  the  solution  bifurcates  to  a  stable  branch  corresponding  to  localization 
in  a  band  at  one  boundary.  The  width  of  the  locahzation  band  then  progressively 
increases. 


Conclusions 

The  performance  of  a  new  nonlocal  model  recently  proposed  by  Bazant  (1992)  has 
been  tested  on  the  problem  of  strain  localization  in  a  semiinfinite  layer,  which  can 
b^  reduced  to  an  integral  equation  for  a  single  unknown  function  of  one  variable, 
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with  an  additional  loading-unloading  condition.  The  following  conclusions  about 
the  localization  properties  of  the  model  can  be  drawn: 

1.  The  conventional  nonlocal  model  with  an  isotropic  averaging  function  without 
renormalization  cannot  capture  strain  localization  at  the  boundaries.  Local¬ 
ized  strain  profiles  are  invariant  with  respect  to  a  shift  and  not  affected  by 
the  proximity  of  the  boundary. 

2.  With  a  renormalized  averaging  function,  the  conventional  nonlocal  model 
leads  to  uniform  strain  increments  in  the  hardening  regime  and  in  the  soften¬ 
ing  regime  with  a  very  small  post-peak  slope.  The  strain  increments  localize 
into  a  band  at  one  boundary  if  the  post-peak  slope  of  the  local  constitutive 
law  exceeds  a  certain  minimum  value,  which  depends  on  the  size  of  the  layer. 
Large  post-peak  slopes  of  the  local  constitutive  law  result  into  a  snapback. 

3.  The  new  nonlocal  model,  which  contains  an  integral  describing  the  effect  of 
orientation-dependent  crack  interactions  leads  to  nonuniform  strain  profiles 
as  soon  as  the  local  constitutive  law  deviates  from  linearity.  The  global  load- 
displacement  diagram  can  start  softening  even  before  the  peak  in  the  local 
constitutive  law  is  reached.  Similarly,  the  solution  can  bifurcate  already  in 
the  (locally)  hardening  regime. 

4.  The  present  method  of  analysis  has  been  used  to  trace  the  entire  loading 
process  and  study  the  evolution  of  the  localized  strain  profiles.  Several  lo¬ 
cal  constitutive  laws  leading  to  reasonable  shapes  of  the  load-displacement 
diagram  have  been  presented. 
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Figure  1:  a)  Orientation  angles  9  and  b)  geometry  of  the  infinite  layer,  c)  one¬ 
dimensional  crack  influence  function  A(r),  d)  nonlocal  averaging  function  ^‘(r). 


Figure  2:  a)  Solutions  for  different  values  of  b)  graph  of  the  function  /  (/i) 


Figure  3;  Admissible  solutions:  a)  U-S-U,  b)  S-U-S,  c)  S,  d)  S-U  with  renormaliza¬ 
tion,  e)  S-U-S  with  renormalization 

Figure  4:  Compliance  parameter  for  different  localization  patterns 

Figure  5:  Critical  values  of  p  depending  on  the  layer  width:  a)  global  picture,  b) 
magnified 

Figure  6:  Nonuniform  solutions  of  the  S  type 


Figure  7:  Compliance  parameter  for  different  localization  patterns 


Figure  8:  Critical  values  of  p  depending  on  the  layer  width 


Figure  9:  a)  Bilinear  law,  b)  linear-exponential  law,  c)  exponential  law,  evolution  of 
the  total  strain  profile  for  d)  bilinear  law,  e)  linear-exponential  law,  f)  exponential 
law 


Figure  10:  Load-displacement  diagrams  a)  for  different  local  post-p>eak  slopes,  b) 
for  different  sizes 


Figure  11:  Load-displacement  diagram:  a)  linear-exponential  law,  b)  exponential 
law 
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of  Fiber  Composite  Laminates 
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Abstract.  —  Measurements  of  the  size  effect  on  the  nominal  strength  of  notched 
geometrically  similar  specimens  of  fiber  composite  laminates  are  reported.  Teste  were  made  on 
graphite-epoxy  laminates  made  of  0.127  mm  thick  plies,  unidirectionally  reinforced  by  carbon 
fibers  and  bonded  together  by  high  pressure  hot  curing.  The  specimens  were  rectangular  I 

strips  of  widths  0.25,  0.5, 1  and  2  in.  and  lengths  1,  2,  4  and  8  in.  One  set  of  specimens  had 
double-edge  notches  and  cross-ply  [0/90}]«  arrangement,  and  another  set  of  specimens  had  a 
single-sided  edge  notch  and  a  quasi-isotropic  [0/±45/90]«  arrangement.  It  is  found  that  there 
is  a  significant  size  effect.  It  approximately  agrees  with  the  size  effect  law  proposed  by  Ba2ant,  P 

according  to  which  the  curve  of  the  logarithm  of  nominal  strength  versus  the  logarithm  of 
size  represents  a  smooth  transition  from  a  horizontal  asymptote  corresponding  to  the  strength 
criterion  (plastic  limit  analysis)  to  an  inclined  asymptote  of  slope  —0.5  corresponding  to  linear 
elastic  fracture  mechanics.  Optimum  fits  of  the  test  results  by  the  size  effect  law  are  obtained,  P 

and  the  size  effect  law  parameters  are  then  used  to  identify  the  material  fracture  characteristics, 
particularly  the  fracture  energy  and  the  effective  length  of  the  fracture  process  zone.  Finally, 
the  R-curves  are  also  identified  on  the  basis  of  the  maximum  load  data.  The  results  show  that 
design  situations  with  notches  or  large  initial  traction-free  cracks  require  the  size  effect  on  the  P 

nominal  strength  of  fiber  composite  laminates  to  be  taken  into  account. 

1  Introduction 

Fiber  composites  such  as  graphite-epoxy  laminates  made  by  bonding  a  number  of  plies  re¬ 
inforced  by  unidirectional  parallel  fibers  have  become  an  important  material  in  aerospace 
and  other  industries.  However  the  laws  governing  their  failure  are  far  from  completely 
understood.  The  material  failure  criteria  used  in  practice  are  expressed  in  terms  of  the 
maximum  stress  (strength  criterion),  maximum  strain  or  maximum  deviatoric  strain  en¬ 
ergy  (Jones,  1975).  However,  in  mechanics  it  is  now  generally  well  understood  that  such 
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criteria  could  be  adequate  only  if  the  material  failure  were  plastic.  If  the  failure  process 
involves  fracturing,  the  material  failure  criteria  expressed  in  terms  of  stresses  and  strains 
must  be  supplemented  by  an  energy  criterion,  involving  the  energy  release  rate.  In  other 
words,  fracture  mechanics  must  be  applied. 

The  necessity  of  using  fracture  mechanics  is  documented  by  the  fact  that  the  load- 
displacement  diagriun  in  the  failure  of  fiber  composite  laminates  does  not  exhibit  a  plastic 
yield  plateau  but  a  gradual  decline  of  the  load  with  increasing  deflection  after  the  peak 
load.  Such  a  post-peak  decline  can  be  caused  only  by  one  of  two  phenomena:  the  geomet¬ 
rically  nonlinear  effects  of  buckling  and  the  fracture  effects.  Since  the  post-peak  decline 
is  obsCTved  even  in  the  absence  of  the  former,  the  latter  must  be  taking  place. 

If  the  material  failure  criterion  involves  energy,  there  are  some  important  consequences. 
The  most  important  one  is  the  size  dfect,  that  is,  effect  of  the  characteristic  dimension  D 
of  the  structure  on  the  nominal  strength  provided  that  geometrically  similar  structures 
of  different  sizes  are  compared. 

The  size  effect  caused  by  fracture  has  recently  come  to  the  forefront  of  attention  in  the 
studies  of  concrete,  rocks,  ceramics  and  other  so-called  quasibrittle  materials,  which  are 
characterized  by  the  existence  of  a  sizable  fracture  process  zone  at  the  tip  of  a  macroscopic 
crack.  It  has  been  found  (Baifant,  1984,  1993;  Bazant  and  Kazemi,  1990)  that  in  such 
materials  the  size  effect  is  transitional  between  plasticity  (for  which  there  is  no  size  effect) 
and  linear  elastic  fracture  mechanics  (for  which  the  size  effect  is  as  strong  as  possible). 
Thus  the  plot  of  log  <r^  versus  log  P  is  a  smooth  curve  approaching  at  very  small  sizes 
a  horizontal  asymptote  corresponding  to  plasticity  and  at  very  large  sizes  an  inclined 
asymptote  of  slope  —0.5  corresponding  to  linear  elastic  fracture  mechanics.  Such  a  size 
effect  must  generally  occtir  whenever  the  load-deflection  diagram  does  not  have  a  yield 
plateau  after  the  maximum  load  is  reaM:hed,  provided  that  the  geometrically  nonlinear 
effects  of  buckling  are  absent.  Therefore,  a  size  effect  of  this  type  should  be  expected 
also  for  fiber  composite  laminates.  The  pur{>ose  of  this  paper  is  to  verify  this  proposition, 
describe  the  size  effect  quantitatively  and  exploit  measurements  of  the  size  effect  for 
determining  the  material  fracture  characteristics. 

Fracture  of  fiber  composite  laminates  has  already  been  studied  and  some  important 
results  have  been  obtained:  see  for  example  Cruse  (1973).  He  attempted  to  predict  the 
fracture  energy  of  a  multi- ply  laminate,  (?/,  as  the  sum  of  the  fracture  energies  G  of  all  the 
individual  angle-plies,  that  is,  Gfh  =  ^{Gf-hi  where  h  =  thickness  of  the  laminate,  A,  = 
thicknesses  of  the  individual  plies.  An  equivalent  summation  of  the  squares  of  the  stress 
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intensity  factors  has  also  been  proposed  by  Mandell  et  al.  (1975).  Based  on  linear  elastic  I 

fracture  mechanics,  Whitney  and  Nuismer  (1974)  proposed  two  fracture  criteria  for  fiber  i| 

composite  laminates,  formulated  in  terms  of  stress  and  utilizing  the  energy  release  rate 
calculated  by  anisotropic  elasticity.  They  called  these  criteria  the  equivalent  point  stress 
and  the  average  stress  criteria.  To  take  into  account  the  effect  of  a  finite  fracture  pro¬ 
cess  zone,  they  replaced  the  actual  crack  length  by  an  extended  equivalent  crack  length,  I 

which  is  an  approach  also  used  for  other  materials  such  as  concrete  (Nallathambi  and 
Karihaloo,  1986).  They  found  that  a  constant  crack  length  extension  allowed  good  fits  of 
all  their  data  for  different  crack  lengths  (however,  for  other  materials  such  a  simplifica¬ 
tion  was  found  to  be  inadequate).  They  also  translated  their  test  results  into  an  R-curve  i 

(resistance  curve),  describing  the  dependence  of  the  apparent  stress  intensity  factor  on 
the  crack  length.  Mandell  et  al.  (1975)  observed  the  damage  zone  at  the  crack  tip  in 
fiber  composite  laminates  and  found  that  the  microcracks  (also  called  the  subcracks)  in 
this  damage  zone  (fracture  process  zone)  extend  parallel  to  the  fibers  in  each  ply  or  cause  I 

delamination  between  the  plies.  They  found  that  the  intensity  of  this  microcracking  is 
linearly  proportional  to  the  square  of  the  stress  intensity  factor,  which  means  propor¬ 
tional  to  the  fracture  energy,  for  a  given  composite  lay-up  configuration  and  ply  stacking 
arrangement.  Mandell  et  al.  correctly  pointed  out  that  the  microcracking  zone  plays  I 

the  same  role  as  plastic  flow  in  metab,  relaxing  the  high  local  stress  concentrations  and 
absorbing  the  energy  release  due  to  fracture  propagation.  They  also  observed  some  cracks 
to  extend  through  the  whole  laminate  thickness  just  before  failure. 

Daniel  (1978,  1982,  1985)  investigated  cracks  in  typical  aerospace  graphite-epoxy  lam-  I 

inat«  and  found  the  size  of  the  damage  zone  at  the  tip  of  the  notch  or  at  a  small  hole  to 
be  about  3  to  5  nun.  These  observations  revealed  the  existence  of  a  characteristic  length 
in  this  composite  material.  Daniel  then  applied  the  concept  of  equivalent  crack  length 
and  obtained  a  good  fit  of  his  experimental  results  with  a  modified  crack  length,  with  the  ^ 

apparent  stress  intensity  factor  being  almost  constant,  for  the  range  of  his  data.  However, 
based  on  analogy  with  extensive  studies  of  concrete  fracture  (ACI  Committee  446,  1992), 
a  good  description  of  a  very  broad  range  of  test  data  requires  not  only  replacing  the 
actual  crack  length  with  some  equivalent  extended  crack  length  but  also  considering  the  ^ 

critical  energy  release  rate  to  depend  on  this  equivalent  crack  length,  that  is  introduce  an 
R-curve. 

From  the  studies  of  Daniel  (1982)  and  others  it  became  clear  that  failure  of  a  fiber 
composite  laminate  involves  a  combination  of  several  microscopic  failure  mechanisms, 
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including  microcracking  (subcracks),  delamination,  matrix  splitting,  fiber  pullout  and 
fiber  breakage.  Thus  a  detailed  theoretical  macroscopic  fracture  model  would  have  to  be 
based  on  fracture  mechanics. 

2  Eractlire  Tests  of  Composite  Laminate 

The  composite  consisted  of  sheets  of  epoxy  unidirectionally  reinforced  with  graphite  (IM7) 
fibers.  The  laminate  was  produced  from  commercially  available  sheets  (the  individual 
plies)  by  the  procedure  described  by  Daniel  et  al.  (1993).  The  temperature  and  pressure 
history  used  in  curing  of  the  laminate  is  described  in  Fig.  1.  The  cross  section  of  one 
unidirectionally  reinforced  sheet  (ply)  is  shown  in  Fig.  2.  (where  the  white  circle  is 
the  cross-section  of  fiber  which  is  about  0.004  mm  in  diameter).  Each  unidirectionally 
reinforced  ply  has  the  following  properties:  Young’s  modulus  Ej  in  fiber  direction  = 
24,500  ksi  (168.9  GPa),  Young’s  modulus  E2  in  transverse  direction  =  1,360  ksi  (9.38 
GPa),  tensile  strength  in  fiber  direction  Fu  =  321  ksi  (2.21  GPa),  transverse  tensile 
strength  Ft  =  9.4  ksi  (0.0648  GPa),  Poisson  ratio  1/12=  0.30,  elastic  shear  modulus  G12  = 
1,400  ksi  (  9.65  GPa),  thickness  of  a  single  ply  hi=  0.005  in.  (0.127  mm),  and  fiber-volume 
ratio  F/=  0.65. 

Two  sets  of  specimens  were  prepared,  with  different  lay-ups:  [O/9O2],  (cross-ply)  and 
(0/  ±  45/90],  (quasi-isotropic).  Each  set  involved  geometrically  similar  rectangular  speci¬ 
mens  of  four  different  sizes:  0.25  in.  x  1  in.,  0.5  in.  x  2  in.,  1  in.  x  4  in.,  and  2  in.  x  8  in., 
and  thus  the  size  ratio  was  1:2:4:8.  All  the  specimens  were  prepared  with  glass-fiber  tabs 
of  1.5  in  at  each  end  (Fig.  3).  The  total  thickness  of  the  cross-ply  laminates  was  0.03  in. 
(0.762  mm),  and  that  of  quasi- isotropic  laminates  was  0.04  in.  (1.02  mm).  For  the  first 
set  of  specimens,  representing  cross-ply  laminates,  two  geometrically  similar  edge  notches, 
with  lengths  a  and  2a/ D  =  1/8,  were  cut  (Fig.  3).  In  the  second  set  of  specimens,  made 
of  quasi-isotropic  laminates,  edge  notches  o{  a/ D  =  1/5  were  cut  from  only  one  side  (Fig. 
3). 

The  notched  laminate  specimens  were  tested  under  direct  tension.  The  tests  were 
carried  out  in  the  Instron  8500  testing  machine  (Fig.  2c).  The  tests  were  controlled 
to  a  constant  displacement  rate,  by  the  machine  stroke  for  the  double  edge  notched 
specimens,  and  by  the  crack  opening  displacement  for  the  single  edge  notched  specimens. 
The  displacement  rate  in  the  tests  was  set  to  different  values  to  make  the  strain  rate 
=  0.2%/min.  2md  to  reach  the  peak  load  within  about  10  min.  for  all  sizes.  Fig.  4 
shows  some  typical  load  displacement  curves  for  specimens  of  various  sizes.  For  the  large 
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specimen  size,  th^  are  almost  straight  up  to  the  failure,  which  indicates  high  brittleness. 

For  the  small  specimen  sizes,  there  is  a  significant  nonlinear  segment  before  the  peak,  ^ 

which  indicates  hardening  inelastic  behavior  and  lower  brittleness  (or  higher  ductility). 

This  behavior  agrees  with  the  fact  that  the  size  effect  law  represents  a  transition  from 
ductile  response  for  small  sizes  to  brittle  response  for  large  sizes. 

The  machine  stiffness  and  controls  were  not  sufficient  to  control  the  test  in  the  post-  I 

peak  regime  of  descending  load,  even  when  the  crack  opening  displacement  was  controled 
(a  stable  post-peak  test  might  possibly  be  obtained  for  notched  bending  specimens,  Wis- 
nom,  1992;  but  such  tests  are  harder  to  carry  out  for  thin  laminates).  The  failures  of  the 
specimens  were  catastrophic  (dynamic),  and  occurred  shortly  after  the  peak  load.  Growth  I 

of  damage  consisting  of  subcracks  in  layers  and  delamination  between  layers  before  failure 
was  observed  in  the  tests  (in  agreement  with  the  observations  of  Mandell  et  al.,  1975). 

The  t3rpical  appearance  of  the  specimens  after  failure  is  shown  in  Fig.  5,  where  the  mi¬ 
crocracking  damage  can  be  detected.  For  the  quasi-isotropic  specimens,  some  fraurtures  I 

run  at  45°  inclination  to  the  notch  and  there  are  45°  subcracks. 

The  test  results  for  the  double-edge  and  single-edge  notched  specimens  are  summarized 
in  Table  1,  in  which  the  nominal  strength  is  defined  as  the  average  stress  in  an  unnotched 
•  cross  section,  <Tn  —  D  =  characteristic  dimension  (0.5 — 2.0  in.),  and  h  =  I 

laminate  thickness  (0.03  in.  for  the  cross-ply  laminate  and  0.04  in.  for  the  quasi-isotropic 
laminate,  respectively). 

It  may  be  noted  that  the  double-edge  notched  specimen  has  one  undesirable  feature: 
the  response  path  exhibits  a  bifurcation  after  which  only  one  of  the  two  curves  can  prop-  I 

agate  (Ba^ant  and  Tabbara,  1990),  and  the  response  thus  becomes  nonsymmetric.  This 
property  however  does  not  invalidate  the  foregoing  procedure  because  the  bifurcation  j 

happens  only  after  the  peak  load.  Nevertheless,  the  post-peak  data  from  such  tests  are 
difficult  to  interpret.  It  was  for  this  reason  that  the  second  series  of  tests  used  single-edge  I ' 

notched  specimens.  In  that  kind  of  specimen  there  is  no  bifurcation  of  the  response  path 
and  the  response  is  nonsymmetric  from  the  beginning. 

3  Observed  Size  Effect  » 

The  effect  of  structure  size  D  on  the  nominal  strength  <tn  in  quasibrittle  materials  gen¬ 
erally  follows  the  approximate  size  effect  law  (Baiant,  1984,  1993): 

=  ^=D/£I„  (1)  * 
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in  which  /9  =  relative  size,  /„  =  reference  strength  of  the  material,  introduced  for  the 
convenience  of  dimensionality,  and  B,  Do  =  constants.  B  characterizes  the  solution  ac¬ 
cording  to  plastic  limit  analysis  based  on  the  strength  concept.  The  curves  in  Fig.  6- 
7  show  the  plots  of  (1)  in  double  logarithmic  scales.  These  size  effect  plots  represent  a 
transition  from  the  strength  criterion  (plastic  limit  analysis),  representing  a  horizontal 
left-side  asymptote,  to  an  asymptote  of  slope  —0.5,  representing  linear  elastic  fracture 
mechanics  (LEFM).  Intersection  of  the  two  asymptotes  corresponds  to  D  =  Do,  called 
the  transitional  size. 

The  size  effect  law  (1)  has  been  verified  by  numerous  tests,  especi2illy  for  concrete, 
but  also  for  rocks,  toughened  ceramics  and  ice.  The  formula  (1)  has  been  derived,  under 
certain  reasonable  simplifying  assumptions,  by  dimensional  analysis  and  similitude  argu¬ 
ments,  and  for  some  simple  specimen  shapes  also  by  energy  release  analysis.  It  has  also 
been  shown  that  (1)  represents  the  limiting  case  of  a  more  general  statistical  Weibull-type 
theory  for  the  size  effect,  in  which  the  material  failure  probability  is  considered  to  depend 
on  the  average  strain  of  a  certain  characteristic  volume  of  the  material  rather  than  the 
stress  at  the  same  point  (Bazant  and  Xi,  1991c).  It  has  been  shown  that  the  predictions 
of  finite  element  codes  with  a  nonlinear  fracture  model  (such  as  the  cohesive  crack  model) 
or  with  a  nonlocal  damage  material  model  agree  well  with  (1).  Furthermore,  fracture 
simulations  by  random  particle  models  also  agree  with  this  law. 

In  regard  to  the  statistical  approach  to  the  size  effect,  the  recent  study  by  Jackson  et  al. 
(1992)  of  the  size  effect  in  tensile  and  flexural  tests  of  graphite-epoxy  composites  deserves 
mention.  Geometrically  similar  specimens  of  sizes  1:2:3:4  were  used  and  the  results  were 
analyzed  on  the  basis  of  Weibull’s  statistical  theory  of  random  material  strength.  Good 
agreement  with  the  test  data  was  obtcuned.  However,  it  should  be  pointed  out  that 
Weibull  statistical  theory  can  be  applied  only  to  failures  that  occur  at  crack  initiation. 
The  reason  is  that,  in  the  classical  form  of  this  theory,  the  failure  probability  is  considered 
to  depend  on  the  local  stress,  calculated  from  elasticity,  and  the  stress  redistributions  and 
stress  concentrations  caused  by  prior  fracture  growth  are  disregarded.  These  phenomena 
make  Weibull-type  theories  inapplicable  to  failures  that  occur  after  a  large  stable  crack 
growth,  which  is  in  the  present  case  simulated  by  the  geometrically  similar  notches  (see 
Ba2ant,  Xi  and  Reid,  1991b).  In  that  case,  the  aforementioned  nonlocal  generalization  of 
the  Weibull  approach  is  required,  and  in  the  limit  this  leads  to  (1). 

Comparisons  of  the  present  tests  results  to  the  size  effect  law  for  the  cross-ply  and 
quasi-isotropic  laminates  are  shown  in  Figs.  6-7.  The  circular  points  represent  the  results 
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for  the  nominal  strength  in  the  individual  tests.  The  top  of  each  figure  shows  a  linear 
regression  plot  of  Y  versus  X,  based  on  the  relations 

r  =  v4  +  CA-,  K  =  (l/<r^)^  X  =  D,  Bf^  =  \ly/A,  Do  A/C 

By  means  of  this  linear  regression,  the  parameters  of  the  size  effect  can  be  easily  identified 
from  the  slope  C  and  the  vertical  intercept  A.  The  resulting  size  effect  plots  of  log  <rs 
versus  logD  are  plotted  in  Figs.  6-7.  The  parameters  for  these  plots  are  Do  =  1.223  in. 
(31  mm),  =  127.1  ksi  (0.876  GPa)  for  the  cross-ply  laminates,  and  Do  =  4.16  in. 
(105.6  nun)  and  =  84,3  ksi  (0.581  GPa)  for  the  quasi-isotropic  laminates. 

To  sum  up,  the  test  results  in  Figs.  6-7  show  that:  (1)  the  failure  of  fiber  composite 
laminates  containing  traction-free  cracks  (or  notches)  exhibits  a  significant  size  effect, 
and  that  (2)  the  size  effect  represents  a  gradual  transition  with  increasing  size  from  the 
strength  criterion  to  linear  elastic  fracture  mechanics,  as  described  by  the  size  effect  (1). 
The  scatter  of  the  test  results  is  of  course  significant,  but  is  normal  for  this  kind  of 
heterogeneous  material.  The  foregoing  conclusions  are  verified  on  the  average,  as  the 
mean  statistical  trend.  These  conclusions  ought  to  be  taken  into  account  in  all  design 
situations  and  safety  evaluations  where  a  large  traM:tion-free  crack  can  grow  in  a  stable 
manner  prior  to  the  failure.  Especially,  these  conclusions  are  important  for  extrapolation 
from  small-scale  laboratory  tests  to  real  size  aerospace  or  other  structures.  The  strength 
theory,  which  has  no  size  effect,  is  for  these  applications  inadequate. 

4  Identification  of  Material  Fracture  Characteristics  from 
Measured  Size  Effect 

The  size  effect  law  (1)  for  quasibrittle  fracture  can  also  be  expressed  in  terms  of  the 
nondimensionalized  energy  release  rate  gia); 

(E'G  \ 

g'Mcf  +  gMo) 

Here  c/  is  a  constant  representing  the  effective  length  of  the  fracture  process  zone  defined 
for  extrapolation  to  infinite  size,  ao  is  teh  initial  value  of  a  when  a  =  oo,  and  Cn  = 
coeffident  introduced  for  convenience,  in  order  to  make  <tn  coincide  with  the  actual  stress 
at  the  desired  point  of  the  specimen;  ^^(o)  =  G{a){EDh/Py/b  (where  G(a)  =  energy 
release  rate  per  unit  width  of  crack  front  edge,  P  =  external  load,  E  =  Young’s  modulus, 
h  =  thickness,  D  =  specimen  width,  a  =  a/b,  b  =  D  (or  single-edge- notch  specimen,  and 


6  =  D/2  for  double-edge-notch  specimen),  see  Baiant  et  al.  (1991)..  By  matching  (2) 
and  (1),  one  obtains  (Baiant  and  Kazemi,  1990,  1991;  Ba2ant  et  al.,  1991): 

/I  „  (^/«)  \  _ ^(®0) 


Gf  =  ^ f^og(Qo). 


u/  p, 

-  FS)®" 


The  fracture  energy  is  here  defined  as  the  en«gy  required  for  fracture  propagation  in 
a  specimen  of  theoretically  infinite  size  (Baiant  and  Pfeiffer  1987).  According  to  this 
definition,  the  fracture  energy  is  independent  of  both  the  shape  and  size  of  the  specimen 
because  in  a  specimen  of  infinite  size  the  fracture  process  zone  occupies  an  infinitely  small 
portion  of  the  specimen  volume  and  can  be  considered  as  a  point,  which  means  that  linear 
elastic  fracture  mechanics  applies. 

To  determine  the  material  fracture  characteristic  on  the  basis  of  (3),  the  expressions 
for  the  stress  intensity  factor  Ki  available  for  isotropic  specimens  (e.g.  Ta^la,  1985)  have 
been  used.  The  assumption  of  isotropy  is  quite  good  for  the  quasi-isotropic  laminates,  but 
may  involve  a  larger  error  for  the  cross-ply  laminates  (this  should  be  checked  in  subsequent 
study).  According  to  LEFM, 

Kj  =  (rVirbaF{a),  a=^a/b  (4) 

where  <r  =  <rs  =  average  stress  in  the  laminate  strip  and  F  is  a  function  of  variable  o. 

The  cross-ply  laminate  is  not  isotropic  but  orthotropic.  The  energy  release  rate  and 
the  stress  intensity  factor  for  orthotropic  specimens  of  the  present  geometry  have  recently 
been  solved  by  Bao  et  al.  (1991).  Their  solution  uses  elastic  parameters: 


jE^Ey 

2G^ 


where  Eg,  Ey,  Ggy,  Vgy,  Vyg  are  the  elastic  constants  of  the  orthotropic  material,  which  can 
be  calculated  from  the  lamina  properties  (Jones,  1975).  The  stress  intensity  factor  can 
be  written  as: 

Ki  =  <yy/^Y{p)F{a),  (6) 

/ 1  4-  o\ 

where  Y{p)  =  [1  +  0.1(p  -  1)  -  0.0l6(p  -  1)^ -h  0.002(p  -  1)=»]  f 

F(a)  is  the  same  fimction  of  the  relative  crack  length  a  =  a/6  as  for  isotropic  materials. 
Y(p)  is  a  material  constant.  The  energy  release  rate  for  orthotropic  material  is: 

G(a)  = ,  (7) 

^  ^  ^  2EgEyy/X  ^  ^ 


Bringing  (7)  into  (7),  one  can  write  G(a)  in  the  same  form  as  for  the  isotropic  materials: 


£•  £•  ^  Kho) 


(8) 


where  E*  = 


2E,Ey\/X 

[vwpN  i  +  p 


and  g{a)  is  the  nondimensionalized  energy  release  rate  defined  before.  By  virtue  of  (9),  we 
can  treat  the  orthotropic  material  fracture  characteristics  in  the  same  way  as  the  isotropic 
ones  if  we  replace  E  by  the  equivalent  Young’s  modulus  E*  {E‘  =  6983  ksi  =48.15  GPa 
for  the  cross-ply  specimen  tested). 

For  the  double-edge-notched  specimen  (Tada,  1985): 


F{a)  =  -b  0.122  cos^  ^  —  tan 

and  for  the  single-edge  notched  specimen: 


(9) 


F(a)  =  1.122  -  0.231a  +  10.55a*  -  21.71a*  -f-  30.38a^  (10) 

Noting  that  K]  =  GE  where  G  =  energy  release  rate  and  E  =  Young’s  elastic  modulus, 
we  have  ^(a)  =  *-a{F(a)]*.  So  we  have,  for  the  double-edge-notched  specimen 

g{a)  =  2  ^1 -b  0.122cos^  atan^  (11) 

g'{a)  =  1^1  +  tan*  ^1  -b  0.122  cos^  -  0.244  sin*  Tra  ^1  -b  0.122  cos^ 

where,  for  a  =  0.125,  sf(0.125)  =  0.492716,  and  5'*(0.125)  =  3.91995.  For  the  single-edge 
notched  specimens: 


g{a)  =  ira[1.122- 0.231a -b  10.55a*- 21.71a* -b30.38aY  (12) 

^'(o)  =  ir(l-259  -  1.037a  -b  71.18a*  -  214.4a*  -b  947.5a^] 

where,  for  a  =  0.2,  we  have  j|f(0.2)  =  1.184, ^(0.2)  =  11.624.  Thus,  the  for  double-edge 
notched  cross-ply  laminates  we  obtain  from  (3)  the  effective  fracture  characteristics: 

G/ =  1.39  ksi  X  in.  =  0.243  MJ/m^,  c/ =  0.154  in.  =  3.91  mm  (13) 

Because  of  orthotropic,  these  values  apply  only  for  fracture  in  the  x-direction  of  or- 
thotropy.  For  the  singe-edge  notched  quasiisotropic  laminates  we  obtain: 

G/  =  3.67  ksi  x  in.  =  0.642  MJ/m^ 


c/  =  0.424  in.  =  10.76  mm  (14) 


It  is  noteworthy  that  the  effective  length  of  the  process  zone,  c/,  found  from  these  size  dfect 
measurements  is  quite  close  to  that  experimentally  derived  by  Daniel  (1985)  (the  present 
values  are  a  little  larger,  which  is  not  surprising  considering  that  Daniel’s  procedure  did 
not  consider  extrapolation  to  infinite  size). 

Based  on  the  size  effect  law,  the  R-curve  can  be  determined  as  the  envelope  of  the 
fracture  equilibrium  curves  for  geometrically  similar  specimens  of  different  sizes.  This 
leads  to  the  equations 


R{c)  =  Gj 


c 

5'(oo)  c/  ’ 


c 

c/ 


9\oto) 

9(010) 


9(0) 

9'(oi) 


—  a  +  oo 


) 


(15) 


in  which  R(c)  represents  the  R-curve.  These  two  equations  define  the  R-curve  parametri¬ 
cally;  for  any  chosen  value  of  relative  crack  length  or,  one  first  evaluates  the  crack  extension 
from  the  notch,  c,  and  then  the  R-value.  The  R-curve  calculated  from  the  present  test 
results  is  shown  in  Fig.  8  for  both  the  cross-ply  laminate  and  the  quasi-isotropic  laminate. 


5  Conclusions 

1.  The  present  tests  show  that  the  nominal  strength  of  fiber  composite  laminate  speci¬ 
mens  that  are  geometrically  similar  and  have  geometrically  similar  notches  or  initial 
traction-free  cracks  exhibits  a  significant  size  effect. 

2.  The  size  effect  agrees  with  the  size  effect  law  proposed  by  Bazant,  according  to 
which  the  curve  of  the  logarithm  of  nominal  strength  versus  the  logarithm  of  char¬ 
acteristic  dimension  (size)  exhibits  a  smooth  transition  from  a  horizontal  asymptote 
corresponding  to  the  strength  criterion  (plastic  limit  analysis)  to  an  inclined  asymp¬ 
tote  of  slope  —0.5,  corresponding  to  linear  elastic  fracture  mechanics. 

3.  Measurements  of  the  size  effect  on  the  nominal  strength  can  be  exploited  for  de¬ 
termining  the  fracture  characteristics  of  fiber  composite  laminates,  including  their 
fracture  energy  and  the  effective  length  of  the  fracture  process  zone.  From  these 
characteristics,  the  R-curve  can  be  also  calculated.  The  size  effect  n^thod  of  mea¬ 
suring  the  fracture  characteristics  is  easier  to  implement  than  other  methods  be¬ 
cause  only  peak  load  measurements  are  necessary  (the  post-peak  behavior,  crack 
tip  displaconent  measurement  and  optical  measurement  of  crack  tip  location  are 
not  needed,  and  even  a  soft  testing  machine  without  servo-control  can  be  used). 


10 


4.  The  orthotropic  properties  of  fiber  composite  laminates  can  and  must  be  taken 
into  consideration  while  analyzing  the  fracture  characteristics.  Replacing  Young’s 
modulus  by  Bao-Suo-Fan’s  equivalent  Young’s  modulus,  the  formulas  of  the  size 
effect  method  previously  derived  for  isotropic  materials  can  be  generalized  for  the 
orthotropic  materials.  This  makes  it  possible  to  determine  size  and  shape  inde¬ 
pendent  values  of  the  fracture  energy,  effective  fracture  process  zone  length,  and 
R-curve  for  cross-ply  laminates. 
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Tabk  1:  Results  of  Tensile  Tests  of  Notched  Composite  Laminates  of  Different  Sizes  and 
Different  Notches  (1  lb.  =  4.4482  N,  1  ksi  =  1000  psi  =  6.8947  MPa). 


Figure  1;  History  of  temperature  and  pressure  used  in  curing  of  the  specimens. 


Figure  2:  (a)  Enlarged  typical  cross  section  of  a  single-ply  with  multidirectional  carbon 
fibers;  (b)  Geometrically  similar  test  specimens  of  four  different  sizes  of  ratio  1;2;4:8, 
before  the  cutting  of  notches;  (c)  Test  arrangement  in  the  Instron  8500  Testing  Machine. 


I 

Figure  3:  Geometry  of  test  specimens;  left:  double-edge  notches,  right:  single-edge 
notches. 


» 


Figure  4:  Typical  measured  load-deflection  diagrams  of  quasiisotropic  and  crossply  spec¬ 
imens  of  various  sizes  and  different  notches,  showing  an  increase  of  nonlinearity  with  a 
decrease  of  size. 


Figure  5:  Failure  puitterns  as  seen  on  quasi-isotropic  test  specimens  after  the  test. 
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Figure  6:  Size  effect  measured  for  cross-ply  specimens  with  double-edge  notches. 
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Figure  7:  Size  effect  measured  on  quasi-isotropic  specimens  with  single-edge  notches. 
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Figure  8:  Normalized  R-curves  for  cross-ply  and  quasi-isotropic  composites,  deduced  from 
size  effect  measurements. 
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Abstract. —  The  paper  analyzes  the  size  effect,  which  is  an  inevitable  consequence  of  post¬ 
peak  softening  in  the  relation  of  interface  shear  stress  and  slip  displacement  between  a  fiber  or 
reinforcing  bar  and  the  surrounding  matrix.  To  make  a  closed-form  analytical  solution  feasible, 
the  problem  is  simplified  as  one-dimensional.  Solutions  of  pull-pull  and  push-pull  failures  are 
obtained  for  a  linear  softening  stress-slip  law  with  residual  strength,  and  for  an  exponential 
law  without  residual  strength.  It  is  shown  that  the  post-peak  softening  leads  to  localization 
of  slip  and  interface  shear  fracture.  The  interface  fracture  process  zone  has  a  finite  length. 
It  propagates  along  the  interface  during  the  loading  process,  causing  the  distribution  of  the 
interface  shear  stress  to  become  strongly  nonuniform.  The  larger  the  bar  or  fiber  size,  the 
stronger  the  nonuniformity.  The  size  effect  in  geometrically  similar  pullout  tests  of  different 
sizes  is  found  to  represent  a  smooth  transition  between  two  simple  asymptotic  cases;  (1)  The 
case  of  no  size  effect,  which  occurs  for  very  small  sizes  and  is  characteristic  of  plastic  failure, 
and  (2)  the  case  of  a  size  effect  of  the  same  type  as  in  linear  elastic  fracture  mechanics,  in  which 
the  difference  of  the  pullout  stress  in  the  fiber  and  the  residual  pullout  stress  corresponding  to 
the  residual  interface  shear  stress  is  proportional  to  the  inverse  square  root  of  the  fiber  or  bar 
diameter.  An  analytical  expression  for  the  transitional  size  effect  is  obtained.  This  expression  is 
found  to  approximately  agree  with  the  generalized  form  of  the  size  effect  law  proposed  earlier 
by  Baiant.  The  shape  of  the  size  effect  curve  is  shown  to  be  related  to  the  shape  of  the 
softening  stress-slip  law  for  the  interface.  Finally,  it  is  shown  how  measurements  of  the  size 
effect  can  be  used  for  identifying  the  interface  properties,  and  a  numerical  example  is  given. 
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1  Introduction 


The  shear  stress  in  the  interface  between  fibers  and  matrix  in  composites  or  between 
steel  bars  and  concrete  is  related  to  the  slip  displacement  in  the  inteface.  This  relation 
is  known  to  exhibit  a  post-peak  softening.  When  softening  occurs,  analysis  of  the  failure 
load  according  to  plasticity  becomes  invalid.  One  must  take  into  account  localization 
of  softening  damage  along  the  interface  and  consider  fracture  mechanics  aspects  of  the 
problem.  By  analogy  with  studies  of  strain-softening  damage,  one  must  also  expect  a 
size  effect  on  the  nominal  strength  of  geometrically  similar  structures  of  different  sizes, 
which  represents  the  most  important  practical  consequence  of  the  localization  of  softening 
damage.  The  objective  of  this  paper  is  to  analyze  this  size  effect. 

The  problem  of  pullout  of  fibers  or  bars  from  the  surrounding  matrix  has  received 
considerable  attention  in  recent  years  and  many  important  results  have  been  achieved; 
see  e.g.  Lawrence  (1972),  Freund  (1992),  Fuller  et  al.  (1990),  Gao  et  al.  (1988),  Leung 
and  Li  (1990  a,b),  Li  et  al.  (1991),  Shah  and  Ouyang  (1991),  Stang  et  al.  (1990),  Steif  and 
Hoysan  (1986),  Wang  et  al.  (1988),  Beaumond  and  Alezka  (1978);  Bowling  and  Groves 
(1979);  and  Gray  (1984  a,b).  An  excellent  review  of  the  pullout  test  analysis  has  recently 
been  presented  by  Shah  and  Ouyang  (1991).  Further  light  on  the  interface  slip  has  been 
shed  by  studies  of  slip  at  interfaces  of  other  types,  including  relative  slip  of  rough  crack 
surfaces  (e.g.  Bazant  and  Gambarova,  1980;  Divakar  et  al.,  1987;  Feenstra  et  al.,  1991). 

Most  interface  models  consider  the  shear  stress  at  the  interface  to  be  a  function  of 
the  slip  displacement  (e.g.  Bazant  and  Gambarova,  1980;  or  Divakar  et  al.,  1987).  To 
make  anal)rtical  solutions  feasible,  many  previous  authors  have  simplified  the  complex 
three-dimensional  behavior  at  interface  as  one-dimensional  (e.g.  Gao  et  al.,  1988;  or 
Freund,  1992).  In  the  one-dimensional  solution,  the  influence  of  the  normal  pressure 
across  the  interface  can  be  taken  into  account  as  long  as  this  pressure  is  known.  But  if 
this  pressure  is  unknown,  a  more  general  solution  which  takes  into  account  the  interface 
dilatancy,  i.e.  the  normal  relative  displacement  across  the  crack,  is  required.  In  the 
simplified  one-dimensional  analysis,  the  interface  dilatancy  can  be  approximately  taken 
into  account  by  adjusting  the  values  of  the  parameters  in  the  functional  relationship  t{v) 
linking  the  interface  shear  stress  r  to  the  relative  slip  displacement  v;  see  e.g.  Lawrence 


et  al.  (1972),  Bowling  and  Groves  (1979),  Hutchinson,  and  Jensen  (1990).  Stang  et 
al.  (1990)  considered  the  stress-slip  relation  to  consist  of  an  elastic  part  followed  by  a 
sudden  stress  drop  and  a  residual  constant  friction  (Fig.  la).  However,  it  is  no  doubt 
more  realistic  to  consider  a  gradual  softening  as  shown  in  Fig.  l(b,  c)  (for  a  sufficiently 
large  fiber  size,  the  sudden  stress  drop  with  an  increased  strength  limit  but  the  same 
area  under  the  curve  giving  the  fracture  energy  must  nevertheless  give  approximately 
equivalent  results).  As  for  the  rising  initial  linear  stress-displacement  relation  shown  in 
Fig.  2a,  it  cannot  be  an  interface  property  but  must  refer  to  the  deformation  in  the  layers 
of  the  matrix  adjacent  to  the  interface.  For  this  reason,  we  will  omit  the  rising  linear 
part.  As  for  the  post-peak  softening,  we  will  consider  it  to  be  linear  (Fig.  Ic),  in  order 
to  make  a  simple  analytical  solution  feasible,  although  the  real  behavior  is  no  doubt  a 
smooth  curve. 

The  size  effect  in  the  problem  of  fiber  or  bar  pullout  has  apparently  not  yet  been  studied 
theoretically.  However,  its  existence  has  already  been  demonstrated  experimentally  for 
the  case  of  bar  pullout  from  concrete  (Baiant  and  Sener,  1988).  In  this  paper,  we  will 
focus  on  the  analysis  of  the  size  effect,  considering  a  situation  with  a  two-way  debonding 
similar  to  that  of  Leung  and  Li  (1990).  We  will  deduce  closed-form  analytical  formulas 
for  the  size  effect,  consider  the  asymptotic  cases,  and  finally  show  how  knowledge  of  the 
size  effect  can  be  exploited  for  determining  the  interfacial  material  properties  solely  from 
measurements  of  the  maximum  pullout  forces. 

Because  we  will  simplify  the  problem  as  one-dimensional,  we  will  be  unable  to  make  a 
distinction  between  fibers  in  composites  and  reinforcing  bars  in  concrete,  except  in  terms 
of  the  effective  values  of  material  parameters  (such  as  the  bond  strength  or  the  residual 
bond  stress).  Fibers  and  bars  differ  in  fracture  patterns,  dilatancy  and  pressure  sensitivity. 
But  these  phenomoia  can  be  specifically  described  only  in  a  three-dimensional  analysis. 


i 


I 


I 


I 


I 


I 


2  Idealization  of  the  Problem  and  Assumptions 

For  the  sake  of  simplicity,  our  analysis  will  be  one-dimensional.  A  cylindrical  fiber  or  bar 
of  diameter  d  is  assumed  to  be  embedded  in  an  outer  cylinder  of  diameter  D  representing 
the  matrix  of  a  composite  material  (Fig.  2).  The  cross  sections  of  the  fiber  or  bar  and 
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of  the  outer  cylinder  are  assumed  to  remain  planar,  but  relative  slip  at  the  interface  is 
possible.  The  stresses  within  the  fiber  as  well  as  the  matrix  are  uniform  in  each  cross 
section.  The  interfacial  debonding  is  characterized  by  the  diagram  of  interface  (bond) 
shear  stress  r  versus  relative  stress  displacement  v  shown  in  Fig.  Ic,  where  t,  =  initial 
bond  strength  (initial  cohesion),  =  residual  bond  stress  at  sliding  interface,  and  vq  = 
critical  slip  determining  the  slope  of  the  t(v)  diagram,  which  is  assumed  to  be  linear. 
The  fiber  and  matrix  are  elastic,  characterized  by  Young’s  elastic  moduli  Ef  and  Em- 
Although  in  reality  t,  and  are  pressure  dependent,  in  a  one-dimensional  model  they 
must  be  assumed  to  be  constant.  The  interface  shear  stress  at  the  softening  portion  is 


The  cross-hatched  area  in  Fig.  Ic  represents  the  bond  fracture  energy,  which  is  expressed 


as: 

=  (2) 
Let  z  be  the  longitudinal  coordinate.  The  fiber  has  a  free  end  at  z  =  —1.  We  will 
study  two  types  of  test:  (1)  Pull-pull,  in  which  the  cylinder  representing  the  matrix  has 
a  free  end  at  z  =  0  and  is  supported  at  the  opposite  end  (Fig,  2a),  and  (2)  pull-push,  in 
which  the  matrix  cylinder  is  supported  at  z  =  0  (Fig.  2b).  First  we  consider  the  pull-pull 
test  and  leave  consideration  of  the  pull-push  test  to  the  end. 

Equilibrium  of  a  small  element  of  the  fiber,  of  length  fiz,  requires  that  6a{nd^lA)  = 


r(xd)5z  which  yields 


d(T  _  4r 
dz  d 


(3) 


where  c  =  normal  stress  in  the  fiber.  Equilibrium  in  the  cross  sections  of  fiber  and  matrix 


requires  that  aAf  +  <TmAm  =  which  yields 

(Tm  =  (4) 

where  cr^  =  applied  pull-out  stress  {<7a  =  P/Af  where  P  is  the  pull-out  load),  Om  =  normal 
stress  in  the  matrix  cylinder,  0  =  A/E/fAmEm,  A/  =  xd^,  and  Am  =  —  d^). 

Noting  that  the  difference  between  the  strains  in  the  fiber  and  the  matrix  is  dv/dz, 


we  have  dvjdz  =  a/ Ef  -  (XmfEm,  which  yields 

dv  14-0  <t> 


(5) 
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The  displacement  at  the  end  of  embedment  (Fig.  2),  2  =  0,  is: 

c  /  r  ^  .  *^(0)  + 

S  =  v{-L)+J-d,  = - — 


t;(0)+^(— I)  (^crgL 

0  (14-^)F/ 


(6) 


For  the  case  of  softening  slip,  the  differential  equation  for  the  fiber  stresses  ensues  by 
differentiating  (5)  and  substituting  (3)  and  (1): 


in  which 


0  0  2 

+  CJ^<T  =  - - 

1  +  0 


2  4(1  +  <f>)T, 

o;  =  - 

EfVod 


(7) 


(8) 


At  the  cross  sections  with  no  interface  slip  (no  shear  crack),  the  strains  in  the  fiber 
and  the  matrix  cylinder  are  equal,  i.e.  (t/E/  =  am/ Em',  this  3delds 


a  = 


0 


1  +  ^ 


(9) 


3  Analysis  of  Pull— Pull  Test 

In  the  puU-puU  case,  two  interface  cracks  grow  from  both  ends  of  the  fiber  until  they 
join.  At  that  moment  the  maximum  applied  stress  Og  =  as,  representing  the  nominal 
strength,  is  reached.  If  the  load  is  controlled,  failure  occurs  at  that  moment.  The  post¬ 
peak  softening  is  observable  only  when  the  fiber  displacement  at  the  end  is  controlled, 
except  when  the  response  diagram  exhibits  a  snapback.  The  snapback,  as  we  will  see, 
occurs  for  sufficiently  large  sizes. 

Because  of  the  discontinuities  at  the  beginning  of  slip  and  at  the  attainment  of  residual 
bond  shear  strength,  several  stages  must  be  distinguished  in  the  solution.  The  number 
of  states  to  consider  is  reduced  in  the  case  that  ^  =  1  (Fig.  3).  Therefore  we  restrict 
attention  to  this  case,  although  the  general  conclusions  and  implications  for  the  size  effect 
are  the  same  for  any  0.  For  0  =  1,  we  have  =  BrJE/Vod.  The  stages  we  must 
distinguish  are  as  follows: 

1.  The  initial  stage,  in  which  there  are  two  separate  cracks  emanating  from  the  ends 
of  the  fiber  and  the  shear  stress  is  everywhere  larger  than  the  residual  strength 
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2.  The  final  stage,  in  which  the  two  cracks  have  joined  into  one  and  the  residual 
strength  has  been  reached  at  both  ends; 

3.  The  intermediate  stage,  in  which  one  must  distinguish  two  cases; 

(a)  The  two  cracks  join  before  r  reaches  at  the  ends,  or 

(b)  the  shear  stress  is  reached  before  the  cracks  join. 

Initial  Stage 

In  the  middle  portion  of  the  fiber  there  is  no  slip  and  the  shear  stress  r  =  0.  The  maximum 
r  occurs  at  the  fracture  tips  z  =  —li,  at  which  t  =  r,;  t  =  1, 2  refer  to  the  right  and  left 
parts.  From  (7),  for  parts  I  and  II, 

Ti  =  Tj  cosa;(z  +  li)  (10) 

From  (1),  the  interface  slip  is 


V  =  Vo  (1  —  cosa;(r  •+•  !<)] 


The  slip  increases  from  the  crack  tip  to  the  end  of  the  crack.  The  distances  li  of  the  tips 
from  the  right  end  of  the  fiber  (r  =  0)  are  li  =  a  and  l^  —  L  —  a,  where  a  =  length  of 
each  crack, 

I  .  fuid  \ 

a  -  —  arcsm  ^  a* )  (12) 

(jj  \St,  J 


Between  the  cracks,  the  stress  in  the  fiber  is  a  =  O’a/2-  Prom  the  crack  tip>s  to  the  crack 
ends,  the  stress  in  the  fiber  increases  as 


sinu;(2  +  li)' 
sinua 


The  displacement  of  the  end  increases  with  <Ta,  and  the  diagram  of  (7a(5)  is  given,  in  the 
first  stage,  by 

Icr*  r  (ujaadV^ 


» 
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I 
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» 
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(14) 


Th«  diagram  of  vs.  h  has  a  negative  curvature.  The  transition  to  the  intermediate 
stage  occurs  when  a,  reaches  a  critical  value  that  is  the  smaller  of  the  following  two  values; 


,  8t,  .  (jjL 

T’ 


ar  = 


8t, 

Old 


t2 

1-  It 
rl 


(15) 


The  critical  value  is  o*  if  uL  is  small  enough  and  a**  if  uL  is  large  enough. 

Intermediate  stage 

Case  (1)  of  the  intermediate  stage,  already  defined  (Fig.  3b),  occurs  if  u/L  <  2  arccos  (r^j/r^). 
Otherwise  case  (2)  occurs. 

In  case  (1),  the  cracks  have  already  joined  and  the  interface  shear  stress  is  everywhere 
smaller  than  r,,  but  slightly  larger  than  r^.  According  to  (1), 


ud  cosa;(2  +  x) 
T  =  (Ta - .  ■  /  ^ 


Ssino;^ 


(16) 


The  stress  in  the  fiber  (Fig.  2)  increases  from  the  left  end  (z  —  —L)  to  the  right  end 
{z  =  0)  and  is 


2  \  sina;^  / 


(17) 


The  displacement  6  of  the  end  of  the  fiber  is,  for  the  first  case  of  the  intermediate  stage, 


^21  =  Uq  + 


L<7a 


2  (ijLl 
1 - r  cot  — — 


2Ef  L 


The  stress  in  the  fiber  varies  from  a*  to 


/  uL 


(18) 


(19) 


for  which  the  residual  interface  shear  stress  T4  is  reached  at  the  end.  Because  uL  < 
2  arccos(T^/r«),  is  always  smaller  than  a*,  and  so  the  failure  occms  at  0^  =  on  — 
The  equilibrium  path  of  the  structure  exhibits  snapback  if  L  is  sufficiently  large  or  is 
sufficiently  small.  Precisely,  the  condition  of  snapback  is 


2xq  <  uL  <  2  arccos  — 
in  which  xq  is  the  root  of  lotanxo  ==  1,  i.e.  zo  =  0.8603. 


(20) 
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In  case  (2)  of  the  intermediate  stage,  i.e.  for  uL  >  2arccos  there  are  two 

cracks  (Fig.  3b).  The  interface  fracture  process  zone  exhibits  linear  softening  and  its 
length  is  c/.  The  fracture  process  zone  of  length  is  at  constant  residual  interface  shear 
stress  T  —  T4;, 


1  U 

Cf  =  —  arccos  — , 

■  Tt 


Ci  =  -  ar) 

OTa 


(21) 


tjJ  Tj 

and  a  =  li  =  L  -  h  =  Cf  -hCfi.  With  G /  defined  by  (2)  and  u>  by  (8),  the  fracture  process 
zone  length  is  c/  =  Kiy/Iod  in  which  ki  =  (v /A)^Efl Em  and  Iq  =  EmGf/r"^  when  =  0. 
In  the  general  case,  ki  depends  on  both  the  fiber  proportion  in  the  matrix  and  the  elastic 
moduli; 

I  Wt 

^  (22) 


2\  2(1 +<i>)Em 

The  expression  for  the  normal  stress  in  the  portion  of  the  fiber  that  has  a  linearly  varying 
interface  shear  stress  is  the  same  as  for  the  initial  stage.  For  the  portion  of  the  fiber 
that  has  a  constant  interface  shear  stress,  the  normal  stress  is  linear  in  z  if  =  0,  and 
otherwise  it  is  constant.  The  end  displacement  S  increases  with  (Ta,  and  the  diagram  of 
<Ja  vs.  S  has  a  positive  curvature; 


Laa 


(-;) 


^  ISuEf 


(23) 


Failure  occurs  when  era —(Tn  =  which  is  always  larger  than  <r**; 

aif  =  (7**  -H  —  ((jjL  —  2  arccos 
*  •  cjd  \  tJ 

Final  stage 


(24) 


The  softening  zone  is  now  localized  in  the  middle  of  the  specimen  (Fig.  3c).  Its  length 
gradually  decreases  to  0.  The  length  of  the  fracture  zone,  in  which  r  =  is  = 
(L  —  AL)/2.  Fbr  a  given  applied  stress  <7^,  AL  is  the  solution  of 


-t(‘- 


2  (j^L 

AL  H —  tan  — r— 

0/  2  / 


Displacement  S  at  the  end  of  the  fiber  is 

LOa 


= 


2Ef 


^  A  4crfTd\ 


(25) 


(26) 
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Note  that  d<7a/d{AIi)  is  always  positive,  and  d(AI-)  =  — 2dcrf  is  always  negative.  There¬ 
fore,  d^a  is  negative,  and  the  equilibrium  path  decreases  with  the  applied  stress.  There¬ 
fore,  failure  occurs  in  this  case  before  the  hnal  stage  is  reached. 

The  condition  of  snapback  is 


uj{L+2cd}  ujAL 

-  tan  — r - 1  >  0 


(27) 


2  2 

At  L/d  =  constant,  uL  <x  when  0  <  ujAL/2  <  arccos(Td/T,),  and  so  snapback  must 
occur  for  sufficiently  large  sizes. 


4  Size  Effect 

The  scaling  law  is  the  most  important  attribute  of  any  physical  theory.  In  the  classical 
theories  of  elasticity  or  plasticity,  the  problem  of  scaling  law  has  not  received  much  at¬ 
tention  because  the  law  is  very  simple — the  nominal  strength  is  independent  of  structure 
size.  In  the  mechanics  of  damage  and  nonlinear  fracture  mechanics,  the  problem  of  scaling 
or  size  effect  has  received  major  attention  in  recent  years,  principally  because  there  is  a 
strong  effect  of  size  on  the  nominal  strength  and  the  scaling  law  is  more  complex,  repre¬ 
senting  a  transition  from  elasticity  (or  plasticity)  to  linear  elastic  fracture  mechanics,  in 
which  the  nominal  strength  is  inversely  proportional  to  the  square  root  of  the  structure 
size  (Bazant,  1984;  Bazant  and  Cedolin,  1991). 

The  size  effect  can  be  defined  only  for  structures  with  similar  geometries  and  similar 
cracks.  Therefore,  we  consider  the  ratios  DJd  and  L/d  to  be  constant  and  choose  the 
fiber  diameter  d  to  play  the  role  of  characteristic  dimension  of  the  structure.  We  note 
that,  in  this  case,  cud  and  uiL  are  both  proportional  to  Vd.  The  applied  pullout  stress  Ca 
at  maximum  load  may  be  employed  as  the  nominal  strength  <7^.  The  value  of  crff  can  be 
calculated  from  (15)  if  uL  <  2  arccos  and  otherwise  from  (24). 

For  numerical  examples,  we  consider  the  material  properties  t,  =  31MPa,  = 
3MPa,  «o  =  0.021  mm  and  £/  =  200  GPa,  and  run  the  calculations  for  sizes  d  = 
1,2.9, 6.4  and  12.7  mm  at  constant  ratio  Lfd  =  4.  The  results  are  plotted  in  Fig.  4. 
It  is  apparent  that  the  maximum  pullout  stress  decreases  with  increasing  size.  Further¬ 
more,  the  type  of  the  load-displacement  diagram  changes;  for  the  smallest  size  we  have  a 
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gradual  post-peak  softening,  for  the  next  size  we  have  a  nearly  vertical  stress  drop,  and 
for  the  largest  two  sizes  we  have  snapback  instability  right  after  the  peak.  This  behavior 
is  typical  of  the  size  effect  in  all  structures  exhibiting  damage  localization  or  nonlinear 
fracture.  The  size  effect  is  caused  by  increasing  localization  of  the  softening  regions  along 
the  fiber  length  as  d  increases.  The  softening  region  at  maximum  load,  which  represents 
the  fracture  process  zone  and  is  characterized  by  stress  values  between  r,  and  (Fig.  1), 
extends  in  small  specimens  over  a  large  portion  of  the  fiber  length  and  in  large  specimens 
over  a  small  portion  of  the  fiber  length.  This  behavior  is  similar  to  all  other  failures  due 
to  damage  growth  or  nonlinear  fracture. 

The  size  effect  obtained  for  our  example  is  shown  in  Fig.  5  by  the  diagram  of  log(<T>f  — 
(To)  vs.  log  d,  where  (To  is  the  residual  fiber  strength  corresponding  to  the  residual  interface 
bond  stress 

Let  us  now  examine  the  asymptotic  behavior.  In  the  limit  of  small  sizes,  d  — ♦  0,  we 
obtain 


af/  =  al  —  4r,—  =  constant 


(28) 


In  the  limit  of  the  large  sizes,  d  — ♦  oo,  we  obtain 


(Tff  —  <T 


II 

o 


JSTsEfVo 


Td  U\ 

—  arccos  — 

Ta  T,j 


(29) 


in  which  <to  is  the  residual  pullout  stress  of  the  fiber  when  the  interface  is  completely 
debonded  and  softened  to  r^, 

oq  =  4rd  j  (30) 

According  to  (29),  the  basic  form  of  the  size  effect  for  the  large  sizes  is 

aw- <70  <x  (31) 

Except  for  the  presence  of  <Jq,  this  represents  the  size  effect  characteristic  of  linear  elastic 
fracture  mechanics.  In  the  plot  of  Fig.  5,  it  corresponds  to  the  inclined  strsdght-line 
asymptote  of  slope  —1/2. 

The  size  effect  obtained  by  the  present  analysis  and  shown  in  Fig.  5  agrees  with  the 
general  size  effect  of  damage  mechanics  or  nonlinear  fracture.  Under  the  hypothesis  that 
the  energy  dissipated  at  failure  is  a  smooth  function  of  both  the  specimen  (or  structure) 
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size  and  the  fracture  process  zone  size,  with  the  latter  being  a  material  property,  it  was 
shown  (Baiant,  1985)  by  dimensional  analysis  an  similitude  arguments  that,  in  general, 


=  +  +  i  =  Wdor  (32) 


Here  is  the  tensile  strength  of  the  material,  introduced  strictly  for  convenience,  and 
m,  B,do,Aiy  Aj, . . .  are  positive  empirical  coefiBcients.  Eq.  (32)  represents  am  asymptotic 
series  expansion  with  respect  to  an  infinitely  large  sp>ecimen.  It  was  further  shown  (Ba^nt, 
1987)  that  for  size  ranges  up  to  about  1:20,  the  asymptotic  series  can  be  truncated  after 
the  linear  term  and  that,  for  most  applications  to  concrete  and  rock,  one  cam  taike  m  =  1. 
Thus  (32)  reduces  to  the  size  effect  law  (Baizant,  1984): 


as 


Bfi 


(33) 


For  materials  with  a  residual  strength,  represented  here  by  t^,  as  must  be  replaced 
in  the  foregoing  equations  with  as  —  ctq  where  ao  is  the  residual  nominad  strength.  Thus, 
truncation  of  (32)  after  the  linear  term  yields  the  law: 


as  -  <T0  =  B/t'(l  +  /J"‘)-l/2m 


(34) 


amd  the  simple  size  effect  law  (m  —  1)  in  (33)  is  generalized  as 

.  -  Bfi 


as  —<^o  — 


vTT? 


It  is  obvious  that,  for  d  >  do,  (33)-(35)  reduce  to  as  —  aooL  which  is  the  form  of 
size  effect  exhibited  by  every  formula  of  linear  elatstic  framture  mechamics.  For  d  4£.  do,  (33) 
or  (35)  reduces  to  as  =  constant  (no  size  effect),  which  is  characteristic  of  elasticity  or 
plaisticity.  For  the  intermediate  values  of  size  d,  (33)  or  (35)  describes  a  graidual  tramsition 
between  these  two  aisjrmptotic  cases. 

Matching  the  aisymptotes  to  those  calculated  for  fiber  pullout,  the  simple  size  effect 
law  in  (33)  gives  in  Fig.  5  the  plot  shown  by  the  solid  curve  {Bfl  —  500  MPa,  do  =  4.2 
mm). 

The  presently  cadculated  size  effect  law  may  be  rewritten  for  Oo  =  fd  =  0  as  follows: 

as  =  ^^ny/0  if 
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(37) 


<Tff  = 


Bfi 


if 


These  results  are  exact  for  the  pull-push  problem  for  any  <(>,  as  we  will  see  in  the  next 
section. 

Equation  (35)  is  not  identictd  to  (36)-(37),  but  it  can  be  made  nearly  identical  for  a 
certain  value  of  m.  This  value  can  be  estimated  by  requiring  (34)  and  (36)  to  coincide  for 
d  =  do  or  ^  =  1.  This  yields  : 


m 


In  2 

2  In  (sin  1) 


=  2.009  «  2 


(38) 


For  m  =  2,  the  agreement  of  (36)-(37)  with  (35)  becomes  virtually  perfect. 

For  tensile  fracture,  the  value  of  exponent  m  is  known  to  be  related  to  the  shape  of 
the  strain-softening  diagram  (Baiant,  1985).  Striving  for  the  simplest  analytical  solution 
possible,  we  have  assumed  this  diagram  to  be  linear  (Fig.  Ic).  For  tensile  fracture,  it 
was  shown  that  a  softening  diagram  with  a  progressively  decreasing  slope  and  a  long  tail 
yields  a  more  gradual  transition  in  the  size  effect  plot.  It  may  be  expected  that  if  Fig. 
Ic  were  replaced  by  such  a  softening  diagram,  the  calculated  size  effect  could  be  made  to 
match  the  dashed  curve  in  Fig.  5,  corresponding  to  the  simple  size  effect  law  in  (35).  It 
remains  to  be  seen  whether  the  actual  behavior  of  interfaces  corresponds  to  the  simple 
case  m  =  1  (as  it  approximately  does  for  tensile  fracture  of  concrete),  or  an  m— value 
very  different  from  1  needs  to  be  used.  To  illuminate  this  question,  the  simple  nonlinear 
softening  law  t  =  r,  exp  (— ftu)  (Fig.  Id)  will  be  considered  next. 


5  Size  Effect  Law  for  a  Nonlinear  Softening  Inter¬ 
face  Behavior 


The  pullout  equations  (3)  and  (5),  complemented  by  the  general  nonlinear  law  t  =  t(v) 
lead  to  the  general  nonlinear  differential  equation  for  v(z): 


d^v 


with 


4(1  -H  (t>) 
Efd 


(39) 


which  is  vabd  for  both  the  pull-pull  an4  pull-push  tests.  The  axial  stress  in  the  fiber  is 
given  by  <t{z)  =  E/(l  +  (^)~^v\z)  -1-  ^(1  for  the  pull-pull  test  and  by  <j{z)  = 
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Ef{l  +  ^)~^v'(z)  for  the  pull-push  teat.  The  boundary  conditions  are  v'  =  0  at  the  tip  of 
interface  crack  (u  =  0),  a  =  <7a  at  2  =  0,  and  <r  =  0  at  r  =  — L.  For  simplicity,  as  before, 
the  pull-pull  case  will  be  studied  for  ^  =  1,  and  the  pull-push  case  for  any  <(>. 

The  general  solution  of  (39)  is: 


/ 


dv 

sJST{v)dv 


(40) 


To  make  integration  easy,  we  will  consider  : 


t(u)  =  T,exp{-bv) 


(41) 


The  residual  shear  stress  T4  is  here  taken  equal  to  zero,  and  b  is  related  to  the  fracture 
energy  G/  by  b  =  r*/G/.  From  (40): 


cosh 


(42) 


The  axial  stress  for  the  pull-pull  case  (0  —  1)  is: 


a 


Bfy/ikOf 

2 


tanh 


v/2j^ 


■b{z  +  li) 


(43) 


and  for  the  pull-push  case: 


a  =  V^-  ■  tanh 


b{z  + 1) 


(44) 


The  stress  at  failure  is  reached  when  the  interface  is  debonded  along  all  of  its  length. 

The  size  effect  law  for  pullout  with  exponential  softening  and  no  residual  stress  may 
now  be  written  as  {0  =  d/do)  : 


= 


(45) 


where  Bft  —  Ar,LJd,  do  =  16£7/G//(B/tO*  for  the  pull-pull  test  with  ^  =  1,  and  do  = 
8F/G/(1  +  for  the  puU-push  test. 

Again,  to  match  (34)  closely  to  (45),  we  require  them  to  coincide  for  /?  =  l(d  =  do)- 
This  condition  yields 


m 


ln2 

2  In  (tanh  1) 


1.25 


(46) 
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As  might  have  been  expected,  m  is  now  found  to  be  much  closer  to  1  than  for  the  linear 
softening.  This  confirms  the  dependence  of  m  on  the  shape  of  the  interface  stress-sUp 
law.  The  corresponding  size  effect  curves  are  plotted  in  Fig.  5b.  We  see  the  theoretical 
curve  agrees  almost  perfectly  with  the  size  effect  law  with  additional  parameter  (34)  and 
is  quite  close  to  the  simple  size  effect  law  (35). 

The  foregoing  analysis  with  a  softening  exponential  stress-slip  law  does  not  take  in 
account  the  residual  strength  <to  of  the  interface.  For  its  effect  one  must  refer  to  our 
solution  for  linear  softening. 

The  general  conclusion  of  our  nonlinear  analysis  is  that  the  infiuence  of  the  shape  of 
the  shear  stress-slip  curve  on  the  size  effect  is  appreciable  only  for  the  transitional  sizes. 
For  a  softening  stress-slip  law  of  declining  slope,  the  size  effect  is  closer  to  the  simple 
formula  (33)  than  for  a  stress-slip  linear  law.  The  as3nnptotes  of  the  size  effect  curve  in  a 
log-log  plot  remain  the  same;  the  interface  strength  t,  governs  the  failure  for  very  sm«dl 
sizes,  and  the  interface  foacture  energy  G /  the  failure  for  very  large  sizes. 

According  to  (40),  closed-form  analytical  solutions  could  be  obtained  also  for  stress-slip 
laws  other  than  (1)  or  (41). 

6  Identification  of  Interface  Properties  from  Size 
Effect  Measured  in  Push-Pull  Tests 


In  the  mechanics  of  tensile  fracture,  the  measured  size  effect  can  be  exploited  to  determine 
the  material  fracture  characteristics  (Bazant,  1987;  Bazant  and  Pfeiffer,  1987;  Baiant  and 
Kazemi,  1990).  The  same  must  be  possible  for  fiber  pullout. 

Indeed,  after  calculating  the  asymptotes  of  the  size  effect  plot,  the  size  effect  param¬ 
eters  for  linear  softening  can  be  identified  by  matching  these  asymptote  with  equations 
(28)  and  (29).  This  yields 

B/;  =  4(T.-ra)i  (47) 


_  STgEfVQ 

■  (B//)2 


Td  tA 

—  arccos  —  | 
T,  T,J 


(48) 
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When  the  size  effect  law  is  to  be  matched  to  expxerimental  data  on  <7s,  parameters 
of  the  (33)  can  be  easily  identified  by  linear  regression  Y  =  AX  +  C  where  A'  —  d,Y  = 
\  I  {as -Oof,  BS't  =  l/>/C,  and  do  —  Cj A.  A  similar  linear  regression  is  possible  for  (34). 

As  an  example,  we  will  use  the  test  data  of  Baunt  and  Sener  (1988)  (the  circled  points 
in  Fig.  5).  These  data  are  for  pullout  of  reinforcing  bars  from  concrete  cubes.  We  use 
these  data  only  to  illustrate  the  procedure  while  being  fully  aware  that  the  failure  mode 
observed  in  these  tests  did  not  fit  the  assumptions  of  the  present  analysis.  The  failure 
started  by  radial  splitting  cracks  emanating  from  the  bar.  These  cracks,  which  were 
caused  mainly  by  lugs  on  the  reinforcing  bars,  cannot  be  described  by  a  one-dimensional 
model.  Had  smooth  rather  than  deformed  bars  been  used,  the  failure  would  have  been 
due  only  to  interface  slip,  and  then  the  present  example  would  represent  the  reality  rather 
than  just  a  mere  illustration  of  the  procedure. 

Deformed  reinforcing  bars  of  yield  strength  414  MPa  and  diameters  2.9,  6.4  and  12.7 
mm  were  used.  In  each  cube,  there  was  one  bar  parallel  to  one  edge  of  the  cube  and 
sticking  out  at  the  center  of  one  face.  The  embedment  length  of  the  bar  was  L  =  4d.  The 
size  effect  law  parameters,  identified  previously  (Bazant  and  Sener,  1988)  were  Bfl  —  500 
MPa,  do  =  2.1  mm  and  <to  =  0. 

For  the  purpose  of  analyzing  these  data,  the  solution  for  the  pull-push  test  has  also 
been  derived: 


for  (jjL  <  arccos  —  ;  as 

r. 


for  u}L  >  arccos  —  :  as 

T, 


(49) 

(50) 


in  which  u  is  given  by  (8)  and  <To  =  Ar^Ljd,  =  A/Ef/AmEm-  Knowing  the  exponent  m, 
which  is  here  taken  as  m  =  1  (same  as  Bazant  and  Sener,  1988),  we  can  use  the  aforemen¬ 
tioned  linear  regression  plot  Y  =  AX  +C  to  determine  the  size  effect  law  parameters  B// 
and  do-  Matching  of  the  asymptotes,  we  get  the  following  repressions  for  the  interface 
properties: 

T,  =  -f-  Trf  (51) 

AL 
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4  T,Ef  y\  r2  r,  r,  J 


Then,  using  the  size  effect  law  parameters  obtained  by  Bazant  and  Sener  (1988),  we  get 
from  (51)  and  (52)  the  following  interface  properties 

T,  =  31MPa,  uo  =  2.1  10’^  mm,  G/ =  325  J/m*  (53) 

The  value  of  has  been  neglected  in  these  calculations.  The  optimum  fit  by  the  size  effect 
law  given  by  (33)  is  shown  by  the  dashed  curve  in  Fig.  6a,  and  the  fit  based  on  (49)  and 
(50)  with  the  values  in  (53)  is  given  by  the  solid  curve.  Assuming  progressively  increasing 
values  =  0, 1, 2, 3  MPa,  one  obtains  &om  (49)  and  (50)  the  solid  curves  shown  in  Fig. 
6b,  c,  d.  Unfortunately,  the  scatter  of  the  data  is  insufficient  to  decide  which  of  these 
curves  is  more  correct.  To  avoid  such  ambiguity  and  obtain  better  estimates  of  interface 
properties,  tests  of  a  broader  size  range  (1:10)  would  be  necessary.  The  required  breadth 
of  range  is  generally  proportional  to  the  coefficient  variation  of  the  statistical  scatter. 

It  is  planned  to  carry  out  size  effect  tests  of  pullout  in  which  the  failure  occurs  by  slip 
alone  (without  radial  cracks).  Then  it  will  be  possible  to  give  an  example  that  is  more 
than  just  an  illustration  of  the  procedure. 

Conclusions 

1.  The  one-dimensional  simplification  of  the  fiber  (or  bar)  pullout  problems  allows  a 
simple  analytical  solution  yielding  closed  form  expressions  for  the  stress-displacement 
diagram  as  well  as  the  size  effect. 

2.  The  solution  shows  that,  for  geometrically  similar  situations:  (1)  the  maximum 
pullout  stress  decreases  with  increasing  size  (characterized  for  example  by  the  fiber 
diameter),  (2)  the  post-peak  slope  of  the  load-deflection  diagram  becomes  steeper 
as  the  size  increases,  and  (3)  for  a  sufficiently  large  size,  snapback  failure  is  obtained. 

3.  An  inevitable  consequence  of  softening  in  the  relation  of  interfacial  shear  stress  ver¬ 
sus  slip  displacement  is  localization  of  the  fracture  process  zone  along  the  interface. 
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with  a  gradual  approach  to  interface  shear  fracture.  Due  to  localization,  the  distribu¬ 
tion  of  the  interface  shear  stress  along  the  fiber  or  bar  becomes  strongly  nonuniform, 
and  the  nonuniformity  gets  stronger  as  the  size  increases.  The  localization  is  the 
cause  of  size  effect. 

4.  The  solution  confirms  that  the  size  effect  is  transitional  between  the  case  of  elasticity 
or  plasticity,  for  which  there  is  no  size  effect,  and  the  case  of  linear  elastic  fracture 
mechanics,  for  which  the  difference  of  the  interface  strength  and  the  residual  stress 
is  inversely  proportional  to  the  square  root  of  the  size.  This  transitional  size  effect 
can  be  described  by  the  approximate  size  effect  law  proposed  by  Baiant  (1984)  or 
its  subsequent  generalization  with  parameter  m  controlling  the  shape  of  the  size 
effect  curve. 

5.  The  transitional  size  effect  is  shown  to  depend  of  the  shape  of  the  interface  stress- 
slip  law.  A  declining  slope  of  the  stress-slip  law  leads  to  a  more  gradual  and  more 
extended  transition  in  the  size  effect  plot. 

6.  Measurements  of  the  size  effect  in  fiber  pullout  can  be  exploited  for  determining  the 
interface  properties. 
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Figure  Captions 


Fig.  1  Various  assumptions  about  the  interface  properties  characterized  in  terms  of  in¬ 
terface  shear  stress  and  relative  displacement. 

Fig.  2  Geometry  of  the  fiber  or  bar  pullout  tests. 

I 

Fig.  3  FVacture  process  zones  and  zones  of  residual  stress  along  the  fiber  for  various 
stages  of  loading. 

Fig.  4  Diagrams  of  pullout  stress  versus  displacement  for  tests  of  similar  geometry  and 
difierent  sizes. 

Fig.  5(a)  Size  effect  law  proposed  by  Bazant  (1984),  and  (b)  comparison  of  calculated 
size  effect  to  the  general  forms  of  size  effect  law  for  quasibrittle  fracture. 

Fig.  6  Test  data  for  bar  pullout,  used  as  an  illustrative  example,  and  comparisons  with 
the  present  solution  (solid  curves)  and  with  the  simple  form  of  the  size  effect  law 
(dashed  curve). 
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Abstract.  —  Test  results  on  the  size  effect  in  pullout  strength  of  reinforcing  bars  embedded 
in  conaete  are  presented.  Attention  is  focused  on  failures  due  sdey  to  interface  slip,  with 
no  cracking  in  the  surrounding  concrete.  This  type  of  failure  is  achieved  by  using  smooth 
round  bars  and  a  sufficiently  large  ratio  of  bar  diameter  to  embedment  length.  Elimination 
of  cracking  in  the  surrounding  concrete  makes  it  possible  to  study  the  characteristics  of  the 
interfadal  shear  fracture  between  steel  and  concrete.  The  results  of  tests  of  geometrically 
similar  specimens  show  that  interfacial  shear  fracture  causes  a  size  effect  on  the  nominal 
strength  in  pullout.  The  size  effect  is  found  to  be  transitional  between  plastic  failure  (the 
current  approach  of  concrete  design  codes,  for  which  there  is  no  size  effect)  and  linear  elastic 
fracture  mechanics  (for  which  the  size  effect  is  the  maximum  possible).  This  transitional  size 
effect  can  be  approximately  described  by  the  size  effect  law  proposed  by  Ba2ant  for  quasibrittle 
failures  in  general.  By  fitting  a  theoretical  formula  obtained  in  the  previous  study  to  the  size 
effect  data,  the  basic  material  characteristics  of  the  stress-slip  law  for  interface  fracture  are 
determined.  These  include  the  interfacial  fracture  energy,  the  shear  bond  strength  (debonding 
shear  stress),  the  residual  frictional  shear  stress,  and  the  length  of  the  shear  fracture  process 
zone.  The  same  method  could  be  used  for  identifying  the  interfacial  fracture  characteristics 
of  other  materials,  e.g.,  fibers  in  composites. 

1  Introduction 

The  problem  of  pullout  of  reinforcing  bars  from  concrete  or  fibers  from  the  matrix  of  a 
composite  material  has  been  studied  intensely  and  many  significant  results  have  already 
been  achieved.  Two  concepts  have  been  \ised  as  the  criterion  of  pullout  failure:  (1)  The 
interface  shear  strength  criterion  (Lawrence,  1972;  Takaru  and  Arridge,  1973;  Yue  and 
Cheung,  1992a,  1992b;  and  Hsueh,  1991a,  1991b,  1990a,  1990b);  and  (2)  the  fracture 
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mechanics  criterion  of  critical  energy  release  rate  (Gumiey  and  Hunt,  1967;  Cutwater 
and  Murphy,  1%9;  and  Stang  and  Shah,  1986),  which  was  in  some  works  combined  with 
the  consideration  of  friction  between  the  debonded  fiber  and  the  matrix  (Gao  et  al.,  1988; 
and  Hutchinson  and  Jensen,  1990). 

More  realistic  is  a  generalized  fracture  mechanics  appraocb  which  combines  both  con¬ 
cepts.  It  is  based  on  a  relation  of  the  interfacial  shear  stress  r,  (bond  stress)  to  the 
interfacial  slip,  in  short,  the  stress-slip  law.  This  law  involves  the  strength  limit  as  well 
as  the  fracture  energy.  It  may  involve  a  rising  linear  part  simulating  the  elastic  shear 
deformation  of  a  thin  layer  of  matrix  adjacent  to  the  interface. 

The  stress-slip  law  is  characterized  by  post-peak  softening,  which  is  sometimes  consid¬ 
ered  as  a  sudden  stress  drop  but  is  more  realistically  modeled  as  a  progressive  softening. 
Because  of  the  softening,  the  interfacial  slip  represents  shear  fracture.  Normally  the 
stress-slip  law  possesses  residual  shear  strength,  Tf,  which  can  be  regarded  as  friction  (the 
dynamic  friction).  From  the  fracture  mechanics  viewpoint,  the  area  under  the  stress-slip 
curve  and  above  the  friction  limit  represents  the  shear  fracture  energy  of  the  interface, 
Gf,  which  is  a  basic  interface  property.  The  values  of  the  shear  strength,  fr^ture  energy 
and  frictional  stress  can  in  general  depend  on  the  confining  pressure  from  the  surrounding 
§  matrix  (the  normal  stress  across  the  interface). 

While  the  stress-slip  law  for  the  interface  is  a  basic  material  characteristic,  it  is  dif¬ 
ficult  to  measure  it  directly.  It  must  be  deduced  indirectly  from  some  other  types  of 
observations.  In  a  proceeding  study  (Baiant  and  Desmorat,  1994),  it  was  shown  that 
the  stress-slip  law  can  be  identified  from  measurements  of  the  size  effect  on  the  pullout 
strength  when  geometrically  similar  specimens  of  different  sizes  are  tested.  A  simplified 
method  of  identification  was  proposed  and  illustrated  by  a  numerical  example,  but  prac¬ 
tical  application  has  not  been  given  for  lack  of  test  data.  The  objective  of  the  present 
paper  is  to  report  tests  of  size  effect  in  pullout  and  identify  from  them  the  stress-slip  law 
for  the  steel-concrete  intoface. 

The  identification  problem  requires  a  sufficiently  simple  solution,  which  is  preferably 
in  a  closed  form  and  is  such  that  it  can  be  inverted.  Such  a  simple  soluti  a  has  been 
obtained  in  a  proceeding  study  (Ba^ant  and  Desmorat,  1994),  in  which  the  pullout  problem 
was  simplified  as  one-dimensional,  with  the  matrix  represented  as  an  elastic  bar  or  tube 
surrounding  the  pulled  bar  or  fiber.  Although  the  one-dimensional  simplification  is  no 
doubt  too  crude  for  some  purposes,  it  is  no  worse  than  the  assumption  of  elastic  Winkler 
foundation  as  a  replacement  of  an  elastic  half  space.  Of  course,  the  equivalent  elastic 
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stiffness  the  surrounding  bar  that  modeb  the  matrix  must  be  properly  determined, 
either  by  a  more  sophisticated  analysis  or  by  tests. 

It  is  now  well  understood  that  softening  material  properties  always  engender  size  effect. 
Normally  the  size  effect  in  pullout  failures  arises  frmn  two  sources:  (1)  The  fracturing  of 
the  matrix  surrounding  the  fiber  or  bar,  and  (2)  the  softening  in  the  stress-slip  law, 
as  already  described.  Obviously,  to  determine  the  stress-slip  law,  one  must  concnve  a 
special  type  of  pullout  test  in  which  there  is  no  fracturing  in  the  matrix,  only  the  slip  in 
the  interface.  This  is  the  basic  idea  of  the  present  experiments.  As  will  be  seen,  pullout 
failure  of  reinforcing  bars  due  to  exclusively  to  interface  slip  can  be  obtained  if  a  smooth 
round  bar  (without  any  lugs)  is  used  and  the  embedment  length  of  the  bar  or  fiber  is 
sufficiently  short. 

It  may  be  noted  that  the  pullout  failures  of  reinforcing  bars  in  concrete  or  fibers 
in  composites  exhibit  some  different  characteristics.  However,  these  differences  are  due 
mainly  to  the  fracturing  of  the  matrix  surrounding  the  bar  or  fiber  (for  example  the  frac¬ 
ture  induced  by  lugs  on  the  reinforcing  bars  in  concrete).  These  differences  are  probably 
small  if  the  failure  is  due  to  the  interfacial  slip  alone,  which  is  the  case  here.  Anyway, 
because  the  pullout  problem  is  simplified  as  one-dimensional,  it  is  impossible  to  make  a 
distinction  between  fibers  and  bars  (except  in  terms  of  the  effective  values  of  the  material 
interface  parameters). 

2  Test  of  Pullout  Due  to  Interfacial  Slip  Alone 

The  specimens  tested,  shown  in  Fig.  1,  were  concrete  cubes  of  sides  L  =  1.5, 3,6  and  12 
in.  (38.1,  76.2, 154.4  and  304.8  mm),  in  which  steel  bars  of  diameters  D  =  0.125,0.25,0.5 
and  1  in.  were  embedded.  In  this  manner,  perfect  geometric  similarity  of  the  specimens  of 
different  sizes  was  preserved.  The  bars  were  smooth,  in  order  to  achieve  that  the  pullout 
failure  be  caused  solely  by  interfacial  slip,  with  no  fracturing  in  the  surrounding  concrete. 
This  mode  of  failure  was  borne  out  by  the  tests.  It  may  be  noted  that  the  round  smooth 
rods  were  slightly  rusty  at  the  time  of  casting,  however,  this  condition  is  not  undesirable 
since  some  rusting  is  normally  present  in  practice.  Based  on  the  expected  average  bond 
strength  (Naaman,  1991),  the  bar  size  was  chosen  so  that  yielding  of  the  steel  could  not 
occur  before  the  pullout  failure  of  the  interface,  and  this  was  also  borne  out  by  the  tests. 
The  part  of  the  steel  bars  that  was  sticking  out  of  the  concrete  cube  was  10  in.  long  for 
each  size. 

The  cubes  were  made  of  concrete  of  standard  cylindrical  strength  /'  =  7,290  psi 
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(50.26  MPa)  for  normally  cured  specimens  and  /'  =  5.220  psi  (36.0  MPa)  for  the  con¬ 
crete  cured  in  an  accelerated  manner  (tested  on  cylinders  of  diameter  3  in.  or  76.2  mm, 
at  the  time  of  the  tests).  The  Young’s  elastic  modulus  of  concrete  was  4.31  xlO*  psi 
(29.7  GPa),  determined  as  the  mean  initial  stress-strain  slope  from  a  set  of  the  stan¬ 
dard  cylindrical  compression  tests  for  the  same  batch  of  concrete.  The  Young’s  modulus 
of  the  steel  bars  was  30.5  xlO*  psi  (210.0  GPa).  For  both  sets,  the  companion  cylin¬ 
ders  for  the  test  of  strength  had  the  same  curing  history.  In  the  concrete  mix,  the  ratio 
water :cement:sand:gravel  was  0.6:1 :2:2,  by  weight.  The  aggregate  consisted  of  granite, 
quartz  etc.  gravel  and  quartz  sand  of  maximum  grain  sizes  3/8  in.  (9.6  mm)  and  0.132 
in.  (3.35  mm)  respectively.  Both  were  washed  and  air  dried  for  40  or  48  hours  prior  to 
mixing.  Portland  cement  of  ASTM  type  I,  without  any  admixtures,  was  used.  Two  sets 
of  specimens  of  all  sizes,  each  from  one  batch  of  concrete,  were  cast  in  wooden  moulds 
(Fig.  la).  The  steel  bars  were  vertical  during  casting.  The  specimens  were  unmoulded 
one  day  after  casting.  The  first  set  of  specimens  was  then  stored  in  a  fog  room  at  nearly 
100%  relative  humidity  and  20**  C  temperature  for  28  days,  and  then  tested.  The  second 
set  of  specimens  was  cured  in  water  for  seven  days  at  50”  C,  so  as  to  achieve  accelerated 
curing.  In  the  second  set  of  specimens  cured  in  water,  the  largest  cube  of  12  in.  side  was 
omitted  because  of  the  limited  size  of  the  heated  chamber.  Despite  the  lower  strength  of 
the  specimens  cured  in  accelerated  manner,  the  bond  strength  was  about  the  same  as  for 
the  specimens  cured  in  the  standard  manner. 

The  specimens  were  tested  immediately  after  the  cxiring.  So  the  specimen  bulk  was 
still  wet  during  the  test,  and  thus  no  microcracking  due  to  drying  could  have  occurred  in 
the  specimens.  All  the  specimens  were  tested  in  a  20  kip  (89.0  kN)  closed-loop  controlled 
MTS  testing  machine.  All  the  tests  were  displacement  controlled.  The  displacement  rate 
was  kept  constant  during  each  test  and  was  chosen  so  that  the  maximum  load  for  the 
specimens  of  each  size  would  occur  in  about  10  min.  (for  the  6  in.  cubes  the  displacement 
rate  was  0.003  in./min.  or  0.076  mm/min.;  for  the  12  in.  cubes  it  was  slightly  higher,  and 
for  the  1.5  in.  cubes  it  was  slightly  smaller).  The  strain  of  the  steel  bar  outside  the  cube 
was  recorded  by  a  MTS  extensometer.  The  displacement  was  measured  on  the  steel  bar 
as  close  to  the  face  of  the  cube  as  possible,  that  is,  right  above  the  steel  plate  providing 
the  reaction  (Fig.  lb). 
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3  Test  Results  and  Size  Effect  Observed 

All  the  specimens  of  both  series  failed  by  pure  interfacial  slip,  in  contrast  to  the  previous 
pullout  tests  of  Baiant  and  Sener  (1988).  No  visible  cracking  occurred  in  the  concrete 
cubes,  this  means  that  the  objective  of  avoiding  the  fracturing  of  concrete  around  the  bars 
has  been  achieved  and  the  observed  post-peak  softening  and  size  effect  must  be  attributed 
strictly  to  the  interface  fracture.  Some  typical  load-deflection  diagrams  observed  are 
shown  in  Fig  3  (the  initial  mcrease  of  the  slope  is  due  to  the  gradual  seating  of  the 
reaction  plate).  As  seen  in  Fig.  3,  the  larger  the  specimen,  the  steeper  the  post-peak 
descent.  This  property  is  characteristic  of  all  structures  undergoing  damage  localization. 

The  test  results  for  standard  and  accelerated  curing  are  shown  in  Table  1.  It  was 
intended  to  test  four  specimens  for  each  size  in  each  set,  however,  a  few  tests  did  not 
work  out. 

Dividing  the  maximum  load  by  the  embedded  steel  surface  area,  one  obtains  the 
average  shear  bond  strength,  which  is  taken  as  as-  Its  value  for  the  present  tests  ranged 
from  189  to  429  psi  (1.30  to  2.96  MPa),  for  both  sets  of  specimens.  It  may  be  noted  that 
this  value  is  considerably  smaller  than  that  predicted  by  the  formulais  of  Orangun  et  al. 
(1977)  or  ACI  (1983).  However,  these  formulas  are  not  intended  for  smooth  bars,  but  for 
deformed  bars  whose  failure  causes  severe  cracking  of  concrete. 

Because  the  load-deflection  diagram  exhibits  post-peak  softening,  and  the  softening  is 
not  caused  by  geometrically  nonlinear  effects  of  buckling,  one  must  expect  a  size  effect 
which  is  approximately  described  by  the  size  effect  law  (Bazant,  1984,  1991): 

(1) 


I 


I 
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in  which  0  =  D/Do  =  relative  size,  D  =  characteristic  size  taken  as  the  bar.diameter, 
CTo  =  residual  firictional  strength,  //  =  direct  tensile  strength  of  concrete  (introduced  solely 
for  convenience);  and  D,  Dq  —  two  constants  to  be  determined  by  regression  of  test  data. 
The  direct  tensile  strength  was  estimated  from  the  ACI  formula  //  =  6^/^  (where  both 
/'  2uid  //  are  in  psi).  The  residual  frictional  strength  is  determined  from  the  flnal  plateau 
of  the  load-displacement  diagram,  as  the  flnal  load  value  divided  by  the  interface  area. 
From  the  present  tests,  oo  =  3,310  psi  (22.8  MPa). 

As  shown  before,  (Baiant,  1990)  (1)  can  be  converted  to  a  linear  regression  plot 
Y  =  AX  Cin  which 

Y  =  -  <To)-\  X  =  D  (2) 
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The  measured  data  are  shown  as  the  circled  points  in  the  plot  of  V  versus  X  in  Fig.  5a  for 
the  set  of  specimens  cured  in  the  standard  manner  and  in  Fig.  5b  for  the  set  of  specimens 
cured  in  an  accelerated  manner.  The  regression  lines  Y  =  AX  -f  C  are  also  shown  in  these 
plots.  The  constants  of  the  size  effect  law  (1)  can  then  be  obtained  as  S  =  and 
Do  =  C/A,  in  which  A  is  the  slope  of  the  regression  line  and  C  is  the  vertical  intercept. 
In  this  manner,  it  has  been  found  that  B  =  2.18  and  Do  =  0.297  in.  (7.54  nun)  for  the 
case  of  standard  curing,  and  B  —  3.05  and  Do  =  0.198  in.  (5.03  mm)  for  the  case  of 
accelerated  curing.  The  size  effect  plots  corresponding  to  these  parameters  are  shown  as 
the  curves  in  Fig.  4a,b.  The  curve  of  the  size  effect  represents  a  gradual  transition  from 
a  horizontal  sisymptote  representing  the  strength  criterion  to  an  asymptote  of  slope  —0.5, 
representing  the  size  effect  of  linear  elastic  fracture  mechanics. 

The  scatter  of  the  test  data  in  Fig.  4  and  5  is  quite  large.  However,  large  scatter 
has  generally  been  typical  of  bond  strength  measurements  in  the  past.  Despite  the  large 
scatter,  it  is  clear  that  the  size  effect  is  present  and  that  the  mean  slope  of  the  size  effect 
plot  in  Fig.  4  is  intermediate  between  the  strength  criterion  and  the  linear  elastic  fracture 
mechanics,  as  expected.  It  cannot  be  claimed  that  the  test  results  validate  the  use  of  the 
size  effect  law,  however,  they  are  not  in  disagreement  with  this  law. 

4  Identification  of  Interface  Characteristics  from  Size  Effect 

In  a  previous  study,  Bazant  and  Desmorat  (1994),  assumed  that  the  stress-slip  law,  that  is, 
the  relationship  of  the  shear  stress  r  at  the  interface  to  the  relative  slip  v  at  the  interface, 
has  the  form  shown  in  Fig.  6.  The  softening  is  considered  to  be  linear,  starting  from 
the  shear  bond  strength  r^,  and  there  is  a  terminal  shear  stress  tj,  representing  friction. 
The  area  under  the  softening  diagram  above  the  frictional  plateau  (cross-hatched  in  Fig. 
6)  represents  the  interfacial  fracture  energy  G/  per  unit  area  of  the  interface."  Its  value 
determines  the  softening  slope  in  Fig.  la. 

In  the  previous  analysis  the  interaction  of  the  reinforcing  bar  (or  fiber)  with  the  sur¬ 
rounding  matrix  was  simplified  as  a  one-dimensional  problem.  This  means  that  the  con¬ 
crete  surrounding  the  steel  bar  is  treated  as  a  bar  in  which  the  cross  sections  remain 
plain.  Under  this  simplification,  it  was  possible  to  obtain  for  the  size  effect  an  analytical 
solution  that  was  sufficiently  simple  for  the  purposes  of  identification  of  interface  material 
characteristics  Td,Tf  and  G/.  It  was  possible  to  solve  these  characteristics  explicitly  in 
terms  of  the  parameters  of  the  size  effect  law  (1). 

Two  cases  had  to  be  distinguished  in  the  previous  solution:  (1)  The  interface  slip 
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cracks  join  before  tj  is  reached  (Fig.  7,  left),  and  the  (2)  Tj  is  reached  before  the  cracks 
join  (Fig.  7,  right).  The  following  equations  have  been  obtained  for  these  two  cases: 


r  iilh  f 

<r±-  =  “TT  sin  —  for 

^  uD  2 


uL  <  2  arccos  — 
U 


for  u)L  >  2  arccos  — 
U 


(3) 


(4) 


The  superscripts  I  and  II  label  the  first  and  second  cases;  Cin  is  the  maximum  axial  stress 
in  the  bar;  =  4(1  +  4t)Ti/EfVQD  with  ^  =  AjEf/A^En  where  A/  =  rD^f4,An  = 
T(d®  —  D^)/4;  Vo  is  the  critical  slip  shown  in  Fig.  6;  D  =  reinforcing  bar  diameter;  and 
d  =  outer  diameter  of  the  effective  cross  section  area  of  the  concrete  (matrix)  surroimding 
the  steel  bar. 

When  geometrically  similar  specimens  are  considered,  L[D  and  dj D  are  constants. 
From  Eqs.  (3)  and  (4)  one  can  plot  the  size  effect  curve  of  loga^m  versus  logD.  This 
curve  has  the  same  asymptotes  as  the  size  effect  law  (1)  plotted  in  (4).  By  matching 
these  asymptotes  to  the  horizontal  and  inclined  as3rmptotes  of  the  size  effect  law  (1),  it 
has  been  shown  that 


Vo  = 


I 


1  V  ’■/ 

1 - ^ - -  iurccos 

ri  u 


-2 


(5) 


(6) 


These  equations  make  it  possible  to  determine  the  values  of  the  interface  fracture  charac¬ 
teristics.  However,  before  these  equations  are  evaluated,  one  must  determine  the  residual 
frictional  shear  stress,  which  is  simply  given  by 


r,  =  jj<To 


The  interfacial  fracture  energy  can  then  be  calculated  as 

»-?'•(' -3’ 


(7) 


(8) 


Eqs.  (6)-(8)  have  been  applied  to  the  size  effect  parameters  obtained  from  the  present 
test  results.  The  resulting  values  of  the  interface  fracture  chau’acteristics  for  the  specimens 
cured  in  standard  manner  and  in  accelerated  manner  are  listed  in  Table  2.  The  values  of 
the  debonding  stress  (interface  shear  strength)  and  the  residual  frictional  shear  stress 
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Tf  axe  similv  for  both  methods  of  curing,  however,  the  interfacial  fracture  energies  are 
quite  different  and  the  post-peak  softening  is  steeper  for  the  accelerated  curing  tests. 

The  present  test  data,  however,  are  too  limited  amd  their  scatter  is  too  high  for  de¬ 
termining  the  precise  shape  of  the  stress-slip  law  for  the  steel-concrete  interface.  The 
softening  curve  of  the  stress-slip  law  may  of  course  be  a  smooth  curve  and  may  be  more 
complicated  than  that  in  Fig.  6.  The  characteristics  of  the  stress-slip  law  in  Fig.  6  that 
have  been  identified  from  the  test  data  should  be  regarded  as  merely  approximate. 

5  Conclusions 

1.  Slip  and  shear  fracture  at  the  steel-concrete  interface  engender  a  size  effect  on  the 
nominal  strength  of  structure,  even  if  no  fracture  takes  place  in  concrete.  This 
implies  that  the  interfacial  stress-slip  curve  must  exhibit  post-peak  softening. 

2.  The  size  effect  caused  by  interface  slip  is  transitional  between  plastic  limit  analysis 
and  linear  elastic  fracture  mechanics  and  is  in  agreement  with  the  general  size  effect 
law  proposed  by  Bafant  (1984)  on  the  basis  of  energy  release  analysis  or  dimensional 
analysis  with  similitude  arguments. 

3.  The  interface  fracture  characteristics,  including  the  interface  fracture  energy,  inter¬ 
face  shear  bond  strength  and  a  residual  frictional  strength,  can  be  identified  from  the 
results  of  tests  of  the  size  effect  in  bar  pullout  from  geometrically  similar  specimens 
of  different  sizes. 

4.  To  be  able  to  identify  the  interfacial  shear  fracture  characteristics  from  the  size 
effect  tests,  it  is  necessary  to  design  the  tests  in  such  a  manner  that  the  failure  is 
due  exclusively  to  interfacial  slip,  with  no  cracking  in  the  surrounding  concrete.  In 
the  case  of  reinforced  concrete,  this  can  be  achieved  by  using  smooth  round  bars 
(with  no  lugs)  of  a  sufficiently  large  rate  of  bar  diameter  to  embedment  length  for 
interface  slip  analysis. 
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Table  1:  Test  Results  for  Standard  and  Accelerated  Curing  Specimens 


i 


standard  Curing 

Accelerated  Curing 

Diam. 

Cube 

Max.  Load 

^dm 

Diam. 

Cube 

Max.  Load 

^dm 

D 

(in) 

Side 

(in) 

(lb) 

(psi) 

D 

(in) 

Side 

(in) 

(lb) 

(psi) 

1.5 

1/8 

253 

16297 

1.5 

1/8 

230 

18742 

1.5 

1/8 

171 

18229 

1.5 

1/8 

175 

14260 

1.5 

1/8 

224 

13957 

1.5 

1/8 

201 

16379 

1.5 

1/8 

200 

20616 

3 

1/4 

613 

12488 

3 

1/4 

561 

11429 

3 

1/4 

588 

11979 

6 

1/2 

3605 

18360 

3 

1/4 

859 

17499 

6 

1/2 

3500 

17825 

3 

1/4 

763 

15544 

6 

1/2 

2700 

13751 

6 

1/2 

1781 

9070 

12 

1 

10300 

13114 

6 

1/2 

3750 

19098 

12 

1 

8009 

10117 

6 

1/2 

2249 

11454 

12 

1 

7754 

9872 

6 

1/2 

3247 

16537 

Table  2:  Fracture  Characteristics  Identified  from  Tests 


28-day  itandard  curing 

accelerated  curing 

68.9  psi  (0.47  MPa) 

87.1  psi  (0.59  MPa) 

.  1 

N 

U 

400.3  psi  (2.76  MPa) 

429.3  psi  (2.96  MPa) 

Vo 

2.9  X  10“^  in.  (75.4  x  10”^  mm) 

1.4  X  10"®  in.  (35.6  x  10"®  mm) 

Gi 

72  J/m’ 

34  J/m® 

■i 
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Figure  1:  (&)  Geometry  of  pullout  tests  specimots,  (b)  lo&ding  frame  and  test  arrange- 
meat. 
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Figure  2:  Set  of  test  specimens  of  various  sizes  (before  testing)  and  of  the  test  setup  for 
the  6  in.  specimen. 
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Figure  3:  Typical  load  deflection  diagrams  for  specimens  of  various  sizes  (for  standard 

curing  and  for  accelerated  curing).  I 


I 

Figure  4:  Size  effect  plots  of  the  test  results  in  double  logarithmic  scales  and  their  optimum 
fit  by  the  size  effect  law;  (a)  for  standard  curing,  (b)  for  accelerated  curing. 
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Figure  5:  Linear  regressions  of  the  test  data  according  to  the  size  effect  law;  (a)  for 
standard  curing,  and  (b)  for  accelerated  curing. 
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Figure  6:  Stress-slip  law  for  the  steel-concrete  interface. 
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Figure  7:  Two  types  of  interface  shear  stress  distribution  at  maximum  load. 
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SUMMARY 

The  paper  preientt  b  simple  approximBte  BiulyticBl  solution  of  the  remote  stresaes  that  cause  the  coUapie  of 
a  borehole  or  other  drcular  cylindrical  cavity  in  an  infinite  elastic  space.  Regions  of  parallel  equidistant 
splitting  cracks  arc  assumed  to  form  on  the  sides  of  the  cavity.  Their  boundary  is  assumed  to  be  an  ellipae  of 
a  growing  horizontal  axis,  the  other  axis  remaining  equal  to  the  borehole  diameter.  The  slabs  of  rock 
between  the  splitting  cracks  are  assumed  to  budtle  as  slender  columns,  and  their  post<ciitical  stress  is 
considered  at  the  residual  stress  in  the  cracked  rock.  The  buckling  of  these  slab  columas  is  assumed  to  be 
resitted  not  only  by  their  elastic  bending  stiffness  but  alto  shear  stresses  produced  on  rough  crack  faces  by 
relative  shear  di^ilaceincnts.  The  energy  release  from  the  infinite  medium  caused  by  tbe  growth  of  the 
elliptical  cracking  r^ion  is  evaluated  according  to  Eschelby't  theorem.  This  ideate  it  set  equal  to  the  energy 
dissipated  by  the  foraution  of  all  the  splitting  cracks,  which  is  calculated  under  the  assumption  of  constant 
fracture  energy.  This  yields  the  coUapse  stress  as  a  function  of  the  elastic  moduli,  fracture  energy,  ratio  of  the 
remote  principal  stresses,  crack  shear  resistanoe  characteristic  and  borehole  diameter.  The  collapse  stress  as 
a  function  of  crack  spacing  is  found  to  have  a  minimum,  and  the  correct  crack  spacing  is  determined  from 
this  minimum.  For  small  enough  diameters,  the  crack  sprang  increases  as  the  (4/S)-power  of  the  borehole 
diameter,  while  for  large  enough  diameters  a  constant  spacing  is  approached.  In  contrast  to  piastk  solutions, 
the  breakout  stress  exhibits  a  size  effect,  such  that  for  small  enough  diameters  the  breakout  stress  decreases 
as  the  ( -  2/S>-power  of  the  borehole  diameter,  while  for  large  enough  diameters  a  constant  limiting  value  is 
approached.  Finally,  some  numerical  estimates  are  given  and  the  validity  of  various  simpUfying  assumptions 
m^  is  disctissed 


1.  INTRODUCTION 

The  sudden  catastrophic  collapse  of  boreholes  in  rock,  called  the  breakout,  as  well  as  the  collapse 
(such  as  rock  burst)  ct  various  other  types  of  cavities  due  to  high  compressive  stresses  in  the  rock 
mass,  has  been  studied  extensively  and  various  important  results  have  been  obtained.' 
However,  most  studies  have  been  based  on  the  theory  of  plasticity,  which  does  not  give 
a  suAcisatly  realistic  description  of  the  inelastic  behaviour  of  rock,  except  at  very  high  confining 
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pKttures.  Such  pressures,  however,  never  exist  ttear  the  sides  of  cavities.  Cavities  usually  appear 
to  bil  due  to  ir^ure  of  rock,  and  the  failure  process  is  described  by  fracture  mechanics  better 
than  plasticity.  A  fully  realistic  description  would  no  doubt  require  a  combination  of  both 
theofi^  but  the  analysis  would  then  bKome  rather  complicated. 

The  most  important  practical  consequence  of  fracture  mechanics  is  that  it  predicts  sue  eflect. 
that  is,  the  remote  compressive  stress  that  causes- a  borehole  to  fail  must  decrease  as  the  borehole 
size  increases.  On  the  other  hand,  according  to  plasticity  (or  any  other  failure  theory  expressed  in 
terms  of  stress  and  straini,  there  is  no  size  efl^.  But  the  existence  of  the  size  effect  has  been 
detected  experimentaUy  (e.g  References  19.  23.  24). 

Fracture  mechanics  has  so  far  been  well  developed  only  for  tensile  fractures,  and  to  some  extent 
shear  fractures;  their  microscopic  mechanism,  however,  still  usually  consists  of  tensile  cracks. 
Compressive  fractures  are  not  very  well  understood  at  present,  although  it  is  clear  that  their 
mechanism  involves,  in  one  way  or  another,  some  form  of  tensile  cracking  depending  on  the 
structure  geometry.  The  purpose  of  this  study  is  to  formulate  appropriate  simplifying  assump¬ 
tions  and  use  fracture  mechanics  concepts  to  obtain  an  analytical  solution  of  borehole  collapse 
that  reveals  the  size  effect  and  is  sufficiently  simple  to  be  clearly  understood — one  benefit  that 
numerical  solutions  cannot  provide.  The  plasticity  aspects  of  failure  will  have  to  be  neglected  to 
make  an  analytical  solution  feasible.  The  reality  may  be  expected  to  be  somewhere  between  the 
solutions  of  plasticity  and  fracture  mechanics,  but  probably  in  most  situations  much  closer  to  the 
latter. 

2.  ENERGY  RELEASE  DUE  TO  GROWTH  OF  ELLIPTICAL  CAVITY 

Consider  a  circular  cylindrical  borehole  of  radius  R  and  horizontal  axis  z  in  an  infinite  elastic 
space  that  is  in  a  state  of  plane  strain  (Figure  la)  and  is  subjected  at  infinities  to  uniform 
compressive  stresses  and  in  tire  directions  of  Cartesian  co-ordinates  x  and  >.  We  will 
assume  that  failure  tends  to  enlarge  the  circular  cavity  into  an  ellipse  of  horizonul  axis  o  ^  R, 
with  the  vertical  axis  remaining  equal  to  R. 

Based  on  Eshelby's  solution  of  the  stress  field  and  using  the  superposition  method,  explained  in 
detail  for  example  by  Mura,^^  one  can  calculate  the  loss  of  the  potential  energy  (per  unit 
thickness  in  the  z-direction)  of  an  infinite,  initially  uniformly  stress^  elastic  space  caused  by 
cutting  out  an  elliptical  hole 

AO,  -  -  +  2R)R<ri.  -K2fl  -h  R)aoi^  -  TaRa^^o,^ ]  (1) 

where  £■  =  £/(l  -  v*),  £  =«  Young's  elastic  modulus  of  the  rock,  v  =  Poisson's  ratio,  and 
v'  a  v/(  1  -  v).  An  I  represents  the  sum  of  the  work  of  the  stresses  on  the  strain  changes  outside  the 
ellipse,  which  are  non-uniformly  distributed  and  decay  with  the  distance  from  the  ellipse,  and  the 
w(^  of  the  stresses  on  the  strain  changes  inside  the  removed  elliptical  cutout,  which  are, 
according  to  the  famous  Eshelby's  theorem,  uniformly  distributed  within  the  ellipse. 

Eqnation  (1)  gives  the  potential  energy  change  when  the  stresses  within  the  elliptical  region  are 
redu^  to  zero.  Later  we  will  need  also  the  potential  energy  change  AH'  when  the  initial  vertical 
stress  is  reduced  to  a  certain  finite  critical  stress  o„  rather  than  to  zero.  In  that  case  the 
calculations  according  to  Eshelby's  theorem  yield 

An;  *  -  ^ t(a  +  2R)Rai.  +  (2<i  +  R)«r,*,  -  2oR(r„ <r,.  -  (2) 

Equation  (1)  may  be  checked  by  considering  the  limiting  case  R  -» 0,  for  which  the  elliptical  hole 
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Fifuic  I.  (•)  Growth  of  aa  cUipiksI  cnckini  regioii  from  •  arcuter  borehole,  and  (b)  hmii  case  of  a  crack 


becomes  a  horizontal  crack  (Figure  lb).  In  that  case  Equation  (I)  reduces  to: 

An  -  -  (3) 

This  coincides  with  the  ezpressioo  for  the  energy  loss  of  an  infinite  space  due  to  creating  a  crack  of 
length  2a.  Indeed,  as  is  well-known  (e.g.  References  26  and  27),  the  energy  release  rate  per  crack  tip 
is  Ki/E'  where  Ki  >  9,^yJ{na) »  stress  intensity  factor,  and  by  integrating  one  has,  for  both 
crack  tips  combined,  AH  a*  2}(K*/£')da,  which  is  the  same  resuh  as  equation  (3). 

Proof  of  tquatitm  (2).  Consider  an  infinite  elastic  body  subjected  at  infinity  to  a  uniform 
applied  stresses  ««,  let  a  uniform  eigenstrain  c*  be  applied  to  an  ellipsoidal  domain  O  contained 
in  this  infinite  body.  The  values  of  the  eigenstrain  c*  are  such  that  the  stress  is  zero  ever>  where  in 
the  ellipsoid  after  c*  is  applied.  This  means  that  (if  the  infinite  body  is  free  from  any  externa)  force) 
the  stress  in  the  ellipsoid  induced  by  c*  will  be  -  Because  the  stress  is  zero  everywhere  in  the 
ellipsoid,  the  ellipsoid  can  be  cut  out  from  the  infinite  body  without  affecting  its  stresses  and 
deformation.  Thus,  the  change  of  potential  energy  of  the  infinite  body  caused  by  the  applied 
eigenstrain  is  the  same  as  the  loss  of  potential  energy  caused  by  cutting  out  the  ellipsoid  from  the 
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infinile  body.  This  potentiai  energy  loss  can  be  calculated  as  follows  (e.g.  Rderenoe  2S); 

Afl  »  -  ^  I  a^e'dK  -  I  •o**dr  »  -  H) 

2  Jo  Jo  2 

where  V  is  the  volume  of  the  ellipsoid;  •«  and  •  are  the  stress  vectors  in  the  ellipsoid  when  the 
infinite  body  is  subjected  to  external  forces  alone  or  eigenstrain  c*  alone,  respectively. 

If  plane-strain  cases  are  considered,  the  ellipsoid  becomes  an  elliptic  cylinder  and  the  relation¬ 
ship  between  eigenstrain  s*  and  the  stress  induced  in  the  elliptic  cylinder  is:^^ 


^  r 

,  *  1. ,  <■  r  K‘ 
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1-v  a  +  R**  l-va-m*'  l-v** 


(5) 


(6) 

(7) 


where  /i  and  v  are  the  Lame  constants;  a  and  R  are  the  axes  of  the  ellipse  in  the  x-  and  >-directions. 
If  the  applied  stress  components  at  infinity  are  and  the  stress  component  in  the 
2-direction  is  v(a,«,  •¥  a,.).  Substituting  -  -  a,,  and  -  v(a<.  -f  a,.)  for  a<,  e,  and  a,  in 

the  above  three  equations  and  solving  them,  we  obtain  the  eigenstrain  components 


(v-l)(o-t-2R),  ,.1-v. 

2fia  2ft 

(8) 

*  l)(2fl-KR), 

2,t  ^  2ttR  ^ 

(9) 

with  ef  ^  0.  The  energy  loss  Afl  per  unit  thickness  in  the  ;-direction  can  now  be  calculated  from 
substituting  the  above  expressions  into  Equation  (Al). 

V  V  naR 

An  -  -  -(  -  ai)e*  -  I'aie*  =  -  -vlt*  -  - 

=*  -  ^[(a  -»■  2R)aL  +  (2o  -»■  R)oa/,  -  2aRa„a„]  (10) 

whm  £  *  2(1  +  v)fi  and  £’  *  £/(l  -  v^). 

Now  consider  the  loss  of  potential  energy  when  a  uniformly  stressed  infinite  body  is  cut  by  an 
elliptic  cylinder  whose  surface  tractions  along  the  surface  of  the  elliptic  hole  corresponding  to  the 
uniform  stress  state  a,  »  a„-  with  other  components  being  zero.  The  loss  of  potential  energy  for 
this  case  is  expressed  similarly  to  equation  (4),  except  that  one  term  must  be  added  as  follows: 

An  -  -  -  l^aja*  -  y(a  +  a5)e 


(11) 
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Here  the  last  term  represents  the  elastic  strain  energy  stored  in  the  elliptic  cylinder  when  both  the 
external  forces  at  infinity  are  applied  and  the  eigenstrain  c*  occurs;  t  is  the  elastic  strain  vector  in 
the  elliptic  cylinder.  Substitution  of  the  expressions  for «.  c*  and  e  into  equation  (1 1)  finally 
yields 

V  y  (Jet 

An  =  i  ^cr  1^*  3  ^  XX  "2  ^cf  (12) 

Substitution  of  equations  (8)  and  (9)  then  proves  equation  (2).  QED 
Equation  ( 1 )  gives  the  potential  energy  change  from  the  case  of  no  cavity  to  the  case  of  an 
elliptical  cavity.  By  setting  in  equation  ( 1 )  o  =  we  get  the  potential  energy  change  from  the  case 
of  no  cavity  to  the  case  of  circular  cavity  of  radius  /{(Figure  la): 

kR^ 

AOo  =  -  +  3<r^x  -  2ff,x<r,®)  (13) 

Subtracting  equation  (13)  from  equation  (2),  we  obtain  the  potential  energy  change  when  the 
stress  in  the  regions  between  the  original  circle  and  the  circumscribed  ellipse  is  reduced  from 
<r,T  to  <r„ 

AH  =  AH',  -  AHo  =  -  +  I2a^  +  Ra  - 

+  2R{R  -  alffxxO,*  -  2fl^o«]  (1^) 


3.  RESIDUAL  STRAIN  ENERGY  AFTER  COMPRESSION  FRACTURING 

If  Ox,  =  0,  the  foregoing  expression  includes  the  release  of  all  the  strain  energy  originally  stored  in 
the  zone  between  the  ellipse  and  the  original  circle  (Figure  Ic).  However,  it  is  a  particular  feature 
of  compression  fracturing  that  this  zone  cannot  be  assumed  unloaded  to  zero  stress.  Compression 
fracture  in  quasibrittle  microinhomogeneous  materials  such  as  most  rocks  initiates  as  a  system  of 
parallel,  roughly  equidistant,  flitting  cracks  having  the  direction  of  the  minimum  principal  stress 
(in  our  case  ).  These  vertical  splitting  cracks  (which  initially  cause  exfoliation  at  borehole 
surface  and  later  extensive  slabbing^*' may  eventually  get  organized  to  form  inclined 
bands,  equivalent  to  shear  bands  (Baiant  and  Oibolt^*),  which  in  our  case  may  be  imagined  to 
form  along  the  contour  of  the  ellipse.  This  aspect,  however,  does  not  seem  to  be  essential  for 
calculating  the  residual  strain  energy. 

Now  what  is  the  mechanism  that  dictates  the  residual  vertical  stress  (r„?  If  the  spacing  of  the 
vertical  cracks  is  relatively  small,  the  stress  that  can  be  carried  by  the  thin  slabs  of  the  material 
between  the  adjacent  vertical  splitting  cracks  must  obviously  be  limited  by  elastic  buckling^**  (this 
is  a  discrete  version  of  the  idea  proposed,  for  an  elastic  continuum  weakened  by  smeared  parallel 
cracks,  in  Reference  31;  see  also  Section  1 1.7  in  Reference  32).  So  we  will  consider  that  these  slabs 
(Figure  IX  of  thickness  h,  buckle  in  the  manner  of  fixed-end  columns  of  a  certain  length  2L,  equal 
to  the  crack  length. 

It  is  now  useful  to  recall  the  initial  post<ritical  behaviour  of  a  perfect  elastic  column  (e.g. 
Section  1.9  in  the  textbook  of  Baiant  and  Cedolin^^).  The  diagram  of  the  axial  load  P  of  such 
a  column  versus  the  axial  load-point  displacement  u  becomes  nearly  horizontal  upon  reaching  the 
critical  load,  i.e.  the  Euler  bifurcation  load  (the  post-critical  slope  is  still  positive,  equal  to  Pal2L, 
but  this  is  negligible  compared  to  the  pre-critit^  slopeX  see  Figure  2.  According  to  this  idea,  the 
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Figufc  2.  (a)  Diacram  of  axialioad  va  axial  load-point  dupiaccnient  for  column  buckling,  (b)  timuhaneout  buckling  of 
rock  siaba  between  parallel  cracks,  and  (cl  crack  shear  Ufcsaes 


vertical  compressive  stress  in  the  parallel  slab-columns  of  thickness  h  will  not  be  zero  but 


A  *  £^12 


(15) 


where  I »  A^/12  >  rvitroidal  moment  of  inertia  of  the  cross-section  of  the  slab  (per  unit 
thickness  in  the  z-direction),  h  »  spacing  of  the  equidistant  splitting  cracks,  and  L  =  average 
(effective)  half-length  of  the  vertical  cracks  at  the  moment  of  failure. 

We  will  now  assume  the  deformation  fields  at  the  moment  of  failure  of  small  and  large 
boreholes  (i.e.  the  modes  of  failure)  to  be  geometrically  similar,  proportional  to  the  borehole 
radius  R.  This  means  we  assume  that 


L~kR  (16) 

wbeie  k  s  empirical  positive  constant  <  1.  (Ths  assumption  is  supported  by  the  following 
aifimeot:  if  L  were  not  proportional  to  R,  then  we  would  have  L  »  kR",  where  n  >  constant 
#  1;  but  then,  for  increasing  R,  the  ratio  L/R  would  tend  either  to  infinity  or  to  zero,  that  is,  the 
mechanism  of  orflapK  would  change,  which  seems  irrational) 

In  contrast  to  tensile  cracks,  the  compressioo  splitting  cracks  have  one  particular  prop¬ 
erty — their  opening  dispiaoement  is,  according  to  the  present  model  of  simultaneously  buckling 
parallel  slab-columiu  (Figure  2b),  zero.  At  the  same  time,  the  cracks  in  rock  are  rough  and 
transmit  shear  stresses  r  when  the  opposite  faces  are  subjected  to  shear.  Now,  to  accomodate  the 
buckling  deflections  of  the  adjacent  slabs,  rdative  shear  displacements  A  between  the  contacting 
crack  Esces  must  inevitably  arise  (Figure  2c);  A  -  w'(y)A,  where  w(y) «  deflection  curve  of  each 
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Figure  3.  Calculated  dependence  of  remote  effective  stress  causing  borehole  collapse  on  the  borehole  radius 


slab-column.  The  shear  stress  transmitted  across  the  crack  due  to  surface  roughness  (Figure  3) 
may  be  approximately  assumed  to  be  proportional  to  A;  thus,  r  =  Gv^.  where  y,(  »  A  A  =  w'h 
G  s  elastic  shear  modulus  of  rock  and  A  =  empirical  length  =  material  property  representing  the 
thickness  of  an  intact  rock  layer  whose  elastic  shear  relative  displacement  due  to  unit  shear  stress 
is  the  same  at  that  between  the  crack  faces.  The  shear  stresses  acting  from  both  sheared  cracks 
exert  on  the  slab-column  a  distributed  moment  m  »  rh (Figure  2c).  The  moment  differential 
equation  of  equilibrium  of  the  slab-column  is  A#'  +  Pw'  +  m'  =  -  K,  where  A#  *  bending  mo¬ 
ment,  y  -  shrar  force  and  P  =  —  a,h  -  axial  compression  force.  Therefore,  the  differential 
equation  for  the  deflection  curve  is  E'lw""  -^{P  -  Gh^/X)w"  =  0,  where  /  *  fc^/12.  The  lowest 
critical  stress  for  fixed-end  boundary  conditions  is  then  easily  found  to  be 


(11) 


The  work  of  shear  stress  r  is  not  included  in  the  strain  energy  since  crack  shear  is  inelastic, 
irreversible  (this  work  might  be  included  in  the  dissipated  energy  expression,  but  it  is  negligible  at 
the  start  of  buckling. 

The  residual  strain  energy  (per  unit  thickness  in  the  :-direction)  contained  between  the  ellipse 
and  the  initial  circle  is  given  by  the  bending  energy  of  all  the  slab-columns,  which  may  now  be 
approximately  expressed  as 


{naR  - 


nR{a  -  R)  f  E' 

2E'  \l2k^R^  A  V 


(18) 


4.  ENERGY  DISSIPATED  BY  FRACTURING  AND  ENERGY  BALANCE 

The  energy  dissipated  by  fracturing  of  the  rock  is  the  sum  of  the  energies  dissipated  by  all  the 
vertical  splitting  cradis,  i.e. 

AIF/*(>taR-*R^)^  (19) 

(per  unit  thidtaess  in  the  z-direction),  in  which  G,/h  is  the  energy  dissipated  per  unit  volume  of  the 
rock  and  Gr  is  the  fracture  energy  of  the  rock  (Cf  »  K^/E',  where  ~  fracture  toughness  of  the 
rock). 

The  net  energy  loss  due  to  passing  from  a  circular  borehole  in  intact  rock  to  an  elliptical 
damage  zone  with  vertical  splitting  cracks  now  is,  instead  of  equation  (14), 

An  AHi  —  AHo  4-  He 


(20) 
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The  energy  t>alance  (princifrie  of  conservation  of  energy)  requires  that  -  tkU  *  6kW, .  Assuming 
the  parallel  cracks  to  form  progressively,  one  after  another,  we  need  to  differentiate  equation  (14) 
with  respect  to  a.  Thus,  we  get  the  incremental  energy  balance  condition: 


^(A^)  d(Wt) 


which  yields 


da 


da 


(21) 


—  [ffoi,  +  (4a  +  K)ff/,  -  -  4aa^.}  =  12*^  ~h~ 


We  are  interested  in  the  start  of  borehole  breakout,  which  occurs  when  a  =  R.  Substituting  this 
value  of  a  into  the  last  equation,  we  obtain 

■  '•-V  .  2£'G, 

^’~\\2k^R^ 


ttjiflO 


+  5ffJ,  -  2a,, 


(23) 


Now,  introducing  the  following  definition  of  the  effective  applied  stress: 


5a/./ 

(24) 

and  denoting 

Y  2£'G, 

(25) 

)  ^  5h 

Equation  (13)  may  now  be  written  simply  in  the  form 

ai  =  f(ff,h) 

(26) 

where  f  is  a  function  of  R  and  h. 

The  question  now  is  how  to  estimate  the  spacing  fi  of  the  vertical  splitting  cracks.  In  this  regard, 
it  is  interesting  to  note  that  F{R,  fi)  as  a  function  of  h  possesses  a  minimum.  From  this,  a  new, 
simple  concept  comes  to  mind.^*’  The  spacing  h  that  will  occur  is  that  which  minimizes  the 
applied  effective  stress  a„ .  In  other  words,  the  splitting  cracks  will  occur  at  the  lowest  compres¬ 
sive  stress  they  can  (this  concept  could  be  proven  on  the  basis  of  the  Gibbs'  statement  of  the 
second  law  of  thermodynamics  in  the  manner  shown  in  Chapter  10  of  the  textbook  of  Baiant  and 
Cedolin).^^  The  necessary  condition  of  minimum  is  that 


eF{R,h) 

dh 


=  0 


After  substituting  equation  (2S)  for  F{R,h)  and  differentiating,  we  obtain 
5^  lU^E'G  ^  .EG  -0 


12k*  R* 


(27) 


(28) 


This  is  an  algebraic  equation  of  fifth  degree  for  h.  Although  a  numerical  solution  would  be  easy, 
a  closed-form  solution  of  h  is  not  possible.  However,  it  will  suffice  to  examine  the  asymptotic 

For  sufficiently  small  Jt,  the  terms  with  h*  and  become  negligible  compared  to  the  term  with 
h’,  and  the  solution  then  is 

h^C,R*»  =  (smaUJl)  (29) 
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From  this  result^*’  we  see  that  the  spacing  of  the  splitting  cracks  should  increase  with  the  borehole 
diameter.  This  property  has  been  observed  by  Cook^^  and  co-workers. 

On  the  other  hand,  for  sufficiently  large  R,  tite  first  two  terms  of  equation  (28)  may  be  neglected, 
and  the  solution  is 


h 


constant  (large  R) 


(30) 


If  we  substitute  equation  (29)  into  equation  (26)  and  take  the  asymptotic  approximation  of 
equation  (26)  for  small  R,  we  obtain 

a„  =  C,R-^  K  (small  f?)  (31) 


while,  if  we  substitute  equation  (30)  into  equation  (26)  and  take  (he  asymptotic  approximation  of 
equation  (26)  for  large  R,  we  obtain 


=  Co  =  constant  strength 


(large  R) 


(32) 


For  the  intermediate  values  of  R  we  cannot  get  a  closed-form  expression.  However,  the 
following  combination  of  equations  (31)  and  (32)  has  the  right  asymptotic  properties  for  both 
small  and  large  R  and  is  probably  a  good  approximation  that  should  suffice  for  practical 
purposes: 

a^^CtR-^'^  +  Co  (33) 


5.  DISCUSSION  OF  SIZE  EFFECT  AND  NUMERICAL  ESTIMATES 

Equation  (19)  indicates  that  there  is  a  size  effect,  which  is  understood  as  the  dependence  of  the 
nominal  stress  at  failure  (nominal  strength,  in  our  case  coincident  with  a,f)  on  the  size— in  our 
case  the  borehole  radius  R,  provided  that  geometrically  similar  situations  are  compared.  A  basic 
property  of  plasticity,  as  well  as  all  other  theories  with  failure  criteria  expressed  in  terms  of  stress 
and  strain  tensors,  is  that  there  is  no  size  effect  (see  e.g.  Reference  32,  Chapters  1 2  and  1 3:  and 
References  34-36).  Linear  elastic  fracture  mechanics  (LEFM)  exhibits  in  general  the  strongest 
possible  (deterministic)  size  effect — the  nominal  strength  decreases  as  size~''^. 

Since  the  foregoing  analysis  used  LEFM,  it  is.  thus,  interesting  to  realize  why  the  size  exponent 
in  equation  (31)  is  -  2/5  rather  than  —  1/2.  The  reason  is  that,  instead  of  localizing  into  a  single 
dominant  crack,  fracture  has  been  assumed  to  be  distributed  over  a  large  zone  with  an  area 
proportional  to  the  diameter  of  the  borehole.  If  we  assumed  a  single  splitting  crack  with  a  length 
proportional  to  the  borehole  diameter,  the  exponent  in  equation  (31)  would  have  come  out  as 
—  1/2.  On  the  other  hand,  the  exponent  would  have  come  out  as  0  (i.e.  we  would  have  no  size 
effect  even  for  smaQ  R)  if  we  assumed  the  crack  spacing  h  to  be  the  same  for  every  borehole 
diameter,  with  the  cracking  zone  area  proportional  to  the  diameter  (in  this  case  the  energy 
dissipation  due  to  fracture  per  unit  volume  would  be  constant,  independent  of  the  borehole 
diameter,  same  as  in  plasticity).  It  is  because  of  the  theory  of  elastic  buckling  (and  because 
I  increases  with  R)  that  we  found  the  crack  spacing  to  increase  with  the  borehole  diameter  less 
than  proportionally.  It  is  for  this  reason  that  the  size  effect  exponent  in  equation  (3 1)  has  come  out 
to  be  intermediate  between  -  1/2  and  0,  that  is,  intermediate  between  the  exponents  for 
single-crack  LEFM  and  for  plasticity. 
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The  fact  that  the  compressive  stress  that  causes  borehole  breakout  exhibits  a  size  effect  has 
been  observed  experimentally*-^^  and  has  been  also  predicted  by  finite  element  models  of 
non-local  type,  for  example  models  with  couple  stresses.*-^' 

The  foregoing  analysis  tacitly  implied  the  assumption  that  the  failure  mode  of  the  borehole  is 
symmetric.  Based  on  the  experience  with  certain  other  fracture  problems  (Reference  32.  Section 
12.S  and  Reference  38),  one  may  expect  that  the  loading  path  might  exhibit  a  bifurcation,  after 
which  the  failure  process  proems  along  a  non-symmetric  secondary  path,  corresponding  to 
a  borehole  collapsing  non-symmetrically,  only  on  one  side  of  the  cavity.  Unfortunaltely.  the 
non-symmetric  collapse  mode  does  not  seem  amenable  to  a  simple  analytical  solution.  The 
present  symmetric  solution  should  represent  an  upper  bound  on  the  actual  critical  stress  for 
collapse.  It  may  also  be  pointed  out  that  the  symmetric  and  non-symmetric  response  paths 
probably  give  the  same  type  of  size  effect  and  dependence  on  other  basic  parameters.  Thus,  it  may 
well  be  possible  to  use  the  present  solution  at  least  qualitatively,  even  if  the  actual  collapse  is 
non-symmetric. 

Another  important  simplification  has  been  our  use  of  LEFM.  The  fracture  of  rock,  of  course, 
shows  significant  departures  from  LEFM  (e.g.  References  3S  and  39).  This  may  be  approximately 
described  by  assuming  the  energy  release  rate  required  for  fracture  growth  to  be  variable  (rather 
than  being  equal  to  constant  Gr)  and  to  increase  with  the  crack  length  a  according  to  a  given 
function  R(a)  called  the  R-curve  (resistence  curve).  If  an  increasing  R-curve  were  introduced  into 
the  present  type  of  analysis,  the  resulting  size  effect  would  become  weaker.  However,  measure¬ 
ments  of  the  R-curve  for  the  present  type  of  situation  are  lacking.  It  is  debatable  whether  any 
increase  of  R(n)  is  appropriate  at  all  when  many  parallel  closely  spaced  cracks  propagate 
simultaneously,  or  when  the  cracks  are  much  longer  than  the  size  of  the  inhomogeneities  in  rock. 

Related  to  possible  R-curve  behaviour,  the  splitting  cracks  in  rock  may  be  discontinuous, 
capable  of  transmitting  some  reduced  transverse  tensile  stresses  as  well  as  shear  stresses. 
Capability  of  shear  stress  transmission  must  further  arise  from  the  fact  that  these  cracks  are  no 
doubt  rather  tortuous,  permitting  interlock  of  the  asperities  opposing  relative  slip  of  the  crack 
surfaces  which  must  take  place  during  buckling.  Th^  properties,  which  have  been  neglected, 
would  increase  the  value  of  a„- 

A  further  simplification  has  been  the  ^ometry  of  the  cracking  region.  Experimental  observa¬ 
tions  of  borehole  breakout  show  that  the  cracking  regions  on  the  sides  of  the  borehole  tend  to 
have  a  roughly  triangular  shape  and  generally  a  smaller  height  than  the  length  of  the  vertical 
cross-sections  of  the  ellipse  (Figure  4).  But  for  such  geometry  a  simple  analytical  solution  would 
probably  be  impossible.  Moreover,  implicit  to  our  assumption  of  an  elliptical  cracking  region  has 
been  the  hypothesis  that  the  cracking  regions  for  boreholes  of  different  diameters  are  geomet¬ 
rically  similar  and  their  size  is  proportional  to  the  borehole  diameter.  If  the  ratio  of  the  average 
length  of  the  splitting  cracks  to  the  borehole  diameter  decreased  with  increasing  borehole 


Figure  4.  More  leaiittic  shape  of  cracking  regions  on  the  skies  of  a  borehole 
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diameter  (i.e.  the  crackinf  localized),  then  the  size  effect  would  be  stronger  than  we  have 
calculated. 

Let  us  now  consider  rock  properties  typical  of  limestone;  G,  >  31  J/m^,  £'  »  30CPa  and 
Gw  11-23  GPa.  To  estimate  a,  we  exploit  the  similarity  of  rock  to  concrete ,  for  which  extensive 
crack  shear  tests  have  been  conducted.  Taking  the  results  of  Paulay  and  Loeber's**’  tests  plotted 
in  Figure  2  of  Ba2ant  and  Gambarova.**  we  have,  for  crack  opening  disj^oement 

s  0-123  mm,  t/A  %  40  N  mm^,  which  yields  for  /  the  value  of  023  m.  No  results  seem  to  be 
available  for  S,  =  0,  however,  we  may  use  Paulay  and  Loeber's  tests  for  6,  «  023  and  030  mm  to 
approximately  extrapolate  to  0,  this  leads  to  the  crude  estimate  A  -  0 1  m,  which  we  will  use. 
Nevertheless,  there  is  enormous  uncertainty  about  the  value  of  A,  especially  for  the  small  initial 
displacements  that  matter  for  initial  buckling. 

From  equation  (32),  for  very  large  R  we  have  =  82-7  MPa  (12,000  psi).  This  means  that 
a  sufficiently  large  borehole  would  break  out  at  the  depth  of  about  30()0  m  below  the  earth 
surface.  This  is  certainly  a  reasonable  estimate,  as  an  order  of  magnitude.  However,  the  corres¬ 
ponding  value  obtained  for  the  spacing  of  the  splitting  cracks,  which  is  obtained  from  equation 
(30)  as  0-23  mm.  does  not  seem  reasonable,  since  at  such  a  small  spacing  LEFM  ceases  to  be 
valid  and  the  aforementioned  Grvalue.  obtained  on  laboratory  samples,  is  probably  inappli¬ 
cable.  But  the  aforementioned  differential  equation  for  buckling  degenerates  to  the  form  w' s  0, 
i.e.  the  slab-columns  do  not  bend  at  aU,  which  signifies  that  the  idea  of  buckling  makes  no  sense  in 
the  limit  case  P  -» oo.  Probably,  the  constant  Cq  in  equation  (32)  should  be  interpreted  merely  as 
an  empirical  large-scale  compression  strength  limit,  rather  than  a  theoretical  value  derived  by 
slab  buckling  analysis. 

Next  consider  a  borehole  of  radius  X  0-2  m  and  assume  that  k  023.  Equation  (31)  then 
yields  «  21-7  MPa  (3140  psi),  which  is  the  stress  at  the  depth  of  about  740  m  From  this  result 
we  observe  that,  if  the  crack  shear  resistance  were  neglected,  the  predicted  breakout  stress  would 
be,  compared  to  experience,  much  too  low,  by  an  order  of  magnitude.  This  shows  that  some  other 
mechanism,  which  we  proposed  to  be  the  crack  shear  resistance,  must  serve  to  elevate  the 
breakout  stress  by  an  order  of  magnitude.  Together  with  the  foregoing  value  associated  with 
crack  shear,  equation  (33)  yields  the  estimate  104-4  MPa  (13,140  psi),  which  corresponds  to 
depth  3740  m.  The  thickness  and  length  of  the  slab-columns  are  obtained  as  h  -  2-6  mm  and 
L  =  30  mm.  For  such  a  close  spacing,  the  cracks  are  more  likely  to  be  discontinuous  rows  of 
microcracks  than  continuous  cracks,  and  tlw  crack  tortuosity  due  to  heterogeneous  microstruc- 
ture  is  likely  to  cause  significant  local  weakening  of  the  slab-columns.  In  that  case,  the  formula  for 
buckling  of  a  perfect  column  of  a  uniform  cross-section  might  be  too  far  from  reality  and 
imperfections  might  have  to  be  introduced  into  the  buckling  analysis.  Nevertheless,  the  aspect 
ratio  of  the  slab  columns,  L/h  »  19-2,  is  certainly  just  right  within  the  range  where  the  carrying 
capacity  is  indeed  governed  by  the  theory  of  buckling  of  slender  columns. 

In  the  preceding  numerical  estimation,  the  size-independent  part  due  to  crack  shear  resistance, 
Co,  dwarfr  the  size-dependent  part  due  to  bending  stiffness,  One  must  be  aware, 

though,  of  the  strong  speculative  nature  of  the  foregoing  estimates.  Particularly,  the  value  we  used 
for  2  is  highly  uncertain,  and  so  is  the  value  of  k.  Consequently,  the  values  of  Cq  and  Ci  could  be 
quite  different,  and  the  magnitude  of  the  size-dependent  term  could  be  relatively  much  more 
significant  than  in  the  foregoing  calcuiatioa  Experimental  studies  are  needed. 

The  preceding  analysis  of  crack  shear  ignored  the  volume  expansion  which  is  always  caused  by 
the  slip  of  rough  cracks.  This  expansion  is  partially  prevented  by  the  surrounding  rock,  which 
causes  hydrostatic  compressive  stress  to  develop  in  the  cracking  zone.  When  the  volume 
expansion  is  not  opposed,  as  in  prismatic  test  specimens  with  lubricated  ends  (Appendix  I),  the 
crack  shear  stiffness  may  be  very  low,  and  when  it  is  completely  presented,  very  high.  In  addition 
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to  this,  the  energy  of  hydrostatic  compression  needs  to  be  subtracted  from  the  energy  that  is 
released  from  the  surrounding  rock,  which  means  that  less  energy  is  available  to  create  the 
splitting  cracks.  This  may  well  be  another  reason  why  the  collapse  stress  estimate  from  the 
slab^lumn  buckling  analysis  seems  much  too  low. 


6.  SUMMARY  AND  CONCLUSIONS 

The  basic  simplifying  hypotheses  of  the  present  solution  may  be  summarized  as  follows: 

1.  The  compression  failure  of  rock  on  the  side  of  the  borehole  is  caused  by  densely  distributed 
parallel  splitting  cracks  in  the  direction  of  the  minimum  principal  stress,  rather  than  by 
plastic  yielding. 

2.  The  zones  of  parallel  splitting  cracks  for  boreholes  of  various  diameters  are  geometrically 
similar  and  the  length  of  these  cracks  is  proportional  to  the  borehole  diameter. 

3.  For  estimating  the  energy  release,  the  inner  boundary  of  the  infinite  elastic  solid  may  be 
considered  to  expand  during  failure  from  a  circle  to  an  ellipse. 

4.  After  uniformly  spaced  splitting  cracks  parallel  to  the  minimum  principal  stress  develop,  the 
region  between  the  ellipse  and  the  original  circle  retains  a  certain  residual  stress  governed  by 
post-critical  buckling  behaviour  of  the  rock  slabs  between  the  cracks. 

5.  The  residual  stress  value  is  governed  by  buckling  of  rock  slabs  between  the  splitting  cracks. 

6.  The  buckling  stress  can  be  approximately  calculated  from  the  average  length  of  the  splitting 
cracks,  which  is  assumed  to  be  proportional  to  the  borehok  diameter. 

7.  Buckling  of  the  slab-columns  is  resisted  not  only  by  their  elastic  bending  stiffness  but  also  by 
shear  stresses  {woduced  at  the  rough  crack  faces  by  crack  shear. 

8.  The  energy  (per  unit  area)  required  for  crack  growth  in  rock  is  constant,  i.e.  independent  of 
the  crack  length  and  spacing. 

The  following  basic  observations  and  conclusions  can  be  made: 

1.  Considering  the  boundary  of  the  cracking  region  in  borehole  breakout  to  be  symmetric  and 
elliptical,  and  assuming  the  energy  that  drives  the  parallel  compression  splitting  cracks  to  be 
released  due  to  buckling  of  the  slabs  of  rock  between  the  cracks,  one  can  obtain  a  simple 
analytical  solution  for  the  collapse  stress. 

2.  The  dependence  of  the  collapse  stress  on  the  spacing  of  the  splitting  cracks  exhibits 
a  minimum,  and  the  actual  crack  spacing  may  be  considered  to  correspond  to  this 
minimum. 

3.  Borehole  breakout  exhibits  a  size  effect  such  that,  for  sufficiently  small  diameters,  the 
effective  breakout  stress  decreases  as  the  (  -  2/5)  power  of  the  lx>reho)e  diameter.  For 
sufficiently  large  diameters,  the  size  dependence  disappears. 

4.  For  sufficiently  small  diameters,  the  spacing  of  splitting  cracks  increases  as  the  (4/S)-power 
of  the  borehole  diameter,  while  for  sufficiently  large  diameters  a  constant  spacing  is 
approached. 

5.  The  energy  release  calculation  for  a  growing  ellipse  according  to  Eschelby's  theorem  also 
predicts  the  effect  of  stress  triaxiality,  i.e.  of  the  ratio  of  the  remote  principal  stresses 
[equation  (24)]  (which  is  different  from  the  result  obtained  by  plastic  analysis). 
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APPENDIX  I:  COMPRESSION  STRENGTH  OF  A  PRISMATIC  SPECIMEN 


The  present  use  of  buckling  analysts  has  been  inspired  by  a  similar  previous  analysis  of 
a  prismatic  specimen  of  length  L  and  width  see  Figure  2(b).  We  assume  that  compression 
failure  is  caused  by  the  formation  of  a  band  of  vertical  splitting  cracks  of  length  a  and  spacing 
h  and  is  accompanied  by  buckling  of  the  slabs  between  the  cracks  which  behave  as  fixed-end 
columns.  The  initial  longitudinal  stress  Oo  in  each  slab  is  reduced  by  buckling  to 
<7cf  =*  -  {E'h^l3)n^la^.  The  total  energy  loss  due  to  buckling  is  -  All  =»  Lb{e^  -  ei)l2E'.  The 
number  of  cracks  is  b/h  and  the  energy  dissipated  by  fracture  is  AIFf  »  aCtbfh.  Energy  balance 
requires  that  -  AIT  =  AIFf.  From  this,  the  stress  required  for  the  formation  of  the  band  of 
splitting  cracks  is 


<fo 


2£'G,  a  n*E’^ 
h  9a* 


(34) 


We  see  that  this  expression  has  a  minimum  as  a  function  of  the  crack  spacing  h.  From  the 
necessary  condition  of  a  minimum,  d{al)ldh  ^  0,  we  find  that 


Substituting  this  into  equation  (21),  we  conclude  that  the  specimen  fails  at  the  stress 

with  Cl  =(yT7>r»£'^C,*)‘'*  (36) 

This  size  effect  is  the  same  as  found  for  a  borehole.  Note  also  that  Oo  is  independent  of  band  width 
a,  which  means  there  is  no  tendency  for  the  band  width  to  localize. 
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Abstract 

The  lecture  consists  of  two  parts.  The  first  part  presents  a  rigorous  mathematical  analysis 
of  scaling  in  various  basic  types  of  failure.  First  it  is  shown  that  the  scaling  law  is  a  power 
law  if,  and  only  if,  a  characteristic  dimension  is  absent.  For  adl  the  theories  in  which  the 
failure  condition  is  expressed  in  terms  of  stress  or  strain  only,  including  elasticity  with  a 
strength  limit,  plasticity,  and  continuum  dam<^e  mechanics,  the  nominal  strength  of  the 
structure  is  shown  to  be  independent  of  its  size.  For  linear  elastic  fracture  mechanics,  in 
which  the  failure  criterion  is  expressed  in  terms  of  energy  per  unit  area,  the  scaling  law 
for  the  nominal  strength  is  shown  to  be  (size)"*/*,  provided  that  the  cracks  in  structures 
of  different  sizes  are  geometrically  similar.  When  the  failure  condition  involves  both  the 
stress  (or  strain)  and  the  energy  per  unit  area,  which  is  typical  of  quasi-brittle  materi¬ 
als,  the  scaling  law  represents  a  gradual  transition  between  asymptotes  corresponding  to 
the  strength  theory  and  LEFM.  The  size  effect  described  by  Weibull  statistical  theory 
of  random  material  strength  is  also  considered  and  the  reasons  for  its  inapplicability  to 
quasi-brittle  materials  are  explained.  The  second  part  of  the  lecture  focuses  attention 
on  compression  failures,  particularly  the  failures  of  reinforced  concrete  columns,  in  which 
the  size  effect  has  recently  been  observed  experimentally.  This  size  effect  is  explained 
by  energy  release  due  to  lateral  propagation  of  a  band  of  axial  splitting  cracks,  taking 
into  account  buckling  of  compressed  slabs  of  the  material  between  adjacent  axial  splitting 
cracks  and  their  postcritical  deflections. 

Keywords:  Fracture  Mechanics,  Size  Effect,  Scaling  Laws,  Quasibrittle  Materials,  Con¬ 
crete  Structures,  Compression  Failure,  Columns,  Damage  Mechanics,  Plasticity. 

Introduction 

The  problem  of  scaling  is  the  most  fundamental  aspect  of  every  physical  theory.  If  the 
question  of  scaling  is  not  understood,  the  problem  itself  is  not  understood,  there  is  no 
theory.  Questions  of  scaling  have  historically  been  the  driving  force  of  advances  in  physics. 
When  the  classical  Newtonian  mechanics  failed  at  very  large  scales,  the  theory  of  rela¬ 
tivity  had  to  be  invented,  and  when  it  failed  at  very  small  scales,  the  theory  of  quantum 
mechanics  had  to  be  invented.  The  questions  of  scaling  played  a  dominant  role  in  the 


evolution  of  fluid  mechanics;  recall  for  example  the  Reynolds  number  and  other  numbers 
characterizing  fluid  flows  at  different  scales. 

In  structural  mechanics  the  questions  of  scaling  have  for  a  long  time  been  neglected. 
From  the  practical  viewpoint,  this  is  perhaps  not  too  serious  for  mechanical  and  aerospace 
engineers,  who  can  test  all  their  structures  and  components  a  full  size,  and  for  whom  the 
main  question  is  extrapolation  in  time  rather  than  in  size.  For  civil  engineers,  however, 
the  question  of  scaling  is  paramount.  Many  civil  engineering  structures  cannot  be  tested 
at  full  size,  and  the  engineer  must  inevitably  extrapolate  from  reduced  scale  laboratory 
tests  to  much  larger  structure  sizes. 

The  reason  that  the  questions  of  scaling  have  been  neglected  is  that  the  classical 
theories  of  failure,  in  which  the  failure  is  determined  by  stress  or  strain  at  a  critical 
point  of  the  structure  or  is  characterized  by  a  constitutive  law  in  terms  of  stresses  and 
strains,  exhibit  no  size  effect.  However,  beginning  with  Griffith,  it  has  been  recognized 
that  rational  analysis  of  failure  must  take  into  account  the  energy  release  caused  by  failure 
and  its  balance  with  the  energy  needed  to  produce  fracture  or  damage  zones.  Any  theory 
in  which  the  failure  depends  on  the  energy  release  inevitably  leads  to  a  size  effect. 

In  quasibrittle  materials  such  as  concrete,  the  size  effect  is  more  complicated  than  it  is 
for  linear  elastic  fracture  mechanics.  The  size  effect  for  tensile  failures  (which  includes  also 
shear  failures)  has  been  studied  for  various  kinds  of  concrete  structures.  An  approximate 
size  effect  law  which  agrees  with  experiments  as  well  as  certain  theoretical  deductions 
has  been  developed.  There  is  no  doubt  that  the  size  effect  needs  to  be  introduced  into 
the  provisions  of  the  design  codes  for  concrete  structures  which  deal  with  diagonal  shear 
failure  of  beams,  punching  shear  failure  of  slabs,  torsional  failures,  pullout  of  bars  and 
anchors,  failure  of  splices,  etc.  However,  although  the  principles  appear  to  be  clear, 
further  work  is  needed  to  develop  detailed  formulas  for  various  situations  and  calibrate 
them  experimentally. 

Recently,  it  has  further  been  recognized  that  the  size  effect  also  occurs  in  compression 
failures  of  quasibrittle  materials.  Compressive  fracture  is  a  formidably  complex  problem 
which  has  been  already  intensely  studied.  However,  despite  many  useful  results,  the  global 
mechanics  of  compressive  failure  has  not  been  sufficiently  illuminated  and  the  size  effect 
has  not  been  determined. 

The  purpose  of  the  present  lecture  is  two-fold.  First,  the  general  scaling  laws  of  the 
mechanics  of  failure  will  be  reviewed,  considering  the  elementary  scaling  for  theories  such 
as  elasticity,  plasticity  and  Unear  elastic  fracture  mechanics,  and  then  the  more  com- 
pUcated  scaUng  for  quasibrittle  materials.  Second,  the  global  mechanics  of  compression 
fracture  in  quasibrittle  columns  will  be  analyzed  in  an  approximate  manner,  which  is 
however  believed  the  capture  the  principal  phenomena.  The  fracture  analysis  of  com¬ 
pressive  quasibrittle  failures,  and  the  corresponding  size  effect  which  will  be  presented, 
should  eventually  be  introduced  into  the  design  code  provisions  for  reinforced  concrete 
columns  and  possibly  also  prestressed  structures  in  which  compressive  failure  is  promoted 
by  prestress.  The  analysis  outUned  in  the  first  part  of  this  lecture  will  appear  in  detail  in 
a  forthcoming  journal  article  (Baiant,  1993). 


1  Basic  Scaling  Laws 

1.1  Power  Scaling  for  Structures  Lacking  Characteristic  Length 

The  size  effect  is  defined  by  comparing  geometrically  similar  structures  of  different  sizes. 
We  denote  as  Y  the  response  quantity  whose  size  dependence  is  to  be  determined — for 
example,  the  nominal  strength,  the  maximum  deflection  or  the  maximum  strain.  In  this 
paper,  our  interest  is  in  comparing  the  nominal  strength  (or  nominal  stress  at  failure), 
Y  =  <Ts>  which  is  defined  as 


=  (for2Z)) 


<7.w  =  (for3Z?) 


in  which  =  maximum  (ultimate)  load,  b  =  structure  thickness  in  the  case  of  two- 
dimensional  similarity,  D  =  characteristic  dimension  (or  characteristic  size),  which  can 
be  chosen  arbitrau'ily  (for  instance,  as  the  depth  of  beam,  the  spam,  the  half  spam,  the 
notch  depth,  etc.),  amd  c/v  =  coefficient  introduced  for  convenience  if  one  desires  <tjv  to 
correspond  to  some  commonly  used  stress  formulae. 

Let  us  first  consider  those  theories  in  which  there  is  no  characteristic  length.  This 

means  that  the  scaling  ratio  Y lY  of  the  corresponding  responses  Y  and  Y  depends  only 

on  the  size  ratio  A  =  D/D  of  two  different  sizes  D  and  D  but  is  independent  of  the 
choice  of  the  reference  size  D.  Plasticity,  elasticity  with  a  strength  limit,  continuum 
damiaige  mechanics  (without  nonlocad  concepts),  and  also  linear  elastic  fracture  mechamics 
(LEFM)  belong  to  this  class  of  theories,  and  so  do  many  other  theories  in  physics.  As  is 
well  known,  the  scaling  law  for  all  these  theories  is  a  power  law.  We  will  now  show  it  by 
adapting  an  argument  used  in  fluid  mechanics  (Barenblatt,  1979,  1987).  Let  the  scaling 
law  be  /(A),  that  is 

f  =  /(A)  (2) 

where  /  is  am  unknown  function  that  we  want  to  find.  Considering  another  structure  size 
D  =  fiD  with  the  corresponding  response  Y,  we  have 

Y  =  M  (3) 

Now,  because  there  exists  no  characteristic  size,  the  size  D  can  alternatively  be  chosen  as 
the  reference  size.  In  that  case  Eq.(2)  implies  that 


Substituting  now  the  ratio  of  Eqs.  (2)  and  (3)  into  £q.  (4),  we  obtain 


^  \XJ  f(X) 


This  is  a  functioned  equation  from  which  the  function  /(A)  can  be  solved.  To  this  end, 
we  differentiate  Eq.  (5)  with  respect  to  p  and  then  set  ft  =  A; 


in  which  /'  is  the  derivative  of  function  /.  The  last  equation  is  a  diiferential  equation  for 
the  unknown  function  /,  which  can  be  easily  solved  by  separation  of  variables.  With  the 
notation  /'(I)  =  m  =  constant,  the  integral  is  In  /(A)  =  m  In  A  +  C,  and  determining  the 
integration  constant  C  from  the  condition  C  =  In /(I)  =  0  for  A  =  1,  we  have  /(I)  =  1. 
So  we  finally  conclude  that  function  /  must  be  a  power  function, 

/(A)  =  A”*  (7) 

The  power  scaling  law  we  obtained  must  hold  for  every  physical  system  in  which 
there  is  no  characteristic  dimension.  This  includes  plasticity  or  elasticity  with  a  strength 
limit.  Further  this  includes  LEFM.  This  is  so  despite  the  fact  that  the  tensile  strength 
//,  Young’s  elastic  modulus  £  and  fracture  energy  G /  can  be  combined  to  give  a  length 
quantity,  io  =  EG (which  has  often  been  called  the  characteristic  length,  but  is  better 
called  the  characteristic  process  zone  size  because  the  former  term  means  something  else 
in  the  previously  established  terminology  of  nonlocal  continuum  theory).  The  reason  that 
the  presence  of  /q  in  LEFM  does  not  destroy  the  validity  of  the  power  law  scaling  (as  will 
also  be  shown  by  another  approach  later)  is  that,  in  LEFM,  the  fracture  process  zone 
is  treated  as  a  point,  and  that  there  is  no  change  in  failure  mechanism  associated  with 
/q  (this  is  in  contrast  to  nonlinear  fracture  mechanics,  e.g.,  the  crack  band  model  or  the 
cohesive  crack  model). 

Proving  the  converse,  i.e.,  that  there  is  no  characteristic  size  if  the  scaling  law  is  a 
power  law,  is  obvious  and  trivial. 

Note  that  the  Weibull-type  statistical  strength  theory  in  which  the  spatial  density  of 
the  material  fzdlure  probability  is  given  by  a  power  law  with  a  zero  threshold  leads  to  a 
power-type  size  effect.  This  implies  that  there  is  no  characteristic  length.  It  follows  that 
this  theory  is  unrealistic  for  structures  where  a  characteristic  length  is  obviously  provided 
by  the  material  inhomogeneities  or  the  size  of  the  fracture  process  zone  (this  conclusion 
was  reached  in  a  different  manner  in  Bazant  and  Xi,  1991). 

1.2  Boundary  Value  Problem  of  Continuum  Mechanics 

Geometrically  similar  structures  of  different  sizes  are  related  by  the  affine  transformation 
(affinity),  which  is  the  transformation  of  change  of  scale: 

Xi  =  Axj  (8) 

where  z,-  are  the  Cartesian  coordinates  for  the  reference  structure  of  characteristic  di¬ 
mension  (size)  D,  and  z,  are  the  coordinates  for  a  geometrically  similar  scaled  structure 
(Fig.  1)  and  A  =  DjD  where  D  is  the  characteristic  dimension  of  the  scaled  structure. 
The  primes  are  used  to  label  the  quantities  referring  to  the  scaled  structure.  For  the  sake 
of  brevity,  we  will  denote  dfdxi  =  di,  d/dxi  =  B,.  From  the  chain  rule  of  differentiation, 
di  =  Ad,-,  Bi  = 

For  the  reference  structure  of  size  D  and  the  similar  scaled  structure  of  size  D,  the 
field  equations  and  the  boundary  conditions  are 


For  D: 


For  D: 


djOij 

+  /i  =  0 

+  /i  =  0 

(9) 

f.i 

=  (djtti -i-d,Uj)/2 

=  {BjUi-{-BiUj)l2 

(10) 

aijUj 

=  p,  onFi 

Oij  hj 

=  pi  onfi 

(11) 

=  Ui  onFj 

fit 

=  Ui  on  Tj 

(12) 

in  which  Oij  and  are  the  stresses  and  strains  in  Cartesian  coordinate  Xi  (the  strains  are 
assumed  to  be  small),  u,  =  displacements  of  material  points,  Fi  and  r2  are  the  portions  of 
the  boundary  with  prescribed  surface  tractions  p,  and  with  prescribed  displacements  17,; 
/,  =  prescribed  volume  forces;  and  nj  =  nj  =  direction  cosines  of  unit  outward  normals 
on  the  stress  boundary. 

From  equation  (7)  we  already  know  that  the  scaling  law  must  be  a  power  function. 
Let  us  now  assume  that  the  displacements  are  related  by  the  scaling  law 

Ui  =  A"*+^u<  (13) 

where  m  is  an  unknown  exponent.  Substituting  this  into  the  differential  equations  and 
boundary  conditions  (9)-(12),  we  find  s,j  =  A"‘(djUi  +  diUj)/2.  Then  according  to  (10) 
and  assuming  further  that  the  stresses  and  strains  obey  the  same  scaling  law,  the  foUowing 
transformation  rules  ensue: 

fii  =  SijA”,  Oij  =  (T.jA",  (14) 

Pi  =  piA^  /  =  /iA"*-‘,  Ui  =  u,A”*+» 

These  rules  indicate  how  a  solution  for  one  size  can  be  transformed  to  a  solution  for 
another  size.  However,  the  value  of  m  is  indeterminate.  To  determine  it,  we  cannot 
ignore  the  constitutive  law  and  the  failure  condition.  Next  we  consider  in  this  regard  two 
important  special  cases. 

1.2.1  Elastic’plastic  constitutive  law 

The  constitutive  relation  and  the  condition  of  no  failure  (either  the  yield  condition  or  the 
condition  of  allowable  stress)  have  the  general  form: 

^ij  ~  <  (Tq  (15) 

in  which  ^ij  are  tensor-valued  functions  or  functionals  of  a  tensorial  argument  (satisfying 
proper  tensorial  invariance  restrictions),  ^  is  a  nonlinear  scalar  function  of  tensorial  ar¬ 
guments,  and  <ro  is  the  material  yield  limit  or  allowable  stress  limit.  After  transformation 
of  scale,  (15)  takes  the  form  Since  at  least  function  <p 

(and  possibly  aJso  function  is  nonlinear  (and  nonhomogenous),  this  is  possible  only 
if  dij  ~  Oij  and  €km,  =  which  means  that  m  =  0.  The  transformation  rul^  from 
Eqs.  (13)  and  (15)  then  become 

~  Attj,  9ij  —  Oij 

“  Pii  it  ~  fil\  ~ 


Pi 


(16) 


Also  9ff  =  as 


that  is,  the  nominal  stress  at  failure  does  not  depend  on  the  structure  size.  We  say  in  this 
case  that  there  is  no  size  effect.  This  is  characteristic  for  ail  failure  analyses  according  to 
elasticity  with  allowable  stress  limit,  plasticity  and  classical  continuum  damage  mechanics 
(as  well  ais  viscoelasticity  and  viscoplasticity,  because  time  has  no  effect  on  this  analysis). 


1.2.2  Linear  ekutic  fracture  mechanics 
a)  J-integral 

In  this  case,  the  constitutive  relation  and  the  condition  of  no  failure  can  be  written  as 

Oij  ~  Dijkm^km,  J  <  Gj  (18) 

in  which  Dijkm  is  the  fourth-order  tensor  of  elastic  constants,  G/  is  the  fracture  energy 
(considered  as  a  material  property),  and  J  is  the  7-integral; 


7  =  y  (^^aijSijdy  -  aijTijdiUids^ 


(e.g.,  Kanninen  and  Popelar,  1985;  Knott,  1973).  Using  the  transformation  rules  in  (13)- 
(15),  we  find  that  the  7-integral  transforms  as 

J  =  j  [5(A"‘<r,i)(A”*£y)Ady  -  A”‘<r<>n^A-^di(A”*+^tti)'^<l« 

=  =A2«+»7  (20) 

Since  both  7  and  7  must  satisfy  the  same  inequality,  that  is,  7  <  G/  and  7  <  G/  in  all 
cases,  it  is  obviously  necessary  and  sufficient  that  2m  -t- 1  =  0,  that  is, 

m  =  -l/2  (21) 

Thus,  according  to  (14)  and  (15),  the  transformation  laws  for  linear  elastic  fracture  me¬ 
chanics  are 

ti,  =  u,Va,  Sij  =  aij  =  aij/Vx  (22) 

Pi  =  Pi/A  =  Ui  =  UiVx 

c.  =  ^  (23) 

where  A  =  DjD.  So  the  nominal  stress  at  failure  depends  on  the  structure  size  D,  as  ~ 
Ify/Dox 

log  (Tat  =  constant  —  ^logZl.  (24) 

In  the  plot  of  log  as  versus  log  D,  the  linear  elastic  fracture  mechanics  failures  are  rep¬ 
resented  by  a  straight  line  of  slope  —  while  all  stress-  or  strain-based  failure  criteria 
correspond  to  a  horizontal  line  (Fig.  2). 

The  foregoing  argument  can  be  generalized  to  nonlinear  elastic  behavior,  to  which  the 
7-integral  is  also  applicable. 


» 
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b)  Work  of  stresses  during  separation 

For  the  case  of  LEFM,  the  same  result  can  alternatively  be  obtained  in  a  more  elementary 
manner.  The  energy  release  rate  can  be  calculated  by  imagining  a  small  crack  advance  of 
length  h  to  happen  in  the  following  manner:  1)  A  slit  of  length  h  is  cut  ahead  of  the  crack 
but  is  held  closed.  2)  The  normal  stresses  Cy  acting  across  the  slit  are  then  gradually 
reduced  in  proportion  to  (1  -  r)  where  r  is  a  parameter  growing  from  0  to  1.  3)  At  the 
same  time,  because  the  body  is  linear  elastic,  opening  displacements  of  the  crack  faces 
grow  in  proportion  to  r  until  they  reach  the  final  opening  displacements  of  a  crack  with 
the  tip  advanced  by  h.  The  work  of  ay  on  Uy  at  both  crack  faces  gives  the  energy  release 
per  length  h  which  must  be  consumed  by  the  fracture  process.  Because  /J(l  -r)dr  =  1/2 
and  the  stresses  Oy  work  on  both  crack  faces,  the  work  per  unit  crack  advance,  i.e.,  the 
energy  release  rate,  is 


lim 


1 

h 


(TyUydX 


(25) 


(e.g.,  Eq.  4.5.2  in  Knott,  1973,  or  Eq.  12.1.7  in  Bazant  and  Cedolin,  1991)  where  z  is  the 
coordinate  in  the  crack  direction.  Using  the  foregoing  transformation  rules,  we  find  that 
for  the  scaled  structure  the  energy  release  rate  is 

_  ^2m+i  lim  i  /  (Tytiydx  =  (26) 

A-»o  h  Jq 

which  must  be  the  same  as  the  energy  release  rate  given  by  the  preceding  equation. 
Consequently,  =  1  or  m  =  -1/2. 


1.3  Alternative  derivation:  dimensional  analysis 


In  an  alternative  way  which  is  shorter  but  more  abstract,  and  thus  to  a  novice  less 
convincing,  the  size  effect  can  be  determined  by  dimensional  analysis.  When  the  structure 
is  elastic-plastic,  its  failure  is  governed  by  the  yield  stress  tq,  whose  metric  dimension  is 
N/m^.  The  failure  also  depends  on  the  nominal  stress  a^,  whose  metric  dimension  is  also 
N/m}.  Farther,  it  depends  on  the  characteristic  structure  size  dimension  D  and  other 
dimensions  such  as  span  L,  notch  length  a  and  various  other  geometric  characteristics  all 
of  which  have  the  metric  dimension  of  m. 

The  namber  of  nondimensional  variables  governing  the  problem  can  be  determined 
from  Buckingham's  11  theorem  of  dimensional  analysis  (Buckingham  1914, 1915;  see  also 
Bridgman,  1922;  Porter,  1933;  Giles,  1962;  Streeter  and  Wylie,  1975;  Barenblatt,  1979, 
1987;  lyan^a  and  Kawada,  1980).  This  theorem  states  that  the  number  of  nondimension¬ 
al  variables  governing  any  physical  problem  is  equal  to  the  total  namber  of  variables  (in 
these  cases  five  or  more)  minus  the  number  of  parameters  with  independent  dimensions 
(in  these  cases  two).  Thus,  it  turns  out  that  the  failure  condition  must  have  the  form 


(27) 
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where  4  is  a  function.  Since  ro  is  a  constant,  and  for  geometrically  similar  structures 
also  L/ D,a/ D,. . .  are  constants,  it  follows  that  the  nominal  stress  at  failure,  <7jv,  must 
be  proportional  to  tq,  and  therefore  a  constant  when  the  structure  size  D  is  varied. 

In  linear  elastic  fracture  mechanics,  the  failure  is  determined  by  the  value  of  the 
critical  stress  intensity  factor  Kif,  the  metric  dimension  of  which  is  The  other 

quantities  determining  failure  are  the  same  as  before,  including  (Ty,D,L,a,  etc.  Again, 
the  number  of  nondimensional  variables  on  which  the  failure  can  depend  follows  from 
Buckingham’s  11  theorem  and  it  turns  out  that  the  failure  condition  must  now  have  the 
form 


(cffify/D  La  ^ 


=  0 


(28) 


Since  Ki^  is  a  material  constant,  and  since  the  ratios  LJ D^aj D,. . .  are  all  constant  for 
geometricaJly  similar  structures,  it  follows  that  must  also  be  constant.  Hence, 

ay  ~  which  agrees  with  what  we  have  already  shown  (e.g.  Bazant,  1983,  1984; 

Carpinteri  1984,  1986). 


1.4  Scaling  Laws  for  Structures  with  Characteristic  Dimension 

1.4.1  Transitional  Seeding  for  Nonlinear  Fracture  Mechanics  or  Quasibrittle 
Behavior 

In  nonlinear  fracture  mechanics,  the  criterion  of  crack  propagation  is  characterized  by 
both  an  energy  quantity  (the  fracture  energy  Gj)  and  a  stress  quantity  (strength  //  or 
yield  stress  fy).  At  first  one  might  think  that  the  size  effect  would  be  a  power  law  with  a 
constant  exponent  intermediate  between  0  and  -1/2.  However,  this  is  not  true.  Because 
the  ratio  G////  has  the  dimension  of  length  (in  the  metric  system,  it  is  N/m  divided 
by  N/m^),  a  characteristic  length  is  present  in  the  problem,  and  so  the  assumptions 
underlying  equation  (7)  are  invalid.  Hence,  the  scaling  law  cannot  be  a  power  law. 

Previous  studies  (Bazant,  1983, 1984;  Bazant,  1987;  Baiant  and  Pfeiffer,  1987;  Bazant 
smd  Kazemi,  1990;  etc.)  have  shown  that  the  scaling  law  represents  a  gradual  transition 
from  the  strength  theory  to  LEFM.  This  transition  has  the  shape  of  the  curve  plotted 
in  Fig.  Ic,  which  was  experimentally  obtained  for  notched  three-point-bend  specimens 
alreauiy  by  Walsh  (1979).  This  curve  approaches  asymptotically  the  horizontal  line  for 
the  strength  theory  when  the  size  is  becoming  very  small,  and  the  inclined  straight  line 
for  LEFM  when  the  size  is  becoming  very  large.  A  general  exact  expression  for  this  curve 
camnot  be  obtained.  However,  under  certain  simplifying  assumptions,  on  can  derive  the 
following  approximate  size  effect  law  (Bazant,  1983,  1984):  ay  =  Co(l  -I-  with 

0  =  Dl Do  where  0  —  relative  size  and  Co,  Do  =  positive  constants  (see  the  curve  in  Fig. 
Ic). 

The  simple  size  effect  law  proposed  by  Ba2ant(1983, 1984),  whose  applicability  range 
is  surprisingly  broad,  albeit  not  unlimited,  has  been  extensively  experimentally  verified 
and  applied  for  quasi-brittle  materials  such  as  concrete,  rocks,  ice,  tough  ceramics  and 
composites,  in  which  the  fracture  process  zone  has  a  non-negligible  size  and  consists  of 
distributed  microcracking.  This  law  has  been  shown  to  describe  well  the  typical  brittle 
failures  of  concrete  structures,  particularly  the  diagonal  shear  failure  of  beams,  torsional 


failure  of  beams,  punching  shear  failure  of  slabs,  pullout  of  bars  and  anchors,  failure  of 
bar  splice,  certain  types  of  compressions  failures,  failure  of  short  and  slender  columns, 
and  beam  and  ring  failures  of  pipes.  It  has  also  been  shown  that  this  law  can  be  used 
for  unambiguous  definition  of  material  fracture  characteristics,  especially  the  fracture 
energy  (or  fracture  toughness)  and  the  effective  length  of  the  fracture  process  zone,  and 
for  their  determination  from  the  peak  loads  measured  on  similar  specimens  of  different 
sizes  (e.g.Bazant  and  Kazemi,  1990). 

1.5  Weibull  Theory  for  Structures  with  Critical  Crack  Size  Independent 
of  Structure  Size 

There  is  a  fundamental  difference  between  the  classical  applications  of  fracture  mechanics 
to  metallic  structures  and  the  modern  applications  to  quasi-brittle  structures  such  as 
concrete  structures: 

•  In  the  former,  the  maximum  load  occurs  (or  failure  must  be  assumed  to  occur)  while 
the  crack  size  is  still  negligible  compared  to  the  structural  dimensions  (Fig.  Id)  and 
is  determined  by  material  characteristics  such  as  the  spacing  of  major  defects,  the 
grain  size,  or  the  ratio  of  fracture  energy  to  yield  stress. 

•  In  the  latter,  there  is  large  stable  crack  growth  (with  distributed  damage)  before  the 
maximum  load  is  reached,  and  the  maximum  load  occurs  when  the  crack  extends 
over  a  significant  portion  of  the  cross  section  (in  concrete  structures  it  is  typically 

f  50%  to  90%). 

Consider  now  geometrically  similar  metallic  structures  of  different  sizes,  made  of  the 
same  material.  The  cracks  at  maximum  load  are,  in  each  of  them,  roughly  of  the  same 
size,  and  they  are  so  small  that  the  disturbance  of  the  stress  held  caused  by  the  crack 
is  negligible  and  the  energy  release  caused  by  the  crack  is  much  smaller  than  the  strain 
energy  stored  in  the  structure.  In  that  case,  the  energy  release  rate  Q  can  be  approximately 
determined  from  the  stress  <r  (maximum  principal  stress)  that  is  calculated  for  the  crack 
location  as  if  no  crack  existed.  Then,  considering  for  example  a  crack  of  length  2a  in  two 
dimensions,  the  stress  intensity  factor  (obtmned  from  the  energy  release  is  Ki  = 
is  approximately  calculated  from  the  formula  Kj  =  oyfra  which  is  exact  for  a  crack  in  a 
homogeneously  stressed  infinite  solid.  The  condition  of  no  failure  is  written  as  itT/  <  A'c 
where  is  the  given  fracture  toughness  of  the  material.  Obviously,  this  condition  of  no 
failure  is  equivalent  to 

<r<A,  with  U  =  (29) 

This  is  the  same  as  the  strength  criterion,  with  /„  regarded  as  the  strength  of  the  material. 

In  some  other  situations,  the  crack  size  at  maximum  load  is  not  negligible  but  is 
independent  of  the  structure  size.  Then  again  the  fracture  mechanics  failure  criterion  is 
equivalent  to  the  strength  criterion,  which  means  that  the  scaling  law  is  such  that  there 
is  no  size  effect  on  the  nominal  strength. 

In  the  situations  just  discussed,  in  which  the  critical  crac.^  size  is  independent  of  the 
structure  size,  there  can  be  size  effect  on  the  nominal  strength,  but  it  is  not  deterministic. 


Rather,  it  is  caused  by  randomness  of  material  strength,  as  described  by  WeibuU-type 
statistical  theories  (Weibull,  1939;  Freudenthal,  1968;  Bolotin,  1969;  Elishakoff,  1983). 

The  Weibull  law  for  the  spatial  density  of  material  failure  probability  in  general  in¬ 
volves  a  stress  threshold  below  which  the  failure  probability  is  zero.  In  practical  applica¬ 
tions  this  threshold  is  almost  always  taken  as  zero  because  the  test  data  can  be  matched 
by  this  law  also  almost  equally  well  with  very  different  threshold  values.  It  is  interesting 
to  note  that,  for  a  zero  threshold,  the  size  effect  predicted  by  the  Weibull  theory  is  a 
power  law  (e.g.,  Ba^ant  Xi  and  Reid,  1991).  It  follows  that,  according  to  (7),  the  Weibull 
theory  for  a  zero  threshold  implies  that  no  characteristic  structure  dimension  exists.  But 
this  implies  Weibull  theory  cannot  apply  to  structures  in  wliich  the  fracture  process  zone 
size  has  a  certain  nonnegligible  characteristic  dimension.  Indeed,  the  statistical  size  effect 
is  significant  only  when  the  structure  fails  while  the  crack  is  still  very  small,  such  that  the 
stress  redistribution  caused  by  the  crack  is  globally  insignificant  and  the  energy  release 
caused  by  the  crack  is  negligible  compared  to  the  total  energy  in  the  structure. 

Randomness  of  the  material  strength  is  of  course  an  inevitable  property  of  materials 
and  its  influence  is  never  exactly  zero.  In  quasi-brittle  structures,  however,  the  WeibuU- 
type  statistical  size  effect  is  overshadowed  by  the  size  effect  due  to  energy  release  and  gets 
completely  suppressed  as  the  size  approaches  infinity.  Proposing  a  nonlocal  adaptation 
of  Weibull  theory  in  which  the  material  failure  probability  depends  on  the  strain  average 
over  a  certain  characteristic  neighborhood  of  the  point  rather  than  on  the  local  stress, 
Baiant  and  Xi  (1991)  derived  the  following  approximate  formula: 

ay  =  Co  +  ^)-‘/^  0  =  DIDo  (30) 

in  which  Co,Do,m  and  n  are  positive  constants;  n  is  the  number  of  dimensions  (1,  2 
or  3)  and  m  is  the  Weibull  modulus  of  the  material.  Normally  the  exponent  2n/m  is 
much  less  than  1.  According  to  this  formula,  the  classical  WeibuU-type  statistical  size 
effect  <7,v  oc  |g  approached  asymptoticaUy  for  sufficiently  small  structures  {0  -*  0). 

But  the  available  test  results  show  this  asymptotic  behavior  to  apply,  in  theory,  only  to 
structure  sizes  that  are  less  than  the  smallest  practical  size.  In  other  words,  the  materiad 
strength  is  random  but  causes  no  significant  size  effect,  for  any  size  range.  For  large 
structures  {0  -*  oo),  the  last  equation  indicates  that  ay  <x  that  is,  the  statistical 

size  effect  asymptotically  disappears.  The  reason,  briefly,  is  that  a  significant  contribution 
to  the  WeibuU-type  probabiUty  integral  comes  only  from  the  fracture  process  zone  which 
is  large  but  for  structures  of  different  sizes  has  roughly  the  same  size. 

2  Theory  of  Size  Effect  in  Quasibrittle  Compressive  Failure 

TheoreticaUy  it  is  clear  that  a  non-statistical  size  effect  must  also  exist  in  quasibrittle 
compression  faUures.  The  reasons  are  as  foUows: 

•  Quasibrittle  materials  such  as  concrete,  rock  and  most  advanced  composites  are 
not  elasto-  plastic  in  compression  because  the  stress  graduaUy  decreases  after  the 
peak  and  the  load-deflection  diagram  exhibits  post-peak  gradual  softening  instead 
of  terminating  with  a  long  plastic  plateau. 

•  The  failure  is  a  fracture  process,  in  which  the  energy  release  matters. 
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•  The  coarse  microstructure  of  quasibrittle  materials  indicates  that  there  must  be  a 
characteristic  dimension.  This  excludes  the  scaling  according  to  a  power  law,  and 
in  particular  the  case  of  zero  exponent  corresponding  to  the  absence  of  size  effect. 

That  quasibrittle  compressive  failures  exhibit  size  effect  has  been  confirmed  experi¬ 
mentally.  For  example,  Ba2ant  and  Kwon  ( 1992,  1993)  conducted  tests  of  geometrically 
similar  tied  reinforced  columns  made  from  microconcrete  with  reduced  size  aggregate 
(maximum  size  1/8  in.),  and  found  a  significant  size  effect.  This  size  effect  is  contradicted 
by  the  existing  design  codes,  which  all  predict  no  size  effect  as  they  are  based  on  elasticity 
and  plasticity.  The  columns  in  these  tests  were  geometrically  similar,  and  the  reinforce¬ 
ment  was  of  course  scaled,  too.  The  cross  sections  were  squares  of  sides  0.5  in.,  1  in.,  and 
2  in.,  and  the  slendernesses  were  19,  36  and  53. 

Compression  fracture  is  a  formidable  problem,  more  complex  than  tensile  fracture. 
Many  results  have  already  been  obtained  (Bazant,  1967;  Biot,  1965;  Horii  and  Nemat- 
Nasser,  1985, 1986;  Kendall,  1978;  Sammis  and  Ashby,  1986;  Shetty  et  al.,  1986;  Batto  and 
Schulson,  1993;  and  others).  However,  most  studies  were  actually  solving  the  problem  of 
initiation  of  compression  fracture  from  various  types  of  defects,  such  as  wedging  inclusion 
configurations  or  the  spread  of  wing-tip  cracks  from  an  inclined  microcrack,  which  govern 
the  initial  behavior  long  before  the  maximum  load  is  approached.  The  maximum  load  is 
determined  by  a  global  mechanism,  which  has  not  been  adequately  iUuminated,  although 
it  is  clear  that  internal  instability  of  the  damaged  material  must  play  a  dominant  role 
(Biot,  1985;  Bazant,  1987). 

In  the  second  part  of  this  lecture,  we  will  now  concisely  outline  a  new  mathematical 
model  characterized  by  (1)  energy  release  analysis,  and  (2)  instability  with  post-critical 
buckling  of  microslabs  of  the  material  between  adjacent  splitting  cracks.  The  detailed 
analysis  will  be  presented  in  Baiant  and  Xiang  (1993). 


2.1  Stocky  Columns 

Consider  a  column  (a  beam)  shown  in  Fig.  2a,  having  length  L,  width  D  (characteristic 
dimension)  and  unit  thickness  6=1.  One  end  cross  section  is  fixed.  The  other  is 
subjected  to  axial  displacement  u  and  rotation  9  and  is  loaded  by  axial  compressive  force 
P  of  eccentricity  e.  The  initial  normal  stress  in  the  cross  sections  before  any  fracturing  is 

=  (31) 

where  E  =  Young’s  elastic  modulus,  and  z  =  transverse  coordinate  measured  from  the 
compressed  face  (Fig.  2a).  We  now  assume  that,  a  certain  moment  of  loading,  axial  cracks 
of  spacing  s  and  length  h,  forming  a  band  as  shown  in  Fig.  2a,b,c,  suddenly  appear  and 
the  slabs  of  the  material  between  the  axial  cracks,  behaving  as  beams  of  depth  s,  lose 
stability  and  buckle.  This  can  happen  in  any  one  of  the  three  mechanisms  shown  in 
Fig.  2a,b,c,  and  for  all  of  them  the  mathematics  turns  out  to  be  identical.  If  the  length 
of  the  cracks  in  the  two  inclined  bands  in  Fig.  2c  is  denoted  as  h/2.  The  critical  stress 
for  the  microslab  buckling  shown  in  Fig.  2a,b,c  is,  in  all  cases. 


ir^Es* 

3h^ 


(32) 


9 


9 


9 


9 


I 


I 


I 


Gi  Unloading  Zones 
T  ECBE&ADFA  1 


i  Crack  Band 


CDBAC  &  BEKLB 


Figure  2:  (a-c)  Splitting  cracks,  buckling  of  microslabs  amd  stress  relief  zone,  (d-e) 
stress-strain  diagrams  with  an  without  buckling  and  areas  representing  strain  energy 
changes,  (f)  size  effect  deduced  for  compression  failures 


The  key  idea  is  now  the  calculation  of  the  change  in  stored  strain  energy  caused  by 
buckling.  On  the  side  of  the  crack  band,  there  is  obviously  a  zone  in  which  the  initial  stress 
<7o  is  reduced.  For  the  sake  of  simplified  analysis  we  assume  that  the  stress  in  the  shaded 
triangle  areas  of  Fig.  2a,b,c  is  reduced  all  the  way  to  Oct  and  outside  these  areas  the  initial 
stress  does  not  change.  The  triangular  areas  are  limited  by  the  so-called  ‘‘stress  diffusion 
lines”  of  slope  whose  magnitude  is  close  to  1  but  can  be  reliably  determined  only 
by  experiment  or  by  accurate  solution  of  the  two-dimensional  boundary  value  problem. 
For  the  analysis  of  size  effect,  however,  the  only  important  fact  is  that  1;  is  a  constant 
if  geometrically  similar  columns  are  considered.  In  these  shaded  triangular  stress-relief 
zones,  the  strain  energy  density  before  and  after  fracture  is  indicated  by  triangles  0120 
and  0340  in  Fig.  2d,  and  so  the  loss  of  strain  energy  density  on  a  vertical  line  of  coordinate 


AH,  = 


^o(x) 


The  situation  is  more  complicated  in  the  crack  band.  The  microslabs  buckle,  and 
the  energy  associated  with  the  postbuckling  behavior  must  be  taken  into  account,  which 
is  a  key  idea  proposed  in  this  lecture.  The  strain  energy  density  before  buckling  of  the 
microslabs  is  given  by  the  area  0120  in  Fig.  2e.  The  analysis  of  postbuckling  behavior 
of  columns  (Baiant  and  Cedolin,  1991,  Sec.  1.9  and  5.9)  indicates  that  the  stress  in  the 
axis  of  the  microslab  follows  after  the  attainment  of  the  critical  load  the  straight  line  35 
which  has  a  very  small  positive  slope  (precisely  equal  to  <Tcr/2).  This  slope  is  far  smaller 
than  the  slope  E  before  buckling  and  can  therefore  be  neglected.  So  the  postbuckling 
behavior  is  approximately  a  horizontal  plateau  35  in  Fig.  2e,  however,  is  not  the  same  as 
plastic  behavior  because  unloading  proceeds  along  the  path  530.  Because  the  microslabs 
remain  elastic  during  buckling,  the  stress-strain  diagram  035  is  fully  reversible  and  the 
energy  under  this  diagram  is  the  stored  elastic  strain  energy.  The  triangular  area  0340  in 
Fig.  2e  represents  the  axial  strain  energy  density  of  the  microslabs  amd  the  rectangular 
area  35643  represents  the  bending  energy  density.  The  change  in  strain  energy  density  in 
the  microslabs  is  the  difference  of  areas  0120  and  03560  in  Fig.  2e,  that  is. 

An,  =  ^  (34) 

where  Ce  is  the  axial  strmn  of  the  microslabs  in  the  crack  band  after  buckling  (it  is 
important  that  it  is  generally  not  equal  to  04  or  02  in  Fig.  2e). 

Integration  of  (33)  and  (34)  yields  the  total  loss  of  potential  energy  at  constant  u  and 


where  a  =  horizontal  length  of  the  crack  band  (Fig.  2a,b,c).  This  energy  must  be  equal 
to  the  energy  consumed  by  the  formation  of  the  surfaces  of  ail  the  axial  splitting  cracks. 
Thus,  the  energy  balance  criterion  of  fracture  mechanics  may  be  written  as: 


2k{a  —  x)dx 


(36) 


where  G/  is  the  fracture  energy  of  the  axial  splitting  cracks,  assumed  to  be  a  material 
property. 

The  axial  strain  in  the  crack  band  can  be  determined  from  the  compatibility  condition. 
Because  the  end  cross  sections  are  assumed  to  be  fixed  during  buckling  (i.e.,  u,9  = 
constant),  the  stress  in  the  blank  areas  of  the  column  in  Fig.  2a,b,c  remains  constant, 
and  so  the  line  segment  GJ  in  Fig.  2a  at  any  *  does  not  change  length.  Expressing  the 
change  of  length  of  this  segment  on  the  basis  of  <Tct,  (c  ^'Hd  ao  and  setting  this  change  to 
zero,  one  obtains  the  following  compatibility  condition 

€c(i)  =  ^^^[/‘  +  2fc(a-2;)]  -  (37) 

The  length  h  of  the  axial  cracks,  representing  the  width  of  the  crack  band  in  Fig.  2a,b 
or  double  the  crack  band  width  in  Fig.  2c,  is  an  important  parameter  that  must  be 
determined.  The  critical  stress  according  to  (32)  would  decrease  with  increasing  h,  and  so 
the  largest  energy  release  would  be  obtained  for  h  — ►  oo.  Since  the  largest  energy  release  is 
what  must  happen  (because  of  thermodynamic  considerations;  Ba2ant  and  Cedolin,  1991, 
chapters  10  and  12)  the  prediction  would  be  =  0,  which  is  however  unreasonable.  In 
a  recent  study  of  the  role  of  axial  splitting  cracks  in  borehole  breakout  (Bazant,  Lin,  and 
Lippmann,  1993),  the  microslab  buckling  was  assumed  to  be  opposed  by  shear  stresses  on 
the  microcracks  taken  as  proportional  to  the  slip  on  the  microcracks.  That  assumption 
leads  to  a  more  complicated  formula  for  than  before,  and  it  is  noteworthy  that  the 
minimum  Ccr  is  now  obtained  for  a  certain  finite  value  of  h.  Furthermore,  in  reinforced 
concrete  columns  the  crack  length  is  no  doubt  strongly  influenced  by  the  elastic  stiffness 
and  spacing  of  the  ties  or  the  pitch  of  the  spiral. 

In  this  preliminary  exposition,  we  prefer  to  keep  only  the  essential  ingredients  of  the 
analysis  necessary  to  illustrate  the  idea,  and  so  we  will  simply  assume  that  /i  is  a  given 
constant  (the  problem  will  explored  deeper  in  Bazant  and  Xiang,  1993). 

We  must  now  substitute  Eqs.  (31)  -  (34)  and  (36)  into  (36)  and  integrate.  Although 
it  is  no  problem  to  calculate  the  integral  exactly,  the  resulting  expression  is  lengthy  and 
in  view  of  the  approximate  nature  of  the  entire  analysis  we  prefer  to  evaluate  the  integral 
approximately,  taking  the  value  of  the  integrand  at  the  centroid  of  the  triangles,  x  =  a/3 
and  multiplying  it  by  length  L.  This  yields 
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Substituting  this  into  the  energy  criterion  of  crack  band  propagation,  we  get 
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It  is  abo  helpful  to  relate  stress  <7o  at  x  =s  a/3  to  the  nominal  stress  as  defined  as  the 
maximum  stress  in  the  beam  just  before  fracturing; 

/  r  c-  /  \  T  -1 
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(40) 


Now,  ks  is  a  constant  when  geometrically  similar  columns  with  similar  cracks  are  con¬ 
sidered,  and  so  is  a.  So  Eq.  (40)  can  be  written  as 

Ci<TqD  C2<fQ  +  C^oqD  •+■  C4C0  +  OsD  -i-  Cg  =  0  (41) 


in  which  a  =  a/D  and  Cx,...Ci  are  constants  if  geometrically  similar  columns  with 
geometrically  similar  crack  bands  are  considered.  From  this  equation  we  have 

_  C^al  -i-  Cg  _  Co(g,  -  gAf)(gp  -  on)  .^2) 

oi(.Cial-irCzaQ-¥Ci)  {o,  -  <rN){trs  -  Or) 

Co  =  constant;  (t«,  Or  are  the  larger  and  smaller  roots  of  the  quadratic  polynomial  in 
the  denominator  of  (42),  and  (fqtOp  are  the  larger  and  smaller  roots  of  the  quadratic 
polynomial  in  the  numerator  of  (42).  For  physical  reasons,  we  expect  the  roots  to  be  real 
and  such  that  ag  >  <rp  >  Or  and  <r,  >  (Tp. 

Eq.  (42)  yields  the  size  effect  plot  sketched  in  Fig.  2f.  This  plot  represents  a  tran¬ 
sition  from  the  plastic  limit  Op  approached  for  D  0  to  the  residual  nominal  stress 
Or  approached  for  D  00.  So  the  conclusion  from  our  analysis  is  that  compression 
failure  caused  by  lateral  propagation  of  bands  of  aocial  splitting  cracks  and  buckling  of  the 
microslabs  between  the  cracks  ought  to  exhibit  a  size  effect. 

It  is  interesting  to  note  that  the  foregoing  result  is  similar  to  the  generalization  of 
the  size  effect  law  proposed  in  Baiant  (1987)  for  the  compression  failure  in  the  Brazilian 
split-tensile  test,  which  reads 

D  \ 


<T/v  =  (<r, 
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where  Dq  —  constant  (transitional  size).  The  plot  of  this  equation  has  a  same  shape  as 
Fig.  2f.  Inverting  this  equation,  one  has 


D  = 


+  <yp(2<Tr  -  gp) 
-  ’lOrOti  0} 


(44) 


It  is  interesting  to  note  the  analogy  to  (42),  although  both  equations  do  not  coincide. 


2.2  Slenderness  Effect 

In  the  experiments  of  Batant  and  Kwon  (1993)  it  was  observed  that  the  size  effect  in 
columns  becomes  more  pronounced  with  increasing  slenderness.  The  foregoing  solution 
of  size  effect,  given  by  (42),  corresponds  to  small  slenderness  LfDo-  The  size  effect  that 
this  equation  describes  may  be  denoted  as  where  /  is  the  function  implicitly 

defined  by  (42). 

If  the  column  is  slender,  one  must  take  into  account  the  release  of  potential  energy 
from  the  deflected  column.  An  easy  way  to  calculate  it  is  to  imagine  the  end  cross  sections 
of  the  column  segment  that  undergo  relative  displacement  u  and  relative  rotation  0  and 
are  distance  L  apart  (Fig.  2)  to  be  right  next  to  the  stress  relief  zone  and  assume  that 
L  1.  To  determine  the  energy  release  from  the  column,  we  assume  that  during  the 
advance  of  crack  length,  da,  the  values  of  u  and  9  remain  constant.  This  means  that 
the  applied  load,  P,  the  load-point  displacement  at  the  end  of  the  column,  Ua,  and  the 


midspan  deflection  u  all  change.  In  this  case,  the  change  of  stresses  and  deformations 
due  to  column  buckling  does  not  interfere  with  the  triangular  energy  release  zones  we 
considered  earlier  (Fig.  2).  We  could  of  course  calculate  the  energy  release  at  fixed 
load-point  displacement  or  at  a  fixed  load,  but  in  that  case  the  strains  and  stresses  in 
the  unshaded  area  in  Fig.  2  would  not  remain  constant,  but  would  change,  which  would 
invalidate  our  preceding  calculation.  This  is  a  basic  idea  of  the  present  approach. 

Consider  the  column  to  be  hinged  and  take  the  deflection  curve  approximately  as 
z  ss  wsin{iry/l)  where  w  =  midheight  deflection,  y=  longitudinal  coordinate.  The  change 
in  the  axial  force  and  moment  at  midlength  can  be  calculated  from  the  change  of  the 
stress  distribution  due  to  the  extension  of  the  band  of  splitting  cracks  by  da: 

dP  =  [ocr  -  <rQ{a)]da,  dM  =  (<Tc  -  <7o(a)]  da  (45) 

where  <Ter  is  the  critical  stress  in  the  microslabs.  Load  P  is  assumed  to  have  a  con¬ 
stant  eccentricity  e  at  the  ends  of  column,  and  so  M  =  P(e  u;)  or  tu  =  {M/P)  -  e. 
Differentiating,  we  have 

dw  =  ^[dM  -{e  +  w)dP]  (46) 

The  axial  shortening  due  to  deflections  tu  is  Uo  =  JoiP)^dy/2  =  v^w^/4t,  and  so  the 
work  of  the  axial  load  during  da  is 

dW  =  PduQ  =  P—wdw  (47) 

The  change  of  stored  bending  energy  during  da  is  dU  -  d  EI{z")'^dy/2  =  d{n*EIw‘^/4t^), 
that  is 

dU  =  ir*EIwdw/2^  (48) 

where  /  =  moment  of  inertia  of  the  cross  section  of  column. 

The  change  of  potential  energy  due  to  axial  elastic  strains  is  dlla  =  -dll*  = 
—d{P'^t/2EA)  where  A  =  cross  section  area  of  column  and  11*  is  the  complementary 
energy  due  to  axial  deformations.  Now  the  change  of  potential  energy  during  da  due  to 
column  deformation  is  dll  =  dU  —  dW  -I-  dlla,  and  the  additional  energy  release  due  to 
column  deformation,  which  needs  to  be  added  to  that  calculated  before  in  Eq.  (36),  is 
given  by 

da  =  g^da  =  (P^  -  P)  Wdw  -  -^PdP  (49) 

In  this  equation  Pa-  =  k^EI/I"^  =  first  critical  load  of  hinged  column. 

It  may  be  now  be  noted  that  if  the  column  is  axially  very  stiff  and  P  =  Per,  there  is 
no  energy  release  due  to  column  deformation,  which  might  have  been  expected.  When 
Per  >  P,  there  is  a  positive  energy  release  because  dw  and  PdP  are- negative  during  crack 
band  extension.  The  additional  energy  release  must  obviously  promote  fracture,  and  thus 
it  must  intensify  the  size  effect.  It  remains  to  study  the  foregoing  results  numerically, 
which  will  be  done  in  Baiant  and  Xiang  (1993). 


2.3  Alternative  Simpler  Approach  to  Slenderness 

The  influence  of  column  slenderness  on  the  size  effect  can  also  be  approximately  described 
by  a  simpler  alternative  calculation  based  on  matching  the  midheight  maximum  stress 
from  column  buckling  with  the  stress  associated  with  crack  band  growth.  The  effect  of 
slenderness  is  to  cause  lateral  deflection,  which  is  in  the  mid-span  of  the  column  approx¬ 
imately  equal  to  ne  where  ^  is  the  magnification  factor  /i  =  [1  -  {P/Pcn  )]  ’>  ^CTl  is 

the  first  critical  load  of  the  column,  whose  value  decreases  with  increasing  slenderness 
D/L.  Writing  now  the  same  definit’on  of  the  nominal  stress  as  for  small  slenderness  and 
imposing  the  condition  that  the  stress  given  by  the  size  effect  law  be  the  maximum  stress 
in  the  deflected  slender  column,  we  have: 


The  size  effect  plot  of  <tn  versus  D  is  the  solution  of  these  two  equations,  in  which  P  is  a 
parameter  to  be  eliminated.  Obviously,  the  size  effect  will  be  more  pronounced  for  higher 
slenderness. 

2.4  Borehole  Break-out 

A  size  effect  has  also  been  deduced  for  borehole  breakout  in  rock  under  certain  simplifying 
hypotheses.  In  an  infinite  elastic  space  that  is  initially  under  uniform  triaxial  stress  with 
minimum  principal  stress  a  cylindrical  borehole  of  diameter  D  is  drilled.  This  causes  a 
zone  of  parallel  splitting  cracks  to  form  at  the  sides  of  the  borehole.  For  various  borehole 
diameters  D,  these  zones  are  considered  to  be  similar  and  have  elliptical  shapes.  The 
growth  of  the  cracking  zone  causes  a  release  of  the  stored  energy  which  must  be  equal 
to  the  energy  consumed  by  the  growth  of  the  cracks.  Using  this  condition  and  assuming 
the  splitting  cracks  to  follow  LEFM,  Balant,  Lin  and  Lippmann  (1991)  showed  that 
<rs  oc  Z?”*/*.  The  reason  that  the  exponent  in  not  -1/2  is  twofold:  (1)  There  is  not  one 
but  many  cracks,  and  (2)  the  spacing  s  of  the  cracks  is  not  proportional  to  D  but  to  D*^^, 
which  results  from  the  analysis  of  buckling  of  the  intact  rock  slabs  between  the  parallel 
cracks. 

3  Conclusions 

The  scaling  law  for  nominal  stress  at  failure  is  a  power  law  if  and  only  if  there  is  no 
characteristic  dimension  of  the  structure.  This  applies  to  elasticity,  plasticity,  continuum 
damage  mechanics  and  linear  elastic  fracture  mechanics.  In  quasibrittle  or  nonlinear 
fracture,  the  scaling  law  is  a  transition  between  asymptotes  representing  plasticity  and 
linear  elastic  fracture  mechanics,  provided  that  the  fractures  at  the  maximum  load  are 
geometrically  similar.  When  a  structure  fails  at  the  crack  initiation  from  a  flaw  whose 
size  is  a  material  property,  independent  of  the  structure  size,  there  is  no  deterministic 
size  effect,  but  a  size  effect  is  obtained  as  a  consequence  of  the  randomness  of  strength,  as 
described  by  WeibuU-type  statistical  theory.  The  size  effect  in  compressive  failure,  which 
has  been  brought  to  light  by  recent  experiments,  can  be  theoretically  explained  by  lateral 
propagation  of  a  band  of  axial  splitting  cracks  and  buckling  of  microslabs  of  the  material 


betwem  tlw  adjacent  cracks.  Analysis  of  the  fracture  energy  release  in  this  mechanism 
must  take  into  account  the  postcritical  deflections  of  the  mkroslabs.  This  theory  leads 
to  a  transitional  size  effect  law  terminating  with  a  finite  residual  stress.  An  increase  of 
column  slenderness  intensifies  the  size  effect. 
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.  Cracks  Interactinc;  with  Particles  or  Fibers 
IN  Composite  Materials 

By  Ciilks  Pyaudicr-C'abol,'  Associate  Member.  ASCE, 
and  Zdentk  P.  Baiant.^  Fellow.  ASCE 


AaaTaAcr:  MicnititcchanKs  analysis  ni  damage  in  heterogeneous  media  and 
composites  cannot  ignore  the  interactions  aiming  cracks  as  well  as  between  cracks 
and  inclusions  or  voids.  Previous  investigators  can  to  this  conclusion  upon  t'inding 
that  stales  oi  distributed  ldirfu.se)  cracking  (damage)  canmit  he  mathematically  rep¬ 
resented  merely  as  crack  systems  in  a  homogenetius  medium,  even  though  stable 
states  with  distributed  damage  have  been  cxpenmcntally  observed  in  heterogeneous 
materials  such  as  concrete.  This  paper  presents  a  method  for  modeling  interactions 
between  a  crack  and  many  inclusions.  Based  on  the  Duhamel-Neuman  analogy, 
the  effect  of  the  inclusions  is  equivalent  to  unbalanced  forces  acting  on  the  contour 
of  each  inclusion  in  an  infinite  homogeneous  solid.  The  problem  is  solved  by  su¬ 
perposition;  it  is  decomposed  into  several  standard  problems  of  elasticity  for  which 
well-known  solutions  are  available.  The  problem  is  finally  reduced  to  a  system  of 
linear  algebraic  equations  similar  to  those  obtained  by  Kachanov  for  a  system  of 
interacting  cracks  without  inclusions.  The  calculated  estimates  of  the  stress  inten¬ 
sity  factors  differ  from  some  known  exact  .solutions  by  less  than  iU%  provided  the 
cracks  or  the  inclusions  arc  mu  very  close  to  each  other.  Approximately,  the  prob¬ 
lem  can  be  treated  as  crack  propagation  in  an  equivalent  homogeneous  macroscopic 
continuum  for  which  the  apparent  fracture  toughness  increases  or  decreases  as  a 
function  of  the  crack  length.  Such  variations  arc  calculated  for  su^ered  inclu¬ 
sions.  They  arc  analogous  to  /f-curves  in  nonlinear  fracture  mechanics.  They  de¬ 
pend  on  the  volume  fraction  of  the  inclusions,  their  spatial  distribution  and  the 
difference  between  the  clastic  properties  of  the  inclusions  and  the  matrix.  Large 
variations  (of  the  order  of  IO()*;f )  arc  found  depending  on  the  location  of  the  crack 
and  its  propagatitin  direction  with  Kspcct  to  the  inclusions. 


Introduction 

Most  particulate  or  fibcr-rcinforccd  compositc.s  do  not  fail  by  propagation 
of  a  single  microcrack.  Typically,  these  materials  arc  capable  of  sustaining 
significant  loads  while  multiple  microcracks  propagate.  In  conercte  loaded 
in  uniaxial  tension  or  compression,  acoustic  emission  analyses  (Legendre 
1984;  Maji  et  al.  1990)  and  X-ray  mieroscopic  observations  (Darwin  and 
Dewey  1989)  show  that  distributed  microcraeks  and  damage  localization  ex¬ 
ist  in  the  material  prior  to  failure.  In  these  brittle  heterogeneous  composites, 
craeks  are  often  initiated  at  the  interfaee  between  the  matrix  and  the  aggre¬ 
gate  pieces,  and  they  propagate  into  the  matrix  eventually.  Distributed  craek- 
ing  is  also  observed  in  fiber  composites,  the  behavior  of  which  in  the  planes 
normal  to  the  fibers  is  similar  to  a  two-dimensional  particulate  composite 
(Highsmith  and  Reifsnider  1982). 

The  key  problem  in  developing  a  theory  explaining  such  observations  is 
how  to  take  into  account  the  effect  of  the  heterogeneities.  Pijaudier-Cabot 
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and  Dvorak  (1990)  recently  proposed  an  approximation  method  for  esti¬ 
mating  the  variation  of  the  stress  intensity  factor  and  the  inherent  toughening 
effect  at  the  tip  of  a  crack  that  touches  the  interface  between  two  elastic 
materials.  In  the  case  of  concietc-like  materials,  which  are  the  main  moti¬ 
vation  for  this  paper,  most  studies  considered  that  the  interactions  among 
cracks  or  between  aggregate  pieces  and  cracks  could  reasonably  be  ne¬ 
glected.  except  in  some  special  ca.scs. 

Zaitsev  (1985)  developed  a  rather  comprehensive  model  in  which  the  in¬ 
clusion-crack  interaction  is  neglected  and  each  crack  may  interact  only  with 
its  closest  neighbor.  However,  the  postpeak  softening  a  response  of  concrete 
specimens  could  not  be  obtained  with  this  method.  Mote  recently,  Huang 
and  Li  (1989)  and  Hu  ct  al.  (1986)  used  similar  ideas  and  proposed  models 
in  which  the  toughening  (i.e.,  crack  arrest)  effect  of  the  inclusions  was  in¬ 
corporated.  Although  the  mechanical  interaction  effects  were  still  lacking, 
crack  deflection  mechanisms  were  represented  statistically  (Faber  et  al.  1983; 
Evans  and  Faber  1983).  The  effect  of  crack-inclusion  interaction  on  dynamic 
crack  propagation  was  studied  by  Sih  and  Chen  (1980). 

The  effect  of  crack  interaction  has  recently  been  considered  in  the  studies 
of  micromechanics  of  damage  in  concrete  or  ceramics  (Horii  ct  al.  1989; 
Ortiz  1988;  Baiant  et  al.  1989;  Kazemi  and  Pijaudier-Cabot  1989),  and  sev¬ 
eral  approximation  schemes  for  estimating  crack-interaction  effects  have  been 
proposed  (see  e.g.,  Kachanov  (1987);  Horii  and  Nemat-Nasscr  (1985)).  In 
particular,  the  importance  of  crack  interaction  at  the  onset  of  damage  lo¬ 
calization  has  been  proven  to  be  a  fundamental  aspect  that  justifies  partial 
nonlocality  of  the  constitutive  relations  at  the  macroscopic  level,  i.e.,  for 
the  homogenized  damaged  medium  (Pijaudier-Cabot  and  Berthaud  1990). 

Some  investigations  have  led  to  a  striking  conclusion:  according  to  thcr- 
nradynamics  and  stability  analyses,  most  regular  crack  systems  such  as  par¬ 
allel  equidistant  cracks,  periodic  arrays  of  cracks  and  some  colinear  crack 
systems  cannot  be  reached  by  a  stable  path  under  usual  load  or  displacement 
control  conditions  (Ba2ant  1989;  Ba2ant  and  Cedolin  1991;  Baiant  1987b; 
Baiant  and  Tabbara  1989).  Such  models  incorrectly  predict  that  only  a  single 
crack  ought  to  propagate.  Thus,  stable  states  of  diffuse  damage  consisting 
of  a  system  of  tensile  microcracks  cannot  exist  according  to  these  mathe¬ 
matical  models  in  the  first  place,  although  tl^y  have  been  observed  experi¬ 
mentally.  Furthermore,  the  predicted  shape  of  the  softening  postpeak  load- 
displacement  curve  does  not  agree  with  experience  and  snap-back  instability 
is  predicted  to  occur  earlier  than  seen  in  tests  (Baiant  1987a).  These  dis¬ 
crepancies  suggest  that  the  mechanical  effect  of  inhomogeneities  cannot  be 
ignored  in  modeling  the  evolution  of  damage  and  its  progressive  localization 
in  concietc-like  materials.  This  provided  the  motivation  for  the  present  study. 

Solutions  for  some  cases  of  the  interaction  between  a  crack  and  an  inclu¬ 
sion  in  an  elastic  matrix  exist  (see  e.g.,  Kunin  and  Gommerstadt  (1985); 
Erodogan  et  al.  (1974)).  They  are  based  on  a  system  of  singular  integral 
equations,  which,  however,  appears  to  be  intractable  in  the  cases  where  sev¬ 
eral  inclusions  interact  with  the  crack.  Mura’s  equivalent  inclusion  method 
(Furuhashi  et  al.  1981)  poses  similar  problems  as  it  requires  computation  of 
integrals  that  may  not  converge  absolutely  wlwn  the  inclusions  arc  period¬ 
ically  distributed  in  an  infinite  medium. 

In  this  paper  (which  is  based  on  a  conference  paper  by  Pijaudier-Cabot  et 
al.  (1990)),  we  present  an  approximation  scheme  for  solving  the  problem  of 


1612 


interaction  between  cracks  and  inclusions.  The  method  can  be  viewed  as  an 
extension  of  Kachanov's  superposition  scheme  (1987)  for  an  interacting  crack 
system  without  inclusions.  Similar  extensions  could  be  made  using  the  method 
of  pseudotractions  (Horii  and  Nemat-Nasscr  1985). 

The  paper  is  organized  as  follows.  First,  the  approximation  method  is 
developed,  considering  the  simple  ease  of  one  crack  interacting  with  an  in¬ 
clusion.  and  verined  by  comparisons  with  solutions  available  in  the  litera¬ 
ture.  Second,  an  extension  of  this  technique  to  the  situation  in  which  one 
crack  interacts  with  several  periodically  distributed  inclusions  is  carried  out. 
Finally,  the  effect  of  the  inclusions  on  crack  propagation  is  interpreted  in 
terms  of  an  apparent  fracture  toughness  of  the  homogenized  composite.  The 
ultimate  objective  is  to  develop  a  realistic  model  for  the  fracture  process 
zone  in  composites. 

The  study  is  restricted  to  cases  in  which  the  bond  between  the  matrix  and 
the  inclusion  is  perfect.  Partial  debonding  and  interfacial  cracking  will  not 
be  considered.  This  simpliFication  is  realistic  especially  for  composites  such 
as  high-strength  concrete  or  light-weight  concrete. 

Interaction  BET¥tEEN  Crack  ano  Inclusion 

Consider  an  infinite  two-dimensional  solid  subjected  to  remote  uniform 
boundary  tractions  producing  a  uniform  stress  field  v..  The  solid  is  made 
of  a  linear  clastic  material  of  stiffness  matrix  D,,.  It  contains  a  crack  of  length 
2c  and  an  clastic  circular  inclusion  (inhomogcncity)  of  radius  R  and  stiffness 
matrix  (Fig.  I(a)|.  The  crack  center  is  located  at  distance  h  from  the 
center  of  the  inclusion.  The  crack  orientation  is  arbitrary.  For  such  a  solid, 
we  seek  an  estimate  of  the  stress  intensity  factors  at  the  crack  tips  denoted 
as  points  A  and  B.  For  the  sake  of  simplicity,  we  restrict  attention  to  the 
case  of  circular  inclusions,  although  the  meth^  we  are  going  to  develop  is 
general  and  can,  in  principle,  be  extended  to  inclusions  of  arbitrary  (smooth) 
shapes. 

ITic  stress  and  displacement  fields  for  this  problem  can  be  solved  by  su¬ 
perposing  the  solutions  of  two  simpler  problems  |Fig.  1(a) |; 

•  Subprobicm  1:  The  solution  for  the  infinite  solid  without  any  crack  con¬ 
taining  the  given  inclusion  and  loaded  by  the  remote  tractions  correspond¬ 
ing  to  a«. 

*  Subproblem  II:  The  solution  for  the  infinite  cracked  solid  loaded  by  dis¬ 
tributed  normal  and  tangential  forces  p(x)  on  the  crack  faces  IV,  that  cancel 
the  stresses  on  the  crack  line  obtained  in  1. 

By  superposition,  the  equilibrium  condition  for  the  crack  surface  may  be 
written  as 

IF  •  n(x)  +  p(x)  =  0  on  f^ . (1 ) 

in  which  if  denotes  the  stress  field  solution  of  subproblem  I  calculated  at 
the  imaginary  crack  surface  and  n(x)  is  the  outward  normal  to  F,  at  a 
point  with  cartesian  coordinates  x.  ideally,  ( I )  should  be  satisfied  exactly  at 
every  point  of  F,.  and  superposition  would  then  yield  an  exact  result.  For 
the  sake  of  simplicity,  we  assume  that  (I)  is  satisfied  only  approximately, 
in  the  average  sense,  that  is 
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Ml  ^  Subprobkm  I  Subproblem  II 

I  t  I  I  t  •  f'’’!  t  ' 


a  o 

f  t  f  f  t  f  f 


FIG.  1.  Crack  Intaracting  with  Nidusion:  (44  Superposition  Sctwfiw;  (b)  OulMfiMl- 
Nauman  Analogy;  (c)  Superpoaition  In  Subproblam  II 

{a  •  n(x)  +  p(x))  =  0 . (2) 

in  which  the  brackets  <  )  denote  the  averaging  over  I' .  This  simplification 
is  inspired  by  Kachanov's  ( 1987)  approximation  scheme  for  interacting  crack 
systems  in  homogeneous  solids  without  inclusions,  which  has  been  showed 
to  be  satisfactory  in  most  situations,  in  Kachanov’s  scheme  as  well  as  here, 
the  averaging  is  justified  by  the  St.  Venant  principle:  the  errors  represent  a 
self-equilibrated  stress  field  that  must  be  decaying  very  rapidly  with  the  dis¬ 
tance  from  the  crack  and  is.  therefore,  negligible  for  a  sufficient  separation 
of  the  crack  and  inclusion.  Moreover,  even  if  the  crack  tip  is  close,  its  K, 
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value  depends  t>n  the  energy  release  rate  In^m  the  entire  structure  rather  than 
just  the  stresses  in  the  vicinity. 

SubproMcm  I 

For  the  sake  til  simplicity,  attention  is  restricted  to  plane  elasticity.  The 
perturbation  stress  due  to  the  presence  of  one  inclusion  is  given  by  the  well- 
known  Eshelby's  solution  |see  e.g..  Mura  1 1‘>K7)1.  Since  we  intend  to  deal 
with  many  inclusions  as  well  as  interacting  cracks,  it  appears  prcterable  to 
devise  a  simpler,  iterative,  solution.  From  the  stress  lield  tr.  which  is  a 
solution  of  subpriiblcm  I.  we  can  calculate  the  unbalanced  stress  field  Atr 
inside  the  inclusion  of  contour  I'.,: 


Aa  =  (Da  -  Da,):e . (3o) 

with 

c  =  D;':<y  . (3i!>) 


while  in  the  matrix  outside  I',,,  the  stresses  Aa  vanish.  The  unbalanced  stresses 
A<r  can  be  equilibrated  by  applying  tractions  Atr.  n„  on  interface  I'.,.  Since 
these  tractions  do  not  exist  in  reality,  the  opposite  unbalanced  interface  trac¬ 
tions  must  act  on  the  interface  I',  in  the  composite 

P«  =  -A<f  •  n„  on  r., . (4) 

in  which  n„  is  the  unit  outward  normal  t)f  the  boundary  curve  T.,  of  the 
inclusion,  and  c  and  a  arc  the  strain  and  stress  tensor  inside  the  inclusion. 
The  stress  field  in  subproblem  1  may  be  written  as 


0  -  a*  outside  I'„ . (5ti) 

Of  =  o*  t-  for  inside  f., . (5^r) 


in  which  a*  =  an  equilibrium  stress  field  when  stiffness  D„  of  the  inclusion 
is  changed  to  D..,,  i.e..  when  the  properties  of  the  infinite  solid  arc  uniform. 
Eqs.  (3)-(5)  can  also  be  obtained  from  the  Duhamcl-Ncuman  analogy  |see 
e.g.,  Lin  (i96K);  Muhkclishvili  (i9S3)|.  which  is  widely  used  in  thermovis- 
coclasticity  and  creep  and  is  illustrated  in  Fig.  l(^).  This  analogy  transforms 
a  problem  of  elasticity  of  a  heterogeneous  .solid  into  an  equivalent  problem 
of  a  homogeneous  solid  that  can  be  decomposed  into  a  superposition  of  stan¬ 
dard  problems  for  which  analytical  solutions  (e.g..  complex  potentials)  exi.st. 
Obviously,  the  unbalanced  stress  field  Av  is  the  unknown  in  the  equivalent 
problem.  Its  determination  calls  for  an  iterative  procedure. 

1.  The  starting  solution  is  v*  -  a,  everywhere.  It  gives  the  first  estimate  of 
Pa  according  to  (4).  Ilic  curve  f„  is  subdivided  into  segments  of  length  t/.v  and 
the  tractions  Pa  arc  replaced  by  concentrated  forces  Pa(s)  ds  acting  at  the  center 
points  of  coordinate  s  of  the  segments.  Then  one  may  use  the  well-known  two- 
dimensional  solution  for  a  concentrated  force  p  applied  at  point  s  of  an  infinite 
homogeneous  clastic  space  denoted  as  f|p<s)i;  sec  e.g..  Timoshenko  and  Goodier 
( 1970)  or  Mukhclishvili  ( I9S3).  The  normal  and  shear  components  of  the  stress 
tensor  f  with  respect  to  the  rotated  cartesian  axes  (.r'.v')  at  a  point  of  cartesian 
coordinate  (.r.y)  arc 

/  ,'  =/>|l  -  V  -  2(1  •  vl  sin‘(H)|  cos  (»)(4irr)  '  H'onnnufd] 
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f[  =  p[-i  -  V  -2(1  +-  1^)  sin'(0)|  cos  (0)(4-rTr)  ' 
/,\  =  -/>|l  -  i*  2(  1  +  i')  cos’(6)|  sin  (H)(4Trr)  ' 


in  which  r  =  distance  between  points  ( i.  v)  and  s;  axis  x'  coincides  with  the 
direction  of  p;  and  0  =  the  angular  deviation  of  the  line  connecting  points  (  v.  y) 
and  s  from  the  direction  of  p  vSuperposition  of  these  solutions  yields  the  stress 
caused  by  tractions  p„(s)  in  an  infinite  homogeneous  clastic  space; 


^  lP«(s)|d.v 


A  new  stress  field  a*  inside  I'  is  obtained  as: 


2.  The  new  unbalanced  pressures  are  then  recalculated  from  i3)-(4).  Eq. 
(7)  yields  the  new  field  a„. 

3.  Step  2  is  iterated  until  the  change  pi*'  -  pi  of  the  unbalanced  interface 
tractions  from  iteration  becomes  small  enough.  This  is  determined  on  the  basis 
of  the  norm  ||pa(s)||  =  Ji,  |p„(s)|dj  where  |Pa(s)|  is  the  length  of  vector  Pu(s).  The 
convergence  criterion  is  that 


iip.(s)ir*'  . 

- 17  -  1  s  . (y) 

llp.(s)|| 

in  which  e  =  a  given  small  tolerance:  e  =  0.01  was  used  in  computations  and 
usually  less  than  five  iterations  were  needed.  The  convergence  is  very  fast,  and 
for  small  enough  e  this  iterative  procedure  can  approximate  the  exact  solution 
(for  uniform  p)  as  clo.scly  as  desired.  It  can  be  shown  that  the  iterates  of  P„  form 
a  geometric  progression. 

Sabproblcm  II 

Consider  now  that  there  is  a  crack  in  the  matrix  near  the  inhomogcneity 
and  that  the  crack  faces  f,  arc  loaded  by  a  uniform  pressure  distnbutiun 
<p(x)).  The  boundary  at  infinity  is  stress  free.  Again,  we  can  apply  the  Du- 
hamcl-Ncuman  analogy  in  order  to  compute  the  interaction  stress  field  due 
to  the  presence  of  the  inclusion,  and  subsequently  the  distribution  of  internal 
pressure  on  the  crack  faces.  For  this,  we  use  the  superposition  scheme  de¬ 
picted  in  Fig.  1(c). 

First,  the  body  without  the  inclusion  is  loaded  by  an  unknown  average 
pressure  (p,(x)).  This  causes  interface  tractions  -Atr,  n„  on  the  imagined 
contour  of  the  inclusion  as  given  by  (4). 

Next,  we  consider  the  uncracked  heterogeneous  body  loaded  by  these  un¬ 
balanced  pressures  on  f^.  From  subprobicm  I  we  can  get  the  solution  stress 
field  and  the  pressure  distribution  on  the  imagined  contour  of  the  crack 
P^Cx): 


■II- 


•  rt„(s)Jd5 


Superposition  yields 
<p)  =  Pr(x)  -t-  P^ix)  on  r. 
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Note  that  this  superposition  method,  with  the  average  pressure  approxi¬ 
mation  on  the  crack  surtaec.  is  similar  to  Kachanov's  (1987)  approximate 
solution  tor  interacting  cracks  except  that  instead  of  two  cracks  we  deal  with 
one  crack  and  one  inclusion.  In  ( 1 1 ).  the  right-hand  side  terms  are  not  con¬ 
stant.  If  we  restrict  the  present  analysis  to  configurations  in  which  the  in¬ 
teractions  arc  small,  the  superposition  equation  may  he  approximated  by: 

<P)  -  *•  </>"(x))  on  r . (12) 

Under  these  two  assumptions,  the  superposition  equation  |(  1 1)|  has  a  single 
vector  unknown  <p.(x)): 

<p>  =  (I  +  A„)-<p,(x)) . (13) 

with 


A<,  •  <Pr(x))  =  J  I  n  -  Aa.  •  n„(s)|f/j>|  •  t%dx 


(14) 


in  which  1  is  the  2  x  2  identity  matrix,  and  A„  is  a  full  2x2  matrix  which 
couples  the  mode  I  crack  opening  and  the  mode  11  crack  opening.  It  can  be 
regarded  as  a  transmission  factor  that  represents  the  average  influence  of  the 
inclusion  on  the  crack.  Note  at  this  point  that  if  a,  is  not  computed  from 
the  constant  pressure  distribution  <p.(x)).  the  unknown  in  the  problem  would 
need  to  be  solved  iteratively  (as  in  subprobicm  I)  as  A„  depends  on  p,(x). 
Substitution  of  (13)  into  (2)  yields: 

<p,.(x))  =  -d  +  Aa)  '-{a-n) . (15) 

The  stress  distribution  on  f,  is  also  computed  using  the  right-hand  side  of 
(II)  and.  for  example,  the  stress  intensity  factors  for  mode  1  crack  opening 
arc: 

1  f"  lr±x 

K,(t.  ( )  =  — —  ,/ - p,.(x)ndr . (16) 

Virr  J  .  \  t  ^  X 


As  an  example.  Fig.  2  shows  the  results  for  the  mode  I  stress  intensity 
factors  for  a  crack  in  an  epoxy  matrix  located  near  a  metallic  inclusion.  The 
remote  loading  is  uniaxial  tension  parallel  to  the  crack  faces  and  plane  strain 
is  assumed.  For  simplicity,  we  analyze  eases  where  (1)  The  crack  is  radial 
to  the  inclusion  IFig.  2(a)l;  and  (2)  the  crack  is  tangential  to  the  inclusion 
|Fig.  2(^)1.  In  both  situations  the  average  tangential  pressure  distribution  is 
zero  and  (IS)  has  a  scalar  unknown.  The  radius  of  the  inclusion  is  such  that 
R/c  =  2  and  the  material  properties  are  E„/E„  =  23,  v„  =  0.3,  v„  =  0.35 
where  E„,  E„  and  v,„  v„  arc  the  Young’s  moduli  and  Poisson's  ratios  of  the 
inclusion  and  matrix,  respectively.  In  the  figures.  AT,  is  normalized  with  re¬ 
spect  to  the  .stress  intensity  factor  for  a  crack  in  an  infinite  homogeneous 
solid,  which  is  Ku,  =  ct,  Vtre.  The  approximation  is  compared  to  the  an¬ 
alytical  solution  of  Erdogan  et  al.  (1974).  For  a  radial  crack  |Fig.  2(a)|.  the 
approximation  turns  out  to  be  very  accurate.  The  error  is  only  a  few  percent 
except  if  the  crack  and  the  inclusion  arc  very  dose.  When  the  crack  is  tan¬ 
gential  to  an  inclusion  (Fig.  Hb)\  the  present  averaged  superposition  equa¬ 
tions  become  rather  inaccurate  if  the  crack  is  close  to  the  inclusion  (ti/t  < 
4).  The  reason  is  that  the  stress  fields  in  subproblems  I  and  II  have  a  large 


FKS.  2.  StrtM  HHansity  Factor  for  Crack  In  Epoxy  near  Induaion:  (a)  Radial  Crack; 

(P)  Tangential  Crack 

variation  over  the  imagined  crack  length. 

Fig.  3  shows  the  results  lor  u  crack  in  an  epoxy  matrix  located  near  a 
void.  The  same  two  configurations  as  in  Fig.  2  arc  considered  and  the  ma¬ 
terial  stiffness  of  epoxy  is  equal  to  that  in  Fig.  2.  Again,  the  quality  ot  the 

approximation  is  quite  acceptable  unless  crack  and  void  become  very  close.  ^ 

Compared  to  the  results  in  Fig.  2.  the  variation  of  stress  intensity  factors  is 
the  opposite.  When  the  crack  tip  A  approaches  the  void  |Fig.  3((i)i.  the  stress 
intensity  factor  Ky  increases  and  tends  to  infinity,  but  when  the  tip  ap¬ 
proaches  a  stiffer  inclusion.  Kx  decrca.scs.  The  same  remark  holds  when  the 

I 
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calculated 
Crdogan  at  ol.  197 


—  calculated 

—  —  Trdogan  et  ol.  1974 


FKa.  3.  Stress  Intensity  Fsctor  for  Crack  In  Epoxy  near  Void:  (a)  Radial  Crack; 
(1^  Tangential  Crack 

crack  is  tangential  to  the  void  or  inclusion,  although  the  stress  intensity  fac¬ 
tors  remain  finite. 


Interaction  between  Crack  and  Several  Inclusions 

We  look  now  at  an  elastic  solid  that  contains  N  clastic  inclusions  and  one 
crack.  The  inclusions  are  arbitrarily  distributed  in  the  matrix.  The  inclusion 

contours  are  denoted  as  f,  (i  =  I . N)  and  for  the  sake  t>f  simplicity  all 

the  inclusions  are  assumed  to  be  made  of  the  same  material  of  stiffness  D„. 


The  superposition  method  is  now  applied  as  follows  (see  Fig.  4). 

First  in  subproblem  I.  we  solve  again  for  the  stress  Held  in  the  composite 
without  the  crack  loaded  by  tractions  corresponding  to  Vx.  Then,  in  sub- 
problem  II.  the  composite  is  free  from  the  remote  boundary  tractions  and  it 
is  loaded  by  an  unknown  internal  pressure  p(x)  on  the  crack  contour  T, .  The 
superposition  equation  |(2)|  is  again  applied  in  the  average  sense. 

Subproblem  1 

When  the  uncracked  composite  contains  several  inclusions,  the  interac¬ 
tions  are  an  important  factor  in  the  evaluation  of  the  local  stress  and  strain 
fields.  As  we  will  see.  the  Duhamel- Neuman  analogy  is  also  easy  to  im¬ 
plement. 
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Since  the  problem  remains  clastic,  the  effect  of  each  inclusion  can  he 
superposed  as  a  first  approximation  neglecting  the  interactions.  The  follow¬ 
ing  iterative  procedure,  similar  to  that  described  before,  yields  the  effect  of 
the  interactions  on  the  local  stress  field  in  the  matrix. 

1 .  The  initial  stress  field  is 

.V 

cr*  -  IF,  f  ^  . ' 

•  I 

in  which  the  if,  =  the  stress  due  to  the  presence  of  inclusion  i  alone  in  the  matrix 
(Eshclby's  solution).  The  unbalanced  pressures  p,  on  the  contour  I',  of  each  in¬ 
clusion  /  are  calculated  from  if*  according  to  <4)-(S).  The  stress  a,  due  to  p,  is 
then  calculated  as  if  each  inclusion  t  were  alone  in  the  infinite  solid,  i.e. 

a,  =  J  rfp,(s)|i/A . (18) 

A  new  total  stress  field  is  computed  from  (17)  using  superposition. 

2.  From  if  (S).  the  unbalanced  pressures  p,  on  each  contour  f,  arc  recalculated 
using  (4).  Then  again  the  stress  if,  due  to  p,  is  calculated  from  (18)  as  if  the 
inclusions  were  alone,  and  by  superposing  if,,  the  new  total  stress  field  obtained 
from  ( 17). 

3.  Step  2  is  iterated  until  the  unbalanced  tractions  p!  (/  =  I ....  A/)  resulting 
from  IF  in  iteration  number  /  differ  negligibly  from  those  at  iteration  number  / 
-  1.  This  is  determined  according  to  the  convergence  criterion  in  (9). 

The  foregoing  algorithm  converges  quite  rapidly.  Normally,  convergence 
is  reached  in  less  than  five  iterations  provided  the  inclusions  are  not  t(x>  stiff 
compared  to  the  matrix  KEJE„  <  7)  (but  for  perfectly  rigid  inclusions  the 
present  iterative  method  does  not  work).  When  the  inclusions  are  periodi¬ 
cally  distributed,  the  unbalanced  pressures  p,  should  be  identical  on  each 

contour  T,  (i  =  I, _ iV).  and  in  that  case  the  convergence  criterion  does 

not  need  to  be  applied  for  each  inclusion. 

Fig.  S  gives  an  example  of  the  calculated  stress  distribution  of  stress  in  a 
two-dimensional  composite  with  periixlically  spaced  circular  inclusions  of 
radius  R.  The  remote  loading  is  a  unit  uniaxial  tension  in  the  y-direction. 
The  inclusion  centers  are  located  on  a  square  grid  of  spacing  b,  =  h^.  =  3/?. 
The  material  properties  are  E„lE„  <  3  and  v„  =  v„  =  0.2.  Plane  stress  is 
assumed  and  the  central  inclusion  is  assumed  to  interact  only  with  its  48 
closest  neighbors.  The  .stresses  <r„  and  cr„  are  computed  along  the  axis  of 
symmetry  of  two  adjacent  inclusions,  and  obviously  cr.,  =  0.  Convergence 
was  achieved  in  3  iterations,  with  tolerance  e  =  0.01.  The  results  are  graph¬ 
ically  undistinguishablc  from  those  obtained  by  the  equivalent  inclusion  mctlnxl 
(Furuhashi  c(  al  1981). 

SabproMcm  II 

The  crack  is  loaded  by  a  uniform  internal  pressure  p(x)  on  its  contour  I', . 
From  superposition, 

.V 

P<X)  =  p,(x)  +  ^  p!„,(x)  on  r,  . (19) 

4  I 
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FKa.  5.  Local  Strosa  FMd  In  CompoaHa  with  Periodically  Olatrlbuted  Inclualona 


L 


In  this  equation,  which  is  similar  to  ( 1 1),  p,  =  the  distribution  ol  the  internal 

pressure  applied  on  P, ,  and  (it  =  I . A^)  =  the  interaction  terms  due 

to  the  presence  of  the  inclusions,  p^  is  computed  at  the  imagined  liKution 
of  the  crack  as  if  the  composite  were  uncracked.  Again,  there  are  two  types 
of  contributing  terms  in  pf,,. 

The  first  type  of  contribution  arises  from  the  effect  of  the  loading  p,  on 
the  inclusion  k  which  is  assumed  to  be  alone  in  the  matrix  with  the  crack 
(same  as  in  the  previous  section  of  the  paper).  This  term  denoted  us  p^  is 
computed  according  to  ( 10): 


pj  =  IJ  f| - •  n*(s)|Jj|  •  n 


(20) 


in  which  v,  =  the  stress  field  due  to  the  crack  loaded  by  p,(x).  calculated 
for  the  infinite  solid  without  inclusions;  Av,  =  the  unbalanced  stresses  com¬ 
puted  on  the  imagined  contour  of  the  inclusion  k:  and  nt  =  the  outward 
unit  normal  vector  of  1\. 

The  second  type  of  contribution  is  the  interaction  between  the  inclusion 
jij  ^  k)  and  inclusion  k,  and  its  influence  on  the  crack  faces.  Each  inclusion 
in  the  composite  is  subjected  to  the  stress  a,  .  The  value  of  pj  can  be  com¬ 
puted  in  the  saiiK;  manner  as  in  subproblem  I  but  the  stress  fields  tr,  is 
substituted  to  the  remote  field  tr..  From  (17)  and  (18)  we  obtain: 


p,*(x)  "  |j^  f|-Aa,- n*(s)!</4|  •  n 


(21) 


1622 


tn  which  Atf,  =  the  stress  ticid  due  to  the  unbutunced  pressure  p,  ucting  i>n 
contour  I',  ol  nirmtui  vector  n,: 


tf,  = 


f|  -  Aar,  ■  n,(s)|</.v 


(22) 


Superposition  yields: 

V 

p«,(x»  2  . 

t  I 

and  alter  substitution  into  ( 

.V  V 

p(xi  =  p,(x)  +  2  S  . 

*  I  ;  I 


We  assume  again  that  (24)  needs  to  be  satisfied  only  in  the  average  sense; 


<p(x)> 


V  \ 

L  i  I  /  I 


a; 


•<P.(X)) 


(25) 


in  which  Aj  =  the  transmission  factor  due  to  inclusion  k  considered  to  be 
alone  with  the  crack;  and  A*  -  the  transmission  factor  due  to  interaction 
between  inclusion  k  and  inclusion  j. 

If  a,  is  the  stress  field  due  to  the  crack  alone  subjected  to  the  uniform 
internal  pressure  (p,(x)>,  (25)  is  linear  in  <p.(x))  and  has  a  single  vector 
unknown.  According  to  this  assumption,  the  transmission  factors  do  not  de¬ 
pend  on  the  shape  of  the  distribution  of  p,(x).  This  simplifying  assumption 
is  acceptable  if  the  di.stanccs  between  any  two  inclusions  arc  not  tiH)  small, 
as  we  will  sec  next  in  comparisons  with  the  results  from  the  literature. 

Fig.  6  shows  an  example  of  the  calculated  variation  of  the  mode  I  stress 
intensity  factor  K,  at  the  tip  of  a  crack  liKatcd  between  two  circular  voids 
as  a  function  of  the  crack  length  and  of  the  spacing  between  the  voids.  The 
remote  loading  is  uniaxial  tension  perpendicular  to  the  crack.  The  center  of 
the  crack  is  equidistant  from  the  centers  of  the  adjacent  voids.  The  results 
arc  compared  with  the  known  analytical  solution  given  in  Tada  et  al.  ( 1985). 

If  the  distance  between  the  voids  is  large  compared  to  their  radius,  the 
approximation  is  seen  to  be  adequate  (error  less  than  l()%).  However,  when 
the  crack  length  incrca.scs.  the  effect  of  the  voids  becomes  kK'ulizcd  in  a 
small  segment  of  the  crack  surface  T,  and  the  agreement  with  the  analytical 
solution  is  less  than  satisfactory.  This  discrepancy  is  mainly  due  to  the  two 
successive  averagings  of  the  distributions  of  internal  pressures  on  the  crack 
faces  (averaging  of  p(x)  first  and  of  p,(x)  sccond|.  Another  limitation  is  that 
the  approximation  loses  its  accuracy  when  the  voids  get  tmi  close  to  each 
other. 

The  example  in  Fig.  7  shows  the  variation  of  K,  for  a  crack  propagating 
in  a  composite  containing  a  .square  array  of  identical  circular  inclusions  (/^ 
=  h,).  The  center  of  the  crack  is  at  equal  distances  from  two  neighbor  in¬ 
clusions  along  the  y-axis  and  the  crack  propagates  in  the  .r-dircction  due  to 
tensile  stress  <r,,  (sec  Fig.  5).  Plane  stress  is  considered,  with  i>,  -  i'.„  -  0.2 
and  -  .^.  The  spacings  between  the  inclusions  are  equal,  h,  -  />, . 
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FKa.  6.  Strata  Intanalty  Factor  for  Crack  IntaractIng  writh  Tara  Circular  VoMa 
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Two  vo'umc  fractions  V,  of  inclusions  arc  chosen:  V,  =  0.195;  h,/R  =  4. 
and  V,  =  0.35:  h,/R  =  .T  Denoting  /f,..  =  stress  intensity  factor  if  there  were 
no  inclusions,  we  .see  that  the  effect  of  the  inclusions  is  to  cause  the  ratio 
KJKu,  to  decrease  with  the  crack  length  < .  except  when  the  spacing  h,  is 
too  small.  This  means  that  the  apparent  stress  intensity  factor  increases  dur¬ 
ing  crack  propagation.  So  the  composite  behaves  as  if  the  crack  followed 
an  Af-curve.  Furthermore,  the  stress  intensity  factor  increases  with  the  vol¬ 
ume  fraction  of  inclusions.  According  to  this  result,  cracks  in  a  densely  packed 
composite  must  iKCur  earlier  than  in  a  loosely  packed  composite.  Finally, 
we  can  see  that  even  for  a  low-volume  fraction  of  inclusions,  the  amplifi¬ 
cation  of  the  stress  intensity  factor  compared  to  A',.,  is  quite  important. 

The  present  approximate  method  could  no  doubt  be  combined  with  Ka¬ 
chanov's  method  (1987)  and  thus  be  generalized  for  a  system  of  cracks  in 
a  composite.  However,  programming  the  computation  of  the  various  trans¬ 
mission  coefficients  seems  to  be  too  tedious.  ^ 


Apparent  Fracture  Toughness  of  Composite 

As  we  have  observed  from  Fig.  7.  inclusions  may  cause  the  composite  to 
behave  as  a  homogeneous  solid  with  a  rising  /f-curve.  The  knowledge  of 
such  an  apparent  /?-curve  would  permit  a  much  simpler  calculation  of  frac¬ 
ture  in  composites.  In  such  an  approach,  the  interaction  between  cracks  is 
uncoupled  from  the  interaction  between  the  cracks  and  the  inclusions.  Sim¬ 
ilar  assumptions  have  been  made  by  Mori  ct  al.  (1988)  and  Gao  and  Rice 
(1988).  who  used  a  perturbation  method  to  analyze  fiber-reinforced  com¬ 
posites  in  which  the  values  of  the  clastic  moduli  of  the  matrix  and  the  in¬ 
clusions  are  sufficiently  close.  More  precisely  let  K.„  be  the  fracture  tough¬ 
ness  of  the  matrix.  According  to  Griffith’s  criterion,  crack  propagation  occurs 
when  Ki  =  Kr„.  For  a  crack  length  t  in  a  macrohomogcncous  composite 
loaded  with  tensile  stress  o..  we  may  write  K,  -  K,,,  /•'(<•)  where  AC,.,  -  <r. 
Vm-.  and  where  F(c)  is  a  certain  amplification  function  that  is  computed 
from  the  crack-inclusions  interaction.  The  estimation  of  AC,  yields  the  ap¬ 
parent  fracture  toughness  AC^  of  the  composite 


In  most  studies  (see  e.g.,  2^itsev  (1985)  and  Zaitsev  et  al.  (I986)|.  F{c) 
was  assumed  to  remain  constant  or  to  change  only  when  the  crack  touches 
an  inclusion  (Huang  and  Li  1989).  Fig.  8  presents  the  approximate  variation 
of  fracture  toughness  for  a  crack  propagating  symmetrically  in  a  composite 
made  of  regular  staggered  circular  inclusions  embedded  in  an  clastic  matrix. 
The  radii  of  the  inclusions  are  equal  and  denoted  as  R  (R  =  I ).  The  volume 
fraction  of  inhomogeneities  is  Vf  =  0.7.  Plane  stress  is  assumed  with 
=  3  and  v„  =  v„  =  0.2.  The  remote  boundary  traction  is  uniaxial  tension 
perpendicular  to  the  crack  faces  (mode  I  crack  opening). 

Three  configurations  have  been  analyzed  (Fig.  8(a) |.  In  configuration  1. 
the  crack  propagates  toward  the  centers  of  two  inclusions.  In  configuration 
3.  the  center  of  the  crack  is  at  equal  distances  from  two  rows  of  inclusions. 
Configuration  2  is  intermediate  between  configurations  I  and  3. 

Fig.  H(h)  shows  the  variation  of  the  apparent  fracture  toughness  with  the 
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FIG.  8.  Apparent  Fractura  Toughnaaa  of  Compoalta  with  Staggered  inclualona; 
(lO  Configurations  Analyxsd;  Fracture  Toughness  versus  Crack  Length 

crack  length  according  to  (26).  Wc  see  that  these  variations  may  be  radically 
different  depending  on  the  configurations  analyzed.  Configurations  I  and  3 
give  the  highest  and  lowest  values  of  the  apparent  mode  I  fracture  toughness, 
respectively.  The  more  drastic  variation  is  obtained  when  the  crack  propa¬ 
gates  toward  an  inclusion;  this  corresponds  to  the  maximum  possible  tough¬ 
ening. 

These  variations  of  apparent  fracture  toughness  have  a  great  intiucnce  on 
stability  of  interactive  crack  systems.  As  we  see.  the  mechanical  effect  of 
the  inclusions  cannot  be  neglected  in  crack  propagation  studies  as  the  frac¬ 
ture  toughness  of  the  equivalent  medium  may  vary  by  as  much  as  l(K)9f ,  It 
should  be  stressed  that  these  curves  are  valid  only  if  the  crack  docs  not  touch 
the  inclusions.  Otherwise,  the  singular  stress  field  at  the  tips  of  the  crack 
would  need  to  be  modified. 

To  exemplify  the  influence  of  the  spatial  distribution  of  the  inclusions  at 
a  constant  volume  fraction.  Fig.  9  shows  the  variation  of  apparent  toughness 
for  a  regular  ih,  =  h,  =  3/?)  staggered  distribution  of  inclusions  and  a  non- 
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FIG.  9.  InfliMfice  of  Spatial  Olatrlbutlon  of  Inclualona  on  Apparent  Toughnaaa  of 
Compoalta 


FIG.  10.  Influanca  of  Ralativa  Elastic  Young’s  Modulus  of  Inclusions  on  Appar¬ 
ent  Toughness  of  ComposMe 
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regular  staggered  distribution  of  inclusions  {h,  =  4/f.  h,  =  2.25/?).  The  in¬ 
clusion  spacings  arc  such  that  the  volume  fraction  is  the  same.  V,  =  0.7. 
Configuration  I  is  chosen  with  the  same  matcnal  properties  as  in  Fig.  8. 
Again,  there  is  a  large  difference  between  the  two  eases.  The  nonrcgular 
staggered  distnbution  (dashed  curve)  provides  the  lowest  apparent  fracture 
toughness.  This  suggests  that  inclusions  that  arc  radial  to  the  crack  have  the 
largest  influence  since  h,  has  been  incrca.scd.  The  toughening  effect,  which 
is  important  for  the  regular  distribution,  is  delayed  as  the  tips  of  the  crack 
arc  more  distant  from  the  inclusions. 

The  effect  of  the  variation  of  the  ratio  EJE„  of  the  elastic  moduli  of  the 
inclusion  and  the  matrix  is  shown  in  Fig.  10.  The  apparent  fracture  tough¬ 
ness  of  the  composite  has  been  computed  for  the  crack  length  2t  =  /?.  with 
Va  —  v„  =  0.2.  The  composite  contains  a  regular  staggered  distribution  of 
inclusions  with  V,  =  0.7.  The  solid  line  corresponds  to  configuration  I  and 
the  dashed  line  corresponds  to  configuration  3  (see  Fig.  8(a) |.  We  obtain 
the  upper  and  lower  bounds  of  variation  of  toughness  for  a  crack  opened 
under  mode  I  as  a  function  of  the  ratio  EJE„.  For  configuration  I  this  curve 
is  certainly  not  linear.  It  should  be  pointed  out  that  for  large  values  of  E.J 
E„,  convergence  could  not  be  reached  in  subprobicm  I  (EJE^  >  7).  The 
range  of  variation  of  £„/£*  showed  in  Fig.  10  corresponds  to  the  usual  val¬ 
ues  for  concrete. 

From  the  present  analysis  one  might  get  the  impression  that  the  length  of 
crack  extension  needed  to  reach  the  asymptotic  value  of  an  /? -curve  is  about 
as  long  as  the  inclusion  spacing.  No  doubt  this  can  be  true  only  for  periodic 
inclusion  arrays.  For  random  arrays,  this  length  could  be  much  longer. 

Conclusions 

1 .  The  interaction  between  a  crack  and  several  inclusions  can  be  analyzed  by 
superposing  known  solutions  of  standard  problems  of  elasticity.  The  method  uses 
first  Duhamel-Neuman  analogy  in  order  to  transform  the  problem  into  a  problem 
of  elasticity  of  a  homogeneous  body  in  which  the  inclusions  arc  replaced  by  the 
matrix  and  the  boundary  conditions  are  modified.  A  superposition  scheme  is 
proposed,  similar  to  Kachanov's  method  for  interacting  cracks.  The  solution  of 
the  problem  of  interaction  of  one  crack  with  many  inclusions  is  reduced  to  the 
solution  of  a  linear  algebraic  equation  with  transmission  factors  characterizing 
the  interactions  of  the  crack  with  each  inclusion  and  of  any  two  inclusions.  Com¬ 
parisons  with  exact  results  from  the  literature  show  that  in  most  eases  the  method 
is  sufficiently  accurate  for  practical  purposes  (with  an  error  better  than  lO^^f) 
when  the  inclusions  and  the  crack  are  not  too  close  to  each  other. 

2.  The  variation  of  the  apparent  fracture  toughness  of  the  equivalent  homo¬ 
geneous  medium  (representing  the  inverse  of  the  calculated  variation  of  the  mode 
I  stress  intensity  factor  at  the  tip  of  a  crack  propagating  in  the  composite)  is 
analogous  to  the  /? -curve  in  nonlinear  fracture  mechanics.  Calculations  show  that 
the  apparent  fracture  toughness  depends  on  the  volume  fraction  of  the  inclusions, 
on  their  spatial  distribution,  and  finally  on  the  elastic  properties  of  the  constit¬ 
uents  of  the  composite.  The  largest  (mode  I)  toughness  is  obtained  when  the 
crack  propagates  toward  an  inclusion  and  the  lowest  toughness  corresponds  to  a 
crack  propagating  between  two  inclusions.  The  difference  between  these  two 
eases  can  be  of  the  order  of  100%. 

3.  Finally,  the  results  show  that,  for  a  given  composite  and  for  a  fixed  crack 
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configuration,  the  mcchunical  effect  of  the  interaction  between  the  crack  and  the 
inclusions  is  not  negligible.  This  effect  is  important  for  explaining  stability  of 
simultaneous  propagation  of  many  interacting  cracks  in  a  heterogeneous  me¬ 
dium,  as  well  as  for  determining  the  conditions  under  which  stable  states  of 
diffuse  damage  can  exi.st. 
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A  more  realistic,  but  also  more  complex,  approach  is  that  of  nonlocal 
damage.  In  that  case,  the  failure  probability  at  a  point  of  the  body  may  be 
assumed  to  be  governed  by  the  spatially  averaged  (nonlocal)  principal  strains 
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FRACTURE  OF  ROCK:  EFFECT  OF  LOADING  RATE 

ZDEN£K  P.  BA2ANT.  SHANG-Pmc  BAl  and  RAVINDRA  GETTU 
Ccntar  for  Advancfd  Ccncnt-BaMd  Materials,  Northwesicm  University,  Evanston.  IL  60206.  U.S.A. 

AfesBact— Fncture  paranwicrs  of  limestone  at  loading  rales  ranging  over  four  orders  of  magnitude  in  the 
static  regime  are  determined  using  the  sue  effect  method.  111140  siaes  of  three-point  bend  notched 
specimeas  were  tested  under  crack-mouth  opening  displacement  control.  The  fracture  toughness  and 
nominal  strength  decrease  slightly  with  a  decrease  tn  rate,  but  the  fracture  proceu  zone  length  and  the 
brittleness  of  failure  are  practically  unaffected.  The  effect  of  material  creep  on  the  fracture  limestone 
is  negligible  in  the  time  range  studied  here.  However,  the  methodology  dewloped  for  characterizing  rate 
effects  in  static  fracture  can  be  easily  applied  to  other  brittle-heterofencous  materials.  The  decrease  of 
fracture  toughness  as  a  function  of  the  crack  propagation  velocity  is  described  with  a  power  law.  A 
formula  for  the  size-  and  rate-dependence  of  the  nominal  strength  is  also  presented. 


INTRODUCTION 

Bond  rupture  is  a  rate  process  governed  by  Maxwell  distribution  of  molecular  thermal  energies 
and  characterized  by  activation  energy.  Therefore,  fracture  in  all  materials  is  rate-sensitive.  This 
has  been  experimentally  demonstrated  for  rock  in  the  dynamic  range,  but  not  in  the  static  range. 
However,  knowledge  of  this  rate  effect  is  very  important  for  may  practical  applications  in  mining, 
geotechnical  engineering  and  geology.  The  present  paper  reports  new  experimental  results  on  the 
static  fracture  of  limestone  at  loading  rates  ranging  over  four  orders  of  magnitude.  The 
corresponding  times  to  failure  range  from  about  2  sec  to  almost  I  day. 


EXPERLMENTAL  DETAILS 

All  specimens  were  cut  from  the  same  block  of  Indiana  (Bedford)  limestone.  Three  sizes  of 
three-point  bend  (single-edge-notched)  fracture  specimens  (Fig.  1)  were  tested.  The  depths,  d,  of 
the  beams  were  2S,  SI  and  102  mm  (1, 2  and  4  in.),  and  the  thickness,  b,  of  each  was  13  mm  (O.S  in.). 
The  specimens  were  cut  such  that  the  bending  plane  of  the  rock  was  normal  to  the  load.  Notches 
of  1.3  mm  (O.OS  in.)  width  were  cut  with  a  steel  saw  blade.  Aluminum  bearing  plates  of  length  equal 
to  half  the  beam  depth  were  epoxied  at  the  ends  to  provide  support.  The  fracture  tests  were 
conducted  under  constant  crack-mouth  opening  displacement  (CMOD)  rates  in  a  89  kN  (20  kip) 
closed-loop  controlled  machine  with  a  load  cell  operating  in  the  890  N  (200  lb)  range.  The  CMOD 
was  monitored  with  a  transducer  (LVDT  of  0. 127  mm  range)  mounted  across  the  notch.  Four  series 
of  tests  were  performed;  each  series  consisted  of  six  specimens,  two  in  each  size  (see  Table  1).  The 
CMOD  rates  were  chosen  so  that  all  specimens  in  a  series  reached  their  peak  load  in  about  the 
same  time,  t,.  The  average  values  were  2.3,  213,  21,420  and  82.S00sec  for  the  different  series. 
The  typical  load-CMOD  curves  for  each  size  are  shown  in  Fig.  2.  From  the  initial  slopes  of  these 
curves,  the  initial  elastic  modulus  of  the  rock  was  calculated,  for  each  test,  using  linear  elastic 
fracture  mechanics  (LEFM)  formulas  [  I  ];  see  Table  I. 


IDENTinCATION  OF  FRACTURE  PARAMETERS 

The  size  effect  method  [2]  is  used  to  determine  the  material  fracture  parameters  from  the  test 
data.  The  method  has  previously  been  verified  for  the  fracture  of  limestone  [3],  as  well  as  other 
rocks  and  concrete  [4,  Recently,  it  has  also  been  used  in  a  study  of  the  effect  of  loading  rate 
on  the  fracture  of  concrete  [6].  The  method  is  based  on  the  size  effect  law  [7],  which  is: 
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Fig.  1.  Fracture  ^cdmen  aeometry. 


where  *  maximum  nominal  stresses  of  geometrically  similar  fracture  specimens, 

P. »  maximum  load,  d  »  characteristic  dimension  (chosen  here  as  the  beam  depth),  b  «  specimen 
thickness  (constant,  for  two-dimensional  similarity),  Bf^  and  <4  ”  empirical  parameters,  and 
$  »  brittleness  number.  When  fi  is  very  small  (c.g,  fi  Os  is  almost  independent  of  size, 

as  in  plastic  limit  analysis.  When  is  large  (e.g.  fi  ^  10),  the  size-dependence  follows  LEFM 
(i.e.  a„cc\ly/d).  In  the  transition  zone,  nonlinear  fracture  mechanics  needs  to  be  applied. 

For  determining  the  parameters  from  <T/y  data,  eq.  (1)  can  be  transformed  to  Y  ^AX  +  C, 
where  X  ^d  and  Y  »  l/ffjy.  Then,  =  \/y/c  and  <4  *  CIA  [4].  By  linear  regression  analysis  of 
the  data  for  the  four  series  of  tests,  the  parameters  and  coefficients  of  variation  of  errors,  have 

been  computed  and  are  listed  in  Table  2.  Tlie  data  and  the  hts  [eq.  (I)]  are  shown  in  Fig.  3.  It  can 
be  seen  that  the  size  effect  law  represents  the  trend  reasonably  well,  at  all  the  loading  rates.  It  is 
clear  that  the  dau  cannot  be  represented  by  either  LEFM  (a  straight  line  with  a  slope  of  - 1/2) 
or  strength  criteria  (horizontal  line  »  A/,). 

Using  the  values  of  and  d^,  fracture  parameters  can  be  calculated  as  follows  [4,  S,  7]: 

(7/-^,  (2) 

g  («o)  X 


Table  1.  Test  data 


Series 

Dimensionst 
(mm  X  mm  x  mm) 

CMOD  rate 
(I0~*min/sec) 

Peak  load 
(N) 

Time  to  peak 
'  (sec) 

fit 

(GPa) 

457  X  102  X  13 

15,900 

445 

2.1 

40 

15,900 

472 

2.2 

32 

Fast 

229  x  31  x  13 

10,600 

281 

2.0 

35 

10,600 

291 

2.4 

24 

114  X  25  X  13 

3770 

178 

2.4 

35 

5770 

165 

2.2 

33 

437  X  102  X  13 

139 

436 

176 

33 

141 

414 

194 

30 

Usual 

229  x  51  X  13 

106 

269 

237 

30 

106 

271 

210 

30 

114  X  25  X  13 

57.7 

153 

'248 

29 

63.5 

163 

213 

30 

457  X  102  X  13 

1.42 

394 

23,173 

30 

1.42 

383 

16.873 

32 

Slow 

229  X  51  X  13 

0.978 

245 

26,000 

28 

0.978 

240 

20,475 

23 

114  X  25  X  13 

0.TO6 

147 

15,750 

32 

0.508 

153 

26,250 

34 

457  X  l(n  X  13 

0.333 

385 

81.900 

27 

0.318 

387 

79.000 

34 

Very  slow 

229  X  31  X  13 

0.236 

262 

87.800 

32 

0.236 

265 

82,350 

27 

114  X  25  X  13 

0.160 

140 

72.000 

26 

0.160 

136 

92.000 

23 

tLeaglh  x  depth  x  ducknen. 

{Initial  modulus  from  load-CMOD  compliance. 


Fracture  of  rock 
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Fig.  2.  Typical  load-CMOO  curves  for  each  specimen  site. 

where  *  fracture  toughness,  tya  effective  length  of  the  fracture  process  zone,  and  Gf*  fracture 
energy.  Function  g(a)  is  the  non-dimensionalized  energy  release  rate  defined  by  the  LEFM  relation 
G  »  P^g(a)/E'b^d,  where  G  ^  energy  release  rate  of  the  specimen,  P  >  load,  a  »  ajd  »  relative 
crack  length,  g '(«)  *  dg(a)/da,  a  -  crack  length,  >■  Oo/d.  Og »  notch  length  of  traction-free  crack 
length,  E'^E  for  plane  stress,  E’ »  El(l  —  v^  for  plane  strain,  £»  Young’s  modulus,  and 
V  »  Poisson's  ratio.  Function  g(a)  can  be  obtained  from  handbooks  (e.g.  [I])  or  from  LEFM 
analysis. 

Fracture  parameters  are  defined  here  for  the  limiting  case  of  an  infinitely  large  specimen  at 
failure.  Then,  an  infinite-size  extrapolation  of  eq.  (1)  provides  material  parameters  [eq.  (2)]  that 
are  practically  size-  and  shape-independent  [S].  Using  the  values  gfog)  »  62.84  and  g'foo)  * 

(from  [1]),  and  assuming  plane  stress  conditions,  the  fracture  parameters  for  the  four  series  can 
be  computed;  see  Table  2,  in  which  the  average  values  of  AT,,  and  9  as  well  as  their  coefficients  of 
variation  are  listed.  The  £-vaiue  for  each  series  is  uken  as  the  average  initial  modulus  E^,  and 
is  used  in  eq.  (2)  for  computing  Gf  (see  Table  2). 


VARU’nON  OF  FRACTURE  PARAMETERS 

The  test  results  show  that  as  the  time  to  peak  load,  increases,  the  fracture  toughness  K,^ 
decreases.  Since  the  fracture  energy  G/is  proportional  to  its  decrease  with  slower  loading  rates 
is  even  stronger.  The  same  trends  have  also  been  observed  in  similar  materials,  such  as  hardened 
cement  paste  [8],  concrete  (6],  and  ceramics  at  high  temperatures  [9]. 

To  describe  the  influence  of  loading  rate,  we  follow  several  other  investigators  by  adopting 
a  power  function  of  crack  velocity  v: 
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Tabte  2.  Fracture  ptramctcn 


Scfitt 

Avg. », 
(sac) 

v. 

(MPa) 

< 

(mm) 

"nr 

Avg. 

(MPaJmm) 

9 

Avg. 

(mm) 

Avg.  E, 
(OPa) 

G, 

(N/m) 

Fast 

2.3 

0.693 

36.2 

0.07 

33.1 

0.13 

33.3 

3Z7 

Usual 

213 

0.643 

36.3 

0.07 

30.8 

0.12 

30.3 

31.3 

Slow 

21,400 

0.614 

31.9 

0.04 

27.3 

0.08 

0.12 

30.2 

23.0 

Very  slow 

82.300 

0.389 

36.3 

0.11 

28.2 

0.19 

0.28 

28.3 

27.9 

w  »  coefficiwit  of  variaiioii. 


where  is  tlw  fracture  toughness  corresponding  to  a  reference  velocity,  v«,  chosen  here  as 
vg  a>  O.OI  mm/sec.  Since  the  effective  (LEFM)  crack  tip  is  roughly  at  a  distance  Cf  from  the  notch 
tip  at  the  peak  load,  we  use  the  approximation 

v-cA-  (4) 

Then,  by  fitting  the  test  results  with  eq.  (3)  (see  Fig.  4),  we  obtain  0.0173  and 
—  30.0  MPa.,y4am.  Note  that,  alternatively,  beam  deflection  or  crack  opening  rates  have 
bMn  used  instead  of  v  in  other  studies. 

In  similar  tests  of  concrete  [6],  it  was  found  that,  with  an  increase  in  time  to  failure,  the  group 
of  data  for  the  three  sizes  of  specimens  shifts  to  the  right,  i.e.  toward  the  LEFM  asymptote,  when 
plotted  as  in  Fig.  3.  This  implies  that,  for  higher  t,,  the  process  zone  length  Cf  decreases  and  the 
brittleness  of  failure,  characterized  by  fi  [eq.  (I)],  increases. 

Rather  interestingly,  no  such  trend  is  observed  from  the  present  results  of  limestone.  For  all 
the  data  remain  within  the  same  part  of  the  size  effect  curve.  This  is  reflected  by  the  fact  that 
*  Cf  is  practically  constant  (ey  ^  6  mm;  Table  2),  implying  that  the  brittleness  of  fracture  in  limestone 
is  rate-independent  within  the  time  range  studM  here.  This  difference  in  the  behavior  (for  the 
present  load  durations)  from  concrete  may  be  explained  by  the  lack  of  significant  creep  [10]. 
Concrete  exhibits  marked  viscoelastic  creep  in  the  bulk  of  the  test  specimen,  as  well  as  high 
nonlinear  creep  in  and  near  the  fracture  process  zone. 


Fig.  3.  Size  effect  ciuvef  et  diSmat  timet  to  peak  load. 


I 


Fractwc  of  rock 


397 


N 


f 


Fi|.  5.  Influence  of  specimen  siae  and  time  to  failure  on 
nominal  strength. 


EFFECT  OF  RATE  ON  STRENGTH  AND  YOUNG'S  MODULUS 


Several  investigators  have  demonstrated  that  the  strength  of  rock  generally  increases  with  an 
increase  in  the  loading  rate  (e.g.  [11,1 2]).  This  is  also  observed  here  from  Table  I .  When  the  loading 
rate  slows  by  four  orders  of  magnitude,  the  maximum  nominal  stress  decreases  by  more  than  l6Vs. 
This  phenomenon,  which  is  similar  to  the  change  in  ATi,,  has  also  been  observed  in  other 
materials  [13].  It  may  be  attributed  to  the  statistical  nature  of  the  failure  of  molecular  bonds 
(particularly  the  activation  energy  theory  and  tte  Maxwell  distribution  of  thermal  energies). 

The  strength  of  a  quasi-brittle  heterogeneous  material  is  generally  difficult  to  measure 
objectively  because  of  its  dependence  on  specimen  size  and  shape,  and  bwause  failure  does  not 
occur  simultaneously  at  all  points  but  is  progressive.  However,  strength  (or  failure  stress)  is 
correlated  to  the  fracture  toughness  since  failure  occurs  by  unstable  crack  propagation:  higher 
toughness  implies  higher  resistance  against  failure. 

Equations  (1)  and  (2)  can  be  combined  to  give  the  size  effect  on  the  nominal  strength 
(maximum  nominal  stress)  in  terms  of  the  material  fracture  parameters  [5]; 


Substituting  for  A|,  from  eq.  (3),  and  Cf  from  eq.  (4),  one  obtains  a  relation  for  the  dependence 
of  the  nominal  strength  on  the  failure  time: 


Aq  (c,  Y 

yHg'{<l^)Cf+ VotJ 


(6) 


Since  C/is  not  systematically  affected  by  the  loading  rate,  the  average  value  of  6.4  mm  is  considered. 
Equation  (6)  may  then  be  plotted,  along  with  the  test  data,  for  the  different  sizes  tested  (Fig.  3). 
The  agreement  is  acceptable. 

The  test  results  alM  indicate  that  the  average  initial  elastic  modulus  decreases  slightly  with  an 
increase  in  time  to  peak  load  (Table  2).  Such  an  effect  has  been  observed  for  several  rocks  in 
the  dynamic  range  [14]. 


CONCLUSIONS 

(1)  For  times  to  peak  load  ranging  from  2  to  80,000  sec,  the  measured  nominal  strengths  of  fracture 
specimens  of  limestone  agree  with  the  size  effect  law. 

(2)  liw  fracture  toughness  arid  failure  stress  decrease  with  increasing  failure  time.  However,  the 
fracture  process  zone  size  and  the  brittleness  of  failure  appear  to  be  unaffected  by  the  loading 
rate. 

(3)  Since  there  is  insignificant  creep  outside  the  process  zone  of  limestone  in  the  time  range  studied, 
the  effective  process  zone  size  does  not  change  as  the  loading  rate  is  varied. 
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Rate  Effects  and  Load  Relaxation  in  Static  Fracture  of  Concrete 


by  Zdendk  P.  Ba2ant  and  Ravindra  Gettu 


Reports  an  experimental  study  of  the  fracture  of  concrete  at  various 
crack  mouth  opening  displacement  (CMOD)  rates  with  time  to  peak 
loads  rangingfrom  about  I  sec  to  3  days  (over  five  orders  of  magni¬ 
tude).  Tests  were  conducted  on  three-point  bend  specimens  of  three 
sizes  in  the  ratio  1:2:4.  Quasi-elastic  fracture  analysis,  based  on  the 
effective  modulus  from  creep  theory,  is  used  to  evaluate  the  results 
according  to  the  size  effect  method.  The  fracture  toughness  is  found 
j  to  decrease  in  agreement  with  the  trerul  known  for  the  dynamic  range. 

’  The  effective  length  of  the  fracture  process  zone  is  found  to  decrease 

with  increasing  rate,  which  implies  increasing  brittleness  arul  a  shift 
toward  linear  elastic  fracture  mechanics  behavior  for  slow  loading. 
Load  relaxation  at  constant  CMOD  in  the  pregteak  and  post-peak 
stages  of  fracture  tests  was  also  investigated.  The  response  tends  to  a 
f  straight  line  in  the  logarithm  of  elapsed  time,  and  the  post-peak  re¬ 
laxation  is  nearly  twice  as  strong  as  the  linear  viscoelaslic  relaxation 
of  unnotched  specimens.  The  difference  between  these  two  relaxa¬ 
tions  must  be  caused  by  time-dependent  processes  in  the  fracture 
zone.  The  results  reveal  that  in  concrete  there  is  a  strong  interaction 
between  fracture  and  creep,  which  might  cause  the  hod-carrying  ca¬ 
pacity  of  structures  with  cracks  to  decrease  significantly  with  load 
duralhn.  However,  extrapolations  to  hods  beyond  several  days  of 
duration  would  be  speculative. 


KernmOs:  bams  (supports);  aucwtci;  imblt  (fruwrtug);  creep  properties; 

leaii  (Isica);  itlesiaeu  (mecfeeukt). 

In  all  materials,  even  those  that  do  not  exhibit  signif¬ 
icant  creep,  fracture  is  rate-sensitive.  That  is,  the  effec¬ 
tive  fracture  properties  depend  on  the  crack  growth 
rate,  which  is  determined  by  the  loading  rate.  This  is 
due  to  the  fact  that  the  rupture  of  interatomic  or  inter- 
molecular  bonds  is  a  thennally  activated  process.  The 
probability  that  the  thermal  vibration  energy  of  an 
atom  or  molecule  (depending  on  the  load)  would  ex¬ 
ceed  the  activation  energy  barrier  of  the  bond  increases 
with  the  number  of  oscillations.  It  is  (according  to  the 
Maxwell  distribution  of  thermal  energies)  equal  to  zero 
for  an  inflnitely  short  time  interval.  In  a  material  such 
as  concrete,  the  rate  sensitivity  is  expected  to  be  partic¬ 
ularly  marked  due  to  creep  of  the  material  in  the  frac¬ 
ture  process  zone,  as  well  as  in  the  entire  structure. 
Studies  by  Shah  and  Chandra,'  Wittmann  and  Zaitsev,* 
Liu  et  al.,’  ami  others  have  suggested  that  fraaure  is 
affected  by  creep.  Yet  a  detailed  investigation  of  this 
effect  has  not  been  conducted.  Substantial  studies 
456 


(Mindess  and  Shah*)  have  been  carried  out  under  very 
high  (dynamic)  rates  of  loading,  in  which  the  maxi¬ 
mum  load  is  reached  under  1  s.  Since  the  creep  effect 
in  this  range  is  weak,  a  comprehensive  understanding  of 
rate  effects  can  be  obtained  without  accounting  for 
creep.  However,  for  slower  rates,  the  contribution  of 
creep  becomes  significant.  Fracture,  with  rates  that 
correspond  to  reaching  maximum  load  within  any¬ 
where  between  an  hour  and  several  years,  is  of  great 
interest  for  predicting  the  long-term  cracking  and  fail¬ 
ure  of  many  types  of  concrete  structures.  For  example, 
as  is  now  widely  accepted,  the  failure  of  dams  should 
be  analyzed  according  to  fracture  mechanics,  but  cer¬ 
tain  types  of  fracture  in  dams  develop  gradually  over  a 
period  of  many  years.  Without  any  test  data,  one  can¬ 
not  but  speculate  about  the  effective  fracture  proper¬ 
ties  to  be  used  under  such  slow  rates. 

This  paper  presents  the  results  of  fracture  tests  of 
concrete  at  various  loading  rates  in  the  static  range, 
'  with  the  time  to  peak  load  ranging  from  1  s  to  2.S  days, 
and  the  results  of  complementary  tests  of  load  relaxa¬ 
tion  in  fracture  specimens.  (A  preliminary  report  was 
made  earlier  at  two  conferences.’-*)  The  size  effect 
method,  combined  with  the  assumption  of  a  quasi-elas¬ 
tic  effective  modulus  representation  of  concrete  creep, 
is  used  to  determine  the  fracture  energy,  fracture 
toughness,  effective  length  of  the  process  zone,  and  ef¬ 
fective  crack-tip  opening  displacement  at  various  load¬ 
ing  rates. 

REVIEW  OF  RATE  PROCESSES  IN  CONCRETE 
FRACTURE 

The  significance  of  rate  effects  may  be  illustrated  by 
comparing  the  results  of  two  tests  on  identical  three- 
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Fig.  1  —  Three-point  bend  fracture  specimen 
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Fig.  2  —  Rate  effects  on  (a)  load-CMOD  response  and 
(h)  load-deflection  response 


point  bend  (3PB)  fracture  specimens  (see  Fig.  l:b  =  38 
nun,  d  =  76  mm,  ft  =  11  MPa,  age  =  150  days),  at 
very  different  crack  mouth  opening  displacement 
(CMOD)  rates.  The  peak  load  of  one  specimen  was 
reached  in  1.2  s,  and  that  of  the  other  in  about  20,000 
s  (5.6  hr).  The  load  versus  CMOD  and  load-versus- 
load-Iine  displacement  curves  are  shown  in  Fig.  2(a) 
and  (b).  The  peak  load  of  the  faster  test  is  more  than 
25  percent  hig^  than  that  of  the  slower  test.  A  similar 
increase  in  the  failure  stress  or  "strength”  has  been  ob¬ 
served  previously  in  the  static  range  by  several  investi¬ 
gators.'  A  similar  trend  exists  under  dynamic  or  impact 
loading.*-* 

Comparison  of  the  post-peak  response  is  also  very 
interesting.  While  the  load-CMOD  plots  (Fig.  2(a)l  for 
both  specimens  are  quite  similar,  the  load-displacement 
plots  (Fig.  2(b)l  differ  significantly.  For  the  faster  test, 
the  load-displacement  curve  descends  steeply,  whereas 
in  the  slower  test  the  drop  is  gradual  and  closer  to  duc¬ 
tile  behavior.  This  difference  can  be  attributed  to  creep 
in  the  bulk  of  the  specimen,  since  the  load-line  dis¬ 
placement  reflects  the  cumulative  response  of  the  entire 
specimen,  whereas  CMOD  is  affected  primarily  by  the 
deformations  of  the  crack  and  the  fracture  process 
zone.  It  is  therefore  impmtant  that  the  effect  of  creep 
outside  the  process  zone  be  separated  from  the  rate 
process  producing  fracture.  It  also  appears  that 
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CMOD-controUed  tests  are  more  relevant  for  studying 
fracture  properties  than  deflection-controlled  tests. 

It  has  been  suggested  that  the  cause  for  the  increase 
in  concrete  strength  under  fast  loading  is  the  change  in 
crack  path  with  rate.  At  very  high  (dynamic)  loading 
rates,  it  has  been  observed  (e.g.,  from  compressive  im¬ 
pact  tests  of  Hughes  and  Watson**)  that  cracks  tend  to 
be  less  tortuous,  and  often  pass  through  the  aggregates 
instead  of  following  the  aggregate-mortar  interfaces. 
Since  aggregates,  in  normal  concrete,  are  stronger  than 
both  the  mortar  and  the  interfaces,  a  crack  passing 
through  the  aggregates  will  encounter  a  higher  resis¬ 
tance  than  one  following  the  interfaces.  To  investigate 
whether  this  change  in  mechanism  occurs  in  the  static 
regime,  the  fractured  surfaces  of  two  3PB  specimens 
(see  Fig.  1:  b  »  38  mm,  d  ^  16  mm,  age  -  45  days) 
—  one  with  time  to  peak  load  t,  =  0.5  s  (and  peak  load 
=  4000  N)t  and  the  other  with  »  30,000  s  (and  peak 
load  -  2340  N)  —  were  studied.  It  can  be  seen,  from 
Fig.  3,  that  a  few  more  aggregates  were  fractured  in  the 
faster  case  than  in  the  slower,  but  no  significant  change 
in  the  fracture  mechanism  is  apparent. 

The  straightening  of  the  crack  path  could  also  have 
an  opposite  effect  —  strength  decrease  due  to  the 
higher  stress  intensity  of  planar  cracks.  Crack  bridging 
and  deflection  by  the  aggregates  increase  the  overall 
fracture  resistance.  To  check  for  difference  in  tortuos- 
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Fig.  3  —  Crack  surfaces  for  (a)  tp  =  0.5  s  and  (b)  t,  = 
30,000  s 

ity,  the  fractured  areas  of  the  specimens  mentioned 
previously  were  approximately  determined.  After  com¬ 
plete  fracture,  the  cracked  surfaces  were  covered  with 
2.4-mm  (0.094-in.)  wide  tape,  and  the  crack  area  was 
calculated  from  the  length  of  the  upe  used.  Although 
this  method  is  not  very  accurate,  it  seems  to  suffice  for 
the  present  purpose.  The  crack  area  for  the  faster  frac¬ 
ture  was  2900  mm^  (4.3  in.^  and  for  the  slower  one, 
3000  mm^  (4.7  in.^.  (The  crack-plaxie  areas  were  2420 
mm'  (3.73  in.O  for  both.)  This  difference  is  insignifi¬ 
cant.  Therefore,  it  seems  that  the  same  mechanisms 
dominate  fracture  in  this  range.  (A  similar  observation 
was  made  from  tests  of  certain  ceramics  by  Suresh  et 
al.":  they  showed  that  fracture  initiation  in  alumina 
was  predominantly  intergranular  for  both  dynamic  and 
static  rates.) 

Several  micromechanical  processes  could  give  rise  to 
rate  effects,  as,  for  example,  the  presence  of  moisture 
at  the  crack  tip.  As  is  well  known,  wet  surfaces  require 
less  energy  to  form  than  dry  surfaces,  i.e.,  the  fracture 
energy  decreases  in  the  presence  of  moisture.  Water 
corrosion  and  disjoining  pressure  mechanisms  that 
weaken  the  bonds  at  the  fracture  front  may  also  be  in¬ 
volved.*'  Such  effems  could  explain  the  lowering  of 
fracture  energy  and  strength  in  rock*'  and  concrete.'* 
The  detrimental  effect  of  moisture  is  more  significant  at 
slower  rates  and  tends  to  increase  the  crack  velocity.  It 
has  even  been  suggested  that  the  water  in  concrete  is  the 
primary  source  of  rate  effects.*-*' 

Creep  dominates  the  response  of  cracked  as  well  as 
uncracked  amcrete  under  slow  and  sustained  loading. 
It  may  consideraUy  decrease  the  strength  and  the  ef¬ 
fective  modulus  u  loading  rate  becomes  slower.  The 
effects  of  creep  on  fracture,  however,  may  be  compli¬ 
cated.''  One  effect  may  be  a  decrease  in  fracture  resis¬ 
tance,  and  another  effect  may  be  rdaxation  at  the  crack 
tip,  which  removes  part  of  the  stress  concentration. 
However,  the  second  effect  would  abo  reduce  the  ex¬ 
tent  of  microcrack  initiation  ahead  of  a  propagating 
crack.**-*'  Since  the  mkrocracked  zone  causes  crack 
blunting  or  toughening,  a  smaller  zone  implies  more 
brittle  fracture. 
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Specimen 

CMOD 

Time  to 

Afe  at 

Peak 

4epin, 

rate. 

peak 

to^ns. 

load. 

Series 

mm 

mm/i 

sec 

days 

N 

Fast 

38 

l.l  X  10  ' 

0.9 

28 

2225 

8.4  X  10  ’ 

2.2 

28 

1800 

/-  »  36.6  MPt 

l.l  X  10  ' 

1.3 

28 

1890 

w  •  1.3  perceni 

76 

1.4  X  10  ' 

1.3 

28 

3625 

1.4  X  10  ‘ 

2.2 

28 

3960 

1.4  X  10  - 

1.3 

28 

3025 

132 

2.1  X  10  ' 

1.3 

28 

6180 

2.1  X  10  ’ 

l.l 

28 

5940 

2.1  X  to  ’ 

l.l 

2^ 

5425 

Usual 

38 

1.8  X  10  ’ 

595 

28 

1825 

1.8  X  10  ’ 

593 

28 

1780 

/  »  36.5  MPa 

2.4  X  10  - 

570 

28 

1645 

td  s  6.1  perceni 

76 

5.3  X  10  ' 

460 

28 

3070 

3.6  X  10  ’ 

520 

28 

2800 

4.3  X  10  ' 

505 

28 

2760 

152 

7.1  X  10  ■ 

495 

28 

5025 

7.1  X  10  ’ 

360 

28 

4225 

7.1  X  10  ’ 

420 

28 

4200 

Slow 

38 

7.1  X  10  ■ 

10.350 

40 

2313 

7.1  X  10  • 

17.100 

38 

1935 

/-  -  37.2  MPa 

7.1  X  10  ’ 

13,500 

39 

2180 

w  «  5.S  percent 

76 

1.0  X  10  * 

10.625 

46 

3580 

9.4  X  10  ’ 

17,550 

42 

3515 

l.l  X  lO  * 

11,900 

30 

3180 

152 

1.4  X  10* 

15,300 

32 

4270 

1.4  X  IO-‘ 

14,850 

38 

4180 

1.7  X  lO  * 

14,600 

5295 

Very  slow 

38 

3.8  X  10  • 

266.500 

120 

2135 

/■  «  36.9  MPa 
w  >  4.4  percent 

76 

7.4  X  10  • 

255,500 

lOS 

3180 

IS2 

1.3  X  10  ’ 

236.000 

4580 

/;  -  2S.4ay  coapmove  nnaiUi  of  76  x  ISi-aa  cylMm. 
w  «  cocflicim  of  vtnaiioa  of 
I  MPi  •  I4S.M  pii:  I  N  -  0.2241  lb. 


Even  at  dynamic  strain  rates,  it  is  not  clear  whether 
a  slower  rate  causes  more  or  less  brittleness.  Assuming 
the  behavior  to  be  analogous  to  that  of  a  plastic  mate¬ 
rial  with  coalescing  voids,  Reinhardt"  proposed  that 
when  the  crack  velocity  is  comparable  in  magnitude  to 
the  wave  speed  near  the  crack  tip,  the  fracture  process 
zone  becomes  larger  than  usual.  To  a  certain  extent, 
this  hypothesis  is  supported  by  tests.  Impact  tests  show 
more  distributed  cracking  and  more  fragmentation  at 
higher  strain  rates.*-"  These  results  further  imply  that 
faster  fracture  is  more  ductile,  since  it  dissipates  more 
energy  in  a  larger  zone.'*  On  the  other  hand,  since  the 
nonlinearity  of  the  prepeak  load-deformation  relation¬ 
ship  decreases  with  an  increase  in  loading  rate,  several 
investigators  have  argued  that  fraaure  becomes  more 
brittle,'*  That  argument  applies  only  when  the  nonli¬ 
nearity  is  primarily  due  to  the  fracture  process,  and  the 
effects  of  time-dqiendent  phenomena  outside  the  frac¬ 
ture  zone  are  negligible.  It  is  also  possible  that  differ¬ 
ent  trends  could  exist  due  to  a  change  in  fracture  mech¬ 
anisms,  for  example,  fracture  through  or  around  ag¬ 
gregates  and  inertia  effects.  Reversals  suggesting  such 
explanations  have  been  documented  for  failure  strain*' 
and  fracture  parameters."  The  present  study  is  limited 
to  static  rates,  and,  therefore,  will  not  attempt  to  an¬ 
swer  these  questkms  for  fracture  in  the  dynamic  range. 
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Fig.  4  —  Typical  load-CMOD  curves  fe-n  means  x  10'*} 

TEST  SPECIMENS 

Three-point  (single-cdte  notched)  bending  specimens 
(Fig.  1)  were  used  with  concrete  of  cement: sand: 
gravel:water  ratio  I:2:2:0.6,  Type  I  cement,  crushed 
limestone  gravel  (maximam  grain  size  »  13  nun),  and 
standard  No.  2  sand  (maximum  grain  size  >  5  mm). 
The  beams  were  cast  with  the  notch  face  at  the  bottom. 
The  thickness  of  the  specimens  was  38  mm  (1.9  in.), 
and  the  notch  length  was  !(  of  the  beam  depth.  The 
notches,  cut  with  a  dimoiid  band  saw,  were  1 .8  mm 
(0.07  in.)  wide.  AO  the  specimens  were  cured  under  wa¬ 
ter  until  testing,  and  had  their  surfaces  sealed  with  sili¬ 
conized  acrylic  latex  during  testing  to  prevent  loss  of 
moisture.  The  fracture  tests  were  conducted  under 
CMOD  control  in  a  89-kN  (20-kip)  load  frame  with  a 
load  ceO  operating  in  the  8.9-kN  (2000-lb)  range.  Com¬ 
panion  cylinders  of  76-mm  (3-in.)  diameter  and  152- 
nun  (6-in.)  length  were  used  to  determine  the  compres¬ 
sive  strength/;  28  days  after  catting.  The  cylinders  were 
capped  with  a  sidfur  oonqiouad,  and  tested  in  a  334-kN 
(120-kip)  load  frame  under  stroke  control  such  that 
failure  occurred  in  about  10  niin. 

SIZE  EFFECTTE8TS  AT  VARIOUS  CMOD  RATES 

Four  serict  of  tests,  ead>  with  spedment  that  were 
gemnetricaOy  similar  in  two  dimensions  and  of  three 
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sizes  \d  »  38,  76,  ana  152  nun  (1.5,  3,  and  6  in.)],  were 
conducted.  The  measured  peak  loads  and  other  details  I 

are  listed  in  Table  1 .  The  typical  measured  load-CMOD 
curves  are  presented  in  Hg.  4.  The  CMOD  rates  were 
chosen  to  give  almost  the  same  t,  for  all  the  sizes  in 
each  series  (Table  1).  The  range  of  CMOD  rates,  or 
exceeds  five  orders  of  magnitude  (I'.IO*). 

In  choosing  the  loading  rates  at  different  sizes,  one  9 

must  realize  that  the  same  displacement  rate  used  for 
specimens  of  different  sizes  will  resuh  in  different  rates 
of  deformation  of  the  fracture  process  zone.  Assuming 
linear  viscoelastic  behavior  through  the  whole  volume 
of  j[he  sp^mcn,  one  could  calculate  the  load-point  dis- 
pmceaMmotes  that-give  the  same  rate  k,  of  the  stress  9 

intensity  factor  K,  for  specimens  of  different  sizes  (this 
is  achieved  for  dP/dt  >  x  const.).  But  due  to  non¬ 
linear  behavior  and  the  presence  of  a  large  fracture 
process  zone,  thb  docs  not  achieve  the  same  rates  of 
deformation  of  the  fracture  process  zone,  wluch  is  the 
condition  for  which  the  results  for  large  and  small  9 
specimens  can  be  legitinudeiy  compared.  To  calculatr 
the  CM(M>  rmcB  that  meet  this  condition,  one  would 
need  a  priori  a  good  mathematical  model  for  the  rate 
effect  in  fractwre.  But  such  a  model  is  unavailable. 

Among  varkmt  simide  possiMlities,  the  condition  of 
equal  rates  of  deformation  of  the  fracture  process  zone 
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Fig.  5  —  Size  effect  iaw 

is  probably  best  achieved  by  rates  that  give  approxi¬ 
mately  the  same  time  r,  to  peak  load.  This  conditon  at 
the  same  time  insures  that  the  relative  creep  deforma¬ 
tions  outside  the  process  zone  at  time  t,  are  about  the 
same  —  another  conditon  desired  for  comparability  of 
different  sizes.  The  rates  to  achieve  equal  t,  were  se¬ 
lected  on  the  basis  of  prior  experimentation,  and  the 
condition  of  equal  t,  has  of  course  been  achieved  only 
approximately.  The  corresponding  CMOD  rates  for 
various  specimen  sizes  were  not  equal,  but  they  were  of 
the  same  order  of  magnitude  (Table  1).  However,  once 
the  test  results  are  translated  into  a  mathematical 
model,  the  loading  rate  selection  should  in  the  future  be 
done  by  calculations. 

The  purpose  of  using  specimens  of  different  sizes  was 
to  apply  the  size  effect  method  for  determining  frac¬ 
ture  parameters.  The  method  is  based  on  the  size  effect 
law,”  which  in  its  simplest  form  reads  (Fig.  S) 

BL 

■  VTTl  ’  ^  ■  4, 


where  =  P,/bd  =  nominal  strength  (maximum 
nominal  stress),  P,  -  peak  (maximum)  load,  d  - 
characteristic  dimensioa  of  spedmen  (here,  chosen  as 
the  specimen  depth),  b  =■  thickness,  0  »  brittleness 
number,  Bf^  and  are  the  parameters  of  the  model, 
and  /.  is  some  estimate  of  the  material  strength.  When 
the  size  is  very  small,  i.e.,  0  <  1,  Uw  is  not  significantly 
affected  by  size,  and  the  behavior  is  then  governed  by 


strength  limit  (or  allowable  stress)  criteria.  This  implies 
that  energy  is  dissipated  during  failure  in  a  relatively 
large  region.  When  0  is  large,  0  >  1,  the  behavior  fol¬ 
lows  linear  elastic  fracture  mechanics  (LEFM),  and  Os 
oc  l/^.  In  this  case,  energy  is  dissipated  in  a  region  of 
infinitesimal  size  at  the  crack  tip.  The  transition  zone 
(taken  as  0.1  <  0  <  10),  in  which  the  test  results  usu¬ 
ally  lie.  is  the  nonlinear  fracture  regime. 

Eq.  (1)  has  been  extensively  verified  for  the  fracture 
of  concrete  and  extended  to  determine  fracture  param¬ 
eters  and  material  brittleness.^”  The  method  has  also 
been  used  to  determine  the  change  in  fracture  proper¬ 
ties  with  temperature'^  and  strength.^  However,  all  the 
tests  have  so  far  been  conducted  at  conventional  load¬ 
ing  rates,  i.e.,  with  /,  between  5  and  10  min.  Applica¬ 
bility  of  the  method  at  various  rates  is  to  be  experimen¬ 
tally  validated.  For  Eq.  (1)  to  apply,  specimens  of  each 
size  should  attain  the  peak  load  in  about  the  same  time, 
for  reasons  already  explained  (differences  up  to  50  per¬ 
cent  are  probably  not  serious,  but  differences  in  orders 
of  magnitude  certainly  would  be).  The  reason  is  that, 
for  all  sizes,  the  fracture  process  zone  should  be  de¬ 
formed  at  about  the  same  rate,  and  the  relative  creep 
deformations  outside  the  process  zone  should  be  about 
the  same. 

To  determine  the  size  effect  parameters  in  Eq.  (1) 
from  ajv-data,  this  study  used  nonlinear  regression 
analysis  in  which  the  sum  of  the  squared  errors  in  Oy  is 
minimized.  The  optimized  values  of  Bf,  and  do,  ob¬ 
tained  by  means  of  the  Marquardt-Levenberg  algo¬ 
rithm  (available  in  standard  computer  libraries),  are 
listed  in  Table  2  for  each  series  of  tesu.  The  curves  in 
Fig.  6  are  the  optimum  fits  of  the  data  points  by  Eq. 
(1).  The  coefficients  of  variation  of  the  deviations  of 
from  the  fits  are  also  given.  The  results  demonstrate 
that  the  size  effect  is  significant  at  all  the  rates  used, 
and  that  Eq.  (1)  fits  the  data  reasonably  well  through 
the  entire  time  range. 

The  applicability  of  Eq.  (1)  might  be  questioned, 
since  its  theoretical  derivation  assumes  the  behavior 
outside  the  process  zone  to  be  elastic.  There  are,  nev¬ 
ertheless,  two  justifications:  1)  according  to  the  double 
power  creep  law,”  the  ratio  of  creep  strain  to  the  true 
instantaneous  strain,  at  28  days,  is  about  0.9  for  /,  =  8 
min  (the  usual  static  test),  about  0.4  for  /,  =  I  s,  and 
about  1.9  for  t,  »  2.5  days.  If  elastic  analysis  is  ac¬ 
ceptable  for  the  ratio  0.9,  it  should  also  be  acceptable 
in  the  range  0.4  through  1.9,  provided,  of  course,  the 
duration  of  the  loading  is  the  same  for  all  the  sizes;  2) 


TabI*  2  —  Malarial  fractura  paramatara 


Series 

Averaae 

sec 

Averaae 

ate. 

days 

ik 

4k 

MPa 

f 

w 

Ak. 

MPaJmni 

Cy 

mm 

GPa 

Cr, 

N/m 

mm 

Fast 

1.4 

2S 

1.60 

102.3 

0.10 

39.3 

17.2 

36.0 

43.4 

0.0146 

Usual 

soo 

2S 

1.68 

41.3 

0.06 

26.3 

6.9 

28.6 

24.1 

0.0077 

Slow 

13,630 

38 

2.94 

13.3 

0.09 

26.1 

2.2 

24.1 

28.4 

0.0032 

Very 

slow 

233,000 

106 

3.47 

8.3 

0.01 

24.6 

1.4 

22.4 

26.9 

0.0042 

u  <•  cocfrickai  of  vtfiMioa  of  the  dcvittions  of  Um  fit  from  lest  dau. 
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Slow 

=  13650$ 


Bf.  s  2.94MPa 
da  -  13.3mm 
a  s  0.09 


Ftg.  6  —  Optimum  size  tlfject  curves  for  the  test  data 

due  to  linearity  of  creep  and  the  rapidly  decaying  na¬ 
ture  of  the  creep  curve  of  concrete  (for  stresses  up  to 
about  half  the  strength),  quasi-elastic  analysis  based  on 
the  effective  modulus  is  a  reasonable  approximation  to 
the  viscoelastic  solution.” 


SHIFT  IN  BRITTLENESS 
Since  the  test  results  for  all  the  rates  agree  reasona¬ 
bly  well  with  the  size  effect  law,  they  can  be  combined 
into  one  plot,  as  in  Fig.  7.  Such  a  combined  plot  was 
used  previously  to  show  the  increase  in  the  brittleness 
of  concrete  with  mcreasing  strength.*  This  clariHes  the 
effect  of  rate  on  the  brittleness  number.  In  each  series 
there  are  three  sets  of  data.  In  each  set,  the  most  brittle 
(largest  ff)  are  the  largest  specimens,  and  the  least  brit¬ 
tle  are  the  smallest.  Now,  tlw  interesting  aspect  is  that 
there  is  a  significant  shift  of  the  data  sets  toward  the 
right  (toward  LEFM,  i.e.,  ideal  brittle  failure)  as  t,  in¬ 
creases.  This  means  that  fracture  becomes  more  brittle 
as  the  loading  becomes  slower;  i.e.,  the  intensity  of  the 
crack-tip  studding  mechanism  decreases  as  the  loading 
rate  beMmes  slower.  The  damage  and  energy  dissipa¬ 
tion  are  more  distributed  for  higher  rates.  It  should  be 
emphasized,  however,  that  even  though  the  present 
quasi-elastic  approximation  approaches  LEFM  for  very 
slow  loading  rates,  ccmsideratkHi  of  creep  in  the  analy¬ 
sis  of  structural  response  becomes  more  important. 
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0.2  O.S 

log^ 


Fig.  7  —  Change  in  mode  of  failure  with  loading  rate 

This  result  is  similar  to  that  of  Bakant  and  Prat,'^ 
who  applied  the  size  effect  method  to  tests  of  fracture 
specimens  at  different  temperatures.  From  their  data  it 
can  be  seen  that  the  brittleness  of  concrete  increases 
with  temperature.  The  effect  of  time  on  fracture  is 
analogous  to  the  effect  of  high  temperature,  since  a 
higher  temperature  means  higher  creep.  This  similarity 
reinforces  the  present  conclusion. 

Another  extrapolation  cf  the  effect  of  creep  on  brit¬ 
tleness  could  be  made  to  the  failure  of  early-strength 
concrete.  Since  creep  mechanisms  are  more  dominant  at 
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Tabto  3  —  Fraetuft  paraiiMiart  corractad  far  3» 

daya 


ScfitB 

C»  N/m 

6.^  mm 

Fmi 

36.0 

39.3 

17.2 

43.4 

0.0146 

UtMl 

2S.6 

26.3 

6.9 

24.1 

0.0077 

Slow 

22.9 

23.3 

2.2 

21.1 

0.0032 

Very 

slow 

11.2 

22.7 

1.3 

2S.2 

0.0047 

younger  ages,  one  could  infer  from  this  study  that 
fracture  is  more  brittle  in  concrete  at  earlier  ages.  The 
data  of  Wong  and  Miller”  on  fracture  tests  at  different 
a^  (r,  «  5  to  10  min)  support  this  inference. 

FRACTURE  PARAMETERS  OBTAINED  BY  THE 
SIZE  EFFECT  METHOD 

The  steepness  of  post-peak  load-deflection  curves,  or 
the  amount  of  distributed  cracking  in  unnotched  speci¬ 
mens,  have  previously  been  interpreted  as  indicators  of 
material  brittleness.  Though  valid  in  certain  cases,  such 
indicators  are  not  size-independent  and  general  meas¬ 
ures.  Rather,  objective  measures  must  be  based  on 
fracture  mechanics.  In  the  present  study,  the  size  of  the 
fracture  process  zone  is  taken  as  the  measure  of  brittle¬ 
ness;  a  material  with  a  smaller  process  zone  is  more 
brittle.  The  structural  brittleness,  on  the  other  hand, 
may  be  generally  characterized  by  the  brittleness  num¬ 
ber  /3  »  Eq.  (1).  Another  important  fracture  parameter 
is  the  fracture  toughness;  higher  fracture  toughness  im¬ 
plies  higher  resistance  against  failure.  These  quantities 
are  also  necessary  for  nonlinear  fracture  mechanics 
analysis  of  concrete  structures. 

Since  specimen  size  and  shape  could  have  a  strong 
effect  on  the  measurements  of  fracture  parameters,  ex¬ 
trapolation  to  an  infinitely  large  size  has  been  proposed 
for  obtaining  unambiguous  values.”  It  has  also  been 
shown  that  parameters  obtained  in  this  manner  are 
practically  independent  of  specimen  geometry.”  Based 
on  the  infinite  size  extrapolation  of  Eq.  (1),  simple  ex¬ 
pressions  for  fracture  energy  C/,  fracture  toughness 
effective  length  of  the  fracture  process  zone  C/,  and  ef^- 
fective  critical  crack-tip  opening  displacement  6^  have 
been  derived”-”-”  (see  also  RILEM  recommendation”) 


(2) 

K/c  =  B/^y/dtgia^ 

(3) 

dogfobj 

(4) 

II 

•e 

t 

£'  yiw 

(5) 

where  function  g(a)  is  the  nondimensionalized  energy 
release  rate  defined  by  the  LEFM  relation  G  >  P^g(.a)/ 
E’b*d,  G  «  the  actual  energy  release  rate,  P  »  load, 
a  >  (crack  length)/d  >  relative  crack  length,  «•  = 
d.a,  *  notch  or  traction-free  crack  length,  E'  ^  E  for 
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plane  stress,  £'  ■  £/(l  -  r')  for  plane  strain,  £  » 
Young’s  modulus,  r  >  Poisson’s  ratio,  and  g'(a)  > 
dg(a)/da.  The  function  gia)  can  be  obtained  from 
handbooks”  or  from  LEFM  analysis. 

Parameter  C/  lumps  together  the  effect  of  all  the 
toughening  mechanisms  in  concrete,  including  the  de¬ 
flection  and  bridging  of  the  crack  by  aggregates,  and 
microcracking  ahead  of  the  crack  tip.  Note  also  that  the 
crack  tip  is  defined  here  as  the  point  where  the  trac¬ 
tion-free  crack  ends. 

For  the  present  specimen  geometry,  finite  element 
analysis  provided  the  values  g(a^  ^  5.927  and  g '(a,) 
x:  35.24.  The  values  of  £/.  and  <4  obtained  earlier  (Ta¬ 
ble  2)  can  then  be  used  in  Eq.  (3)  and  (4)  to  calculate 
and  c/,  see  Table  2.  (Note  that  the  calculated  values 
of  K,,  and  C/  can  have  coefficients  of  variation  up  to  0.3 
and  0.5,  respeaively.) 

In  view  of  the  preceding  comments,  the  validity  of 
Eq.  (2)  through  (5)  may  be  extended  to  linear  viscoelas¬ 
tic  creep,  which  occurs  in  most  of  the  specimens  except 
in  (and  very  near)  the  fracture  process  zone.  This  is 
done  by  replacing  £  with  the  effective  modulus  E^  (in¬ 
verse  of  the  compliance  function)  corresponding  to  load 
duration  t,.  To  determine  the  BP  model  for  the 
prediction  of  concrete  creep”-”  was  used.  Only  the  ba¬ 
sic  creep  was  considered,  since  the  specimens  were 
sealed  to  prevent  moisture  loss.  In  applying  the  BP 
model,  the  asymptotic  modulus  was  modified  such  that 
the  effective  modulus  for  the  loading  time  of  10  min 
would  coincide  with  the  ACI  code  formula  £  = 
4735.//T,  in  MPa  (or  £  =  57,000>/7r.  in  psi)-  The  £- 
values  for  the  various  test  series  are  listed  in  Table  2. 
Using  the  effective  moduli  in  Eq.  (2)  and  (5),  the  values 
of  Cf  and  are  computed  and  listed  in  Table  2. 

Since  two  series  of  tests  were  conducted  at  ages  other 
than  the  standard  28  days,  the  fracture  parameters  ob¬ 
tained  from  them  should  be  corrected  before  compari¬ 
sons  are  made.  The  following  formulas  were  used  for 
this  purpose:/'  =  0.50  ^  (ACI);/'  (r)  =  /’  (28)  //(4 
+  0.850  (ACI);  and  C,  «  (2.72  +  3.103/'  )f;^d./E^ 
(Reference  34),  where  /'  is  the  tensile  strength;  /',  /, 
and  £  are  in  MPa;  d,  is  the  maximum  aggregate  size  in 
mm;  G/  is  in  N/mm;  t  is  the  age  in  days;  and  is  ob¬ 
tained  from  the  BP  model,  as  before.  It  was  also  as¬ 
sumed  that  the  parameter  £/,  varies  linearly  with/. 
(Possible  errors  in  these  formulas  cannot  be  important, 
since  the  corrections  are  small.)  The  adjusted  28-day 
values  of  all  tlw  parameters  are  listed  in  Table  3. 

DISCUSSION  OF  TRENDS  OBSERVED  IN 
CONSTANT-RATE  TESTS 

From  Table  3,  it  is  clear  that  the  fracture  toughness 
K,,  tends  to  decrease  with  increase  in  t,.  This  agrees 
with  the  wdl-known  reduction  in  concrete  strength  as 
the  loading  rate  becomes  slower.  The  trend  agrees  with 
those  obtained  by  other  methods  for  mortar  and  ce¬ 
ment  paste.” 

A  new  result  from  the  present  tests  is  the  significant 
decrease  in  the  fracture  process  zone  C/  as  the  loading 
rates  decrease.  This  implies  that  the  material  brittle- 
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ness,  and  consequently  the  brittleness  of  structural 
failure,  increases  due  to  creep.  The  decrease  in  c,  is 
probably  due  to  the  relaxation  of  the  high  stresses  in 
the  material  ahead  of  the  crack  tip,  causing  the  stress 
drop  to  be  more  concentrated.  The  trend  can  be  ap¬ 
proximately  described  by  the  formula  {see  Fig.  8(a)) 


where  r,  is  the  reference  value  of  time  to  peak  and  Co  is 
the  corresponding  value  of  Cp  n  »  0.22;  and  for  r,  = 
600  s  (about  the  conventional  testing  time),  Ct  =  5.04 
mm. 

Along  with  and  C/,  6,^  is  found  to  also  decrease 
for  slower  loading.  This  trend  agrees  with  that  ob¬ 
served  by  Wittmann  et  al.,^  who,  however,  concluded 
that  for  very  slow  loading,  the  trend  reverses.  The  trend 
may  also  be  different  in  the  dynamic  range.^' 

The  variation  of  the  fracture  toughness  of  mortar 
and  cement  paste  with  loading  rate  has  been  described 
by  means  of  a  power  function’’  Ki,  =  KaV",  where 
and  m  are  parameters  determined  experimentally,  and 
V  is  the  rate  of  change  of  deflection,  crack  length,  or 
stress.  Similarly,  the  present  test  results  have  been  Ht- 
ted  [Fig.  8(b)]  by  the  equation 


where  v  a  v,  is  the  chosen  reference  deformation 
rate,  and  Ko  -  for  v  -  v«.  From  the  present  data, 
m  =  0.041,  and  for  v,  =  5  x  10’’  mm/s,  Ko  -  30.4 
MPaVmm. 

For  loading  rates  faster  than  the  usual  static  test,  the 
fracture  energy  Gf  has  previously  been  found  to  in¬ 
crease  significantly  with  an  increase  in  rate.'-’*  How¬ 
ever,  at  low  rates,  this  trend  is  not  obvious  from  the 
present  results.  This  may  be  because  G/  is  strongly  af¬ 
fected  by  the  decrease  in  the  effective  modulus  due  to 
creep.  Wittmann  et  al.”  proposed  that  fracture  energy 
increases  under  very  slow  lomling  due  to  the  influence 
of  creep.  The  present  variation  tends  to  agree  with  their 
conclusion,  but  the  scatter  of  the  present  results  for  G/ 
is  too  high  to  draw  a  firm  conclusion.  If  linear  elastic 
fracture  mechanics  were  applicable,  then  one  couK’  use 
the  relation  G/  «  Ki/E  to  determine  that  the  scatter  is 
due  to  E,  but  the  relation  of  G/  and  if j,  is  more  compli¬ 
cated. 

RELAXATION  TESTS  OF  UNNOTCHED  BEAMS 

To  determine  the  creep  or  relaxation  behavior  of  the 
concrete  used,  four  unnotched  beams,  with  b  =  39  mm 
(1.5  in.),  </  »  76  mm  (3  in.),  and  span  »  191  mm  (7.5 
in.),  were  tested  under  three-point  loading.  A  trans¬ 
ducer  (LVDT  of  0.127-mm  range)  flxed  on  the  beams 
measured  the  deformation  over  a  gage  length  of  25.4 
mm  (1  in.)  centered  along  the  tension  face.  A  com¬ 
puter-based  data  acquishioQ  system  monitored  the  load 
and  deformation.  Test  details  are  listed  in  Table  4.  Us- 
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Fig.  8  —  EJfect  of  time  to  peak  load  on  (a)  fracture 
process  zone  size  and  (b)  fracture  toughness 


Table  4  —  Details  of  relaxation  tests  of 
unnotehed  beams 


SpeciincD 

A(e,  days 

P,. 

N 

U1 

34 

990 

U2 

39 

3420 

U3 

31 

3760 

U4 

30 

4380 

F,  >  load  M  which  rriautioo  jtaned. 

ApproumMc  pok  load  >  5<00  N  at  33  days. 

Strain  rate  during  loadioi  •  3.6  x  lO'Vwc. 
f  >  2t.l  MPa  (4076  pii);  coeflkicni  of  variation  «  0.023. 

ing  the  beam  theory,  the  maximum  bending  stress  and 
strain  were  calculated  as  a  function  of  time.  The  initial 
load  F,  was  applied  at  a  rate  of  majumum  strain  equal 
to  3.6  X  10' Vs,  which  corresponds  to  the  time  to  peak 
r,  3  I  s.  After  time  at  which  the  desired  F,  was 
reached,  the  deformation  was  held  constant,  and  the 
specimen  was  allowed  to  relax  the  load.  The  tests  were 
conduaed  with  different  F, -values.  The  measured  re¬ 
laxation  curves  of  maximum  bending  stress  a  versus 
elapsed  time  (r  -  /,)  are  shown  in  Fig.  9(a).  It  so  hap¬ 
pened  after  that  some  time  the  tests  could  not  be  con¬ 
trolled,  since  the  transducer  started  to  slip;  only  the 
data  for  the  duration  of  proper  control  are  shown. 

The  relaxation  is  strongest  in  Specimen  U4,  which 
had  the  highest  F, -value.  It  appears  that  U4  is  in  the 
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Fig.  9  —  Rtbaatkm  tests  of  unnotched  beams:  fa)  ex¬ 
perimental  data,  (b)  relaxation  in  linear  range,  and  (c) 
relaxation  in  nonlinear  range 


nonlinear  creep  rang?  where  relative  creep  is  stress^e- 
pendent.  This  is  the  case  if  an  initial  maximum  bending 
stress  greater  than  about  60  percent  of  the  strength  is 
imposed.  At  lower  stresses,'  the  relative  creep  or  relax¬ 
ation  is  generally  linear,  i.e.,  independent  of  stress.*’ 

CREEP  PROPERTIES  OF  CONCRETE 
To  interpret  the  relaxation  tests  of  fracture  speci¬ 
mens  (discussed  later),  one  must  first  know  the  relaxa¬ 
tion  properties  of  the  concrete  outside  the  process  zone, 
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characterined  by  the  relaxation  function  R  (i./,).  where 
r  «  currcitt  time  rad  r,  «  age  at  the  start  of  rdaxa- 
timi.  The  appropriate  expression  for  R  V.t,)  may  be  tk- 
duced  from  the  compliance  function  J  U.l,)  for  creep. 
The  log-double  power  law*’  for  the  creep  of  concrete 
gives  a  good  approximation:  R  (/./,)  m  1/7  (i.r,).  Here, 
7  (/./,)  -  £;  ■  (1  +  I)  and  f  .  e  1«|I  *  b(t  -  r.ri. 
where  a.  b.  and  n  «  empirical  constants.  For  rela¬ 
tively  short-term  relaxation  (hours  rather  than  years),  ( 
is  small.  Then  1/(1  -t-  |)  s  1  -  This  leads  to  the 
approximation 

-  =  R{t.  t.)  =  £;{!  -  a  lull  +  b(t  -  r,ri}  (8) 

where  a  »  current  bending  stress,  c«  «  stratin  during 
relaxation,  and  £«  >  instantaneous  modulus,  i.e., 
modulus  for  extremely  fast  load  application.  This 
modulus  is  typically  1 .5  to  2  times  larger  than  the  con¬ 
ventional  elastic  modulus  £  that  corresponds  to  the  in¬ 
itial  slope  of  the  stress-strain  diagram  in  a  typical  sutic 
test  (the  reason  is  that  loads  of  several  minutes  dura¬ 
tion  suffice  to  produce  considerable  creep)." 

The  relaxation  tests  that  were  in  the  linear  range  (Ul, 
U2,  U3)  were  fitted  with  Eq.  (8)  using  nonlinear  optim¬ 
ization  with  the  Marquardt-Levenberg  algorithm.  The 
parameters  obtained  were  n  *  0.36,  a  »  0.063,  and  b 
*  1.32,  with  t  and  l,  in  sec.  Fig.  9(b)  shows  the  fit  and 
the  data  sets.  The  coefficient  of  variation  was  u  = 
0.053.  The  average  was  54,000  MPa  (7.83  x  10*  psi), 
with  coefficient  of  variation  0.1. 

For  the  nonlinear  (high-stress)  range  of  relaxation, 
the  values  for  Specimen  U4  (see  Fig.  9(c)]  were  £,  = 
56,000  MPa  (8.12  x  10*  psi),  n  =  0.69,  a  =  0.056,  and 
b  »  5.91,  with  w  =  0.019. 

RELAXATION  TESTS  OF  FRACTURE 
SPECIMENS 

To  gain  further  insight  into  the  rate  effect,  time-de- 
pendent  tests  of  a  different  type  are  desirable.  Creep 
tests  are  not  feasible  in  the  post-peak  stage,  since  the 
load  cannot  be  held  constant.  But  load  relaxation  tests 
are  possible,  as  the  deformation  (e.g.,  CMOD  in  frac¬ 
ture  tests)  can  be  held  constam.  In  this  study,  two  se¬ 
ries  of  relaxation  tests  were  conduaed  on  3PB  fracture 
specimens  (Fig.  1)  with  <f  »  76  mm  (3  in.).  In  the  first 
series,  the  beams  were  loaded  at  several  CMOD  rates 
into  the  post-peak  stage  and  relaxation  was  initiated  at 
about  80  percent  of  the  peak  load.  In  the  second  series 
(described  later),  the  same  CMOD  rate  was  used  for  all 
specimens  but  relaxation  was  initiated  at  different 
loads. 

The  beams  NAl,  NA2,  NA3,  and  NA4  (first  series) 
were  loaded  at  constant  CMOD  rates  (see  Fig.  10(a) 
and  Table  5,  where  P..  »  peak  load),  until  a  load  P, 
(s  0.8  P-,)  was  reached  at  time  t,.  Subsequently,  the 
CMOD  was  held  constant,  and  the  relaxation  of  load 
with  dapsed  time  t  -  t,  was  then  recorded.  The  meas¬ 
ured  curves  of  load  versus  elapsed  time  are  shown  in 
Fig.  10(b).  It  is  obvious  that  not  only  the  maximum 
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load  but  also  the  relaxation  is  strongly  influenced  by 
the  loading  rate.  Initially,  the  rate  of  relaxation  is 
higher  for  specimens  that  are  loaded  faster,  but  the  fi¬ 
nal  slopes  are  almost  the  same  regardless  of  the  rate  of 
initial  loading.  This  was  expected  for  two  reasons:  1) 
according  to  the  hereditary  aspect  of  linear  viscoelas¬ 
ticity,  the  initial  stress  relaxation  is  higher  for  a  speci¬ 
men  loaded  faster,  as  indicated  by  the  superposition 
integral  over  the  past  stress  history;’^  and  2)  when  a 
specimen  is  loaded  at  a  higher  rate,  there  is  more  dam¬ 
age  (larger  fracture  process  zone),  and  higher  stresses 
near  the  crack  tip.  After  some  time,  the  delayed  linear 
viscodastic  effect  of  the  early  loading  history  becomes 
negligible,  and  the  stresses  in  the  process  zone  relax  to 
about  the  same  values.  Therefore,  the  relaxation  rate 
eventually  becomes  the  same  for  all  specimens. 

For  the  load  relaxation  after  time  r,,  the  expression 
for  linear  stress  relaxation  (Eq.  (8)]  may  be  used  as 

f\tVP,  ^  \  -  A  ln(l  +  IK/  -  /.)^  (9) 

but  the  values  of  the  empirical  parameters  A,  B,  and  N 
are  expected  to  differ  from  a,  b,  and  n.  For  short  times 
/  -  /„  this  equation  can  be  apiM’Oximated  by  P{t)/Py  = 

1  -  Afi(/-/,y*,  and  for  long  times  /  -  /„  by  P{,t)/Pi 
=  (1  -  A  \nB)  -  ASX  n(/-/|).  Thus,  the  product 
AN  represents  the  final  slope  of  the  plot  P{t)/P,  versus 
I  n(t-t,),  and  Parameter  B  engenden  a  horizontal  shift 
representing  acceleration  or  retardation. 

The  data  of  Specimens  NAl,  NA2,  NA3,  and  NA4 
were  fltted  with  Eq.  (9)  by  optimizing  /K/)/P|  (see  Fig. 
10(c)j.  In  the  fitting,  the  final  slope  (Parameters  A  and 
N)  was  taken  to  be  the  same  for  all  four  specimens, 
while  B  varied.  The  trends  are  modeled  reasonably  well. 
The  parameters  and  the  coefficient  of  variation  w  of  the 
fit  are  listed  in  Table  6. 

The  effects  of  load  and  loading  stage  on  relaxation 
were  investigated  in  the  second  test  series.  Six  speci¬ 
mens  were  tested:  four  in  the  post-peak  stage,  one  near 
the  peak,  and  one  in  the  prep^  stage  (see  Table  3  and 
Hg.  1 1(a)  and  (b)].  (Note  that  Specimen  NBS,  loaded 
until  the  estimated  peak  was  reached,  could  lie  in  either 
the  prepeak  or  post-peak  stage.)  The  CMOD  rate  be¬ 
fore  rdiuation  was  8.S  x  10*’  mm/s  for  all  these  spec¬ 
imens.  The  load  relaxation  plots  are  shown  in  Fig. 
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Fig.  10  —  Relaxation  tests  of  fracture  specimens  in 
post-peak  state  for  various  CMOD  rates:  (a)  load- 
CMOD  curves  before  relaxation,  (b)  load  relaxation, 
and  (c)  fits  of  data  with  model 


Table  6  —  Parameters  of  relaxation  function 
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Fig.  11  —  Relaxation  tests  of  fracture  specimens 
same  CMOD  rates  but  different  hod  ratios:  (a)  load- 
CMOD  curves  before  relaxation  of  specimens  loaded 
beyond  the  peak,  (b)  load-CMOD  ctirves  before  relax- 
athn  of  specimens  at  and  before  peak,  (c)  had  relaxa¬ 
tion 

1 1(c).  One  interesting  result  is  that  the  idaxatkm  in  the 
post-peak  state  appears  unaffected  by  the  load  P,  at 
which  the  relaxation  begins.  In  other  words,  irrespec¬ 
tive  of  where  rdaxation  is  initiiUed  after  the  peak,  ^t)/ 
Pi  is  the  same. 

The  data  of  Specimens  NBl,  NB2,  NB3.  and  NB4 
(pott-peak  state)  were  fitted  by  Eq.  with  B  «  23.8. 
which  was  the  value  obtained  for  the  same  CMOD  rate 
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Fig.  12  —  Fits  of  specimen  relaxation  with  model:  fa) 
response  in  post-peak  stage,  and  fb)  response  at  differ¬ 
ent  levels  of  loading  compared  with  unnotched  beams 


when  Specimens  NAl  and  NA2  of  the  first  series  were 
fltted  {see  Tables  5  and  6.  and  Fig.  12(a)].  The  values 
obtained  for  N  and  A  are  about  the  same.  The  data  for 
relaxation  near  the  peak  (NB5)  and  in  the  prepeak  stage 
(NB6)  were  also  ntted  with  (9).  For  NBS,  due  to 
lack  of  sufficient  data,  the  value  B  ^  23.8  (from  post¬ 
peak  fits)  was  used.  The  fits  are  shown  in  Fig.  12(b), 
and  the  parameters  in  Table  6.  For  comparison,  the  fits 
of  the  post-peak  data  [from  Hg.  12(a)]  and  linear  re¬ 
laxation  (unnotched  beams  from  Fig.  9(b)]  are  also 
shown. 

It  is  important  to  note  that  the  relative  relaxation  in 
the  post-peak  regime  is  significantly  greater  than  linear 
relative  relaxation.  The  difference  between  these  two 
relaxations  must  be  entirely  attributed  to  time-depend¬ 
ent  behavior  of  the  fracture  process  zone. 

The  responses  at  the  peak  and  in  the  prepeak  stage  tie 
between  the  post-peak  and  linear  responses.  The  basic 
finding  is  that,  in  the  time  range  of  these  tests,  relaxa¬ 
tion  coincides  with  the  linear  behavior  at  low  initial 
loads  before  the  peak,  later  increases  as  the  initial  load 
increases  towards  the  peak  and,  most  importantly,  re¬ 
mains  constant  through  the  post-peak  range.  Also, 
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there  seems  to  be  an  acceleration  in  relaxation  with  in¬ 
crease  of  initial  load  before  the  peak.  This  is  similar  to 
the  acceleration  due  to  increase  in  the  loading  rate  (see 
Fig.  10(c)],  and  can  be  explained  similarly.  To  under¬ 
stand  these  results,  it  can  be  hypothesized  that  the 
process  zone  size  increases  monotonically  with  the  load 
in  the  prepeak  range,  but  propagates  without  much 
change  in  size  during  the  post-peak  stage  (until  it  gets 
too  close  to  the  end  of  the  ligament):  see  References  S. 
6.  30,  and  also  39.  The  delayed  linear  viscoelastic  effea 
in  the  post-peak  range  does  not  change  if  the  initial 
loading  rate  remains  the  same.  Thus,  a  dependence  of 
the  load  relaxation  on  the  damage  or  process  zone  size 
can  explain  the  observed  trends. 

It  appears  that  when  a  large  crack  is  present  in  a 
concrete  specimen  or  structure,  the  effects  of  CTcep  are 
much  more  signiHcant  than  without  such  a  crack.  Vice 
versa,  creep  decreases  the  load-carrying  capacity  of  the 
cracked  structure  considerably.  Thus,  the  interaction  of 
creep  and  fracture  is  very  important  for  calculating  the 
response,  and  eventually  for  determining  the  servicea¬ 
bility  of  structures.  This  is  crucial  because  long-term 
creep  deformations  in  concrete  structures  are  consider¬ 
ably  larger  than  the  instantaneous  deformations. 

CONCLUSIONS 

1.  The  size  effect  law  proposed  by  Baiant  agrees  with 
concrete  fracture  test  results  over  a  wide  range  of  load¬ 
ing  rates,  with  times  to  peak  ranging  from  1  s  to 
2S0.000  s. 

2.  The  test  results  also  show  that  a  decrease  of  load¬ 
ing  rate  in  this  range  causes  a  shift  to  the  right  in  the 
size  effect  plot,  i.e.,  toward  higher  brittleness  and  lin¬ 
ear  elastic  fracture  mecharks  behavior. 

3.  The  fracture  toughness,  effective  length  of  the 
fracture  process  zone,  and  effective  critical  crack-tip 
opening  decrease  with  an  increase  in  the  time  to  peak 
load.  These  material  fracture  parameters  were  obtained 
through  the  size  effect  method  by  quasi-elastk  analysis 
based  on  the  effective  modulus  for  creep.  An  explana¬ 
tion  for  the  decrease  in  process  zone  size  might  be  the 
relaxation  of  high  stresses  in  the  fracture  process  zone. 

4.  For  the  fracture  specimen  type  and  time  range 
studied,  there  is  strong  load  relaxation  at  constant 
CMOD  in  the  post-peak  regime.  The  post-peak  relaxa¬ 
tion  is  about  1.7  times  stronger  than  that  of  unnotched 
specimens.  This  significant  difference  may  be  attrib¬ 
uted  to  1)  additional  creep  in  the  fracture  process  zone, 
and  2)  time-dependent  crack  growth. 

5.  The  load-relaxation  curves  tend  to  a  straight  line 
in  the  logarithm  of  the  elapsed  time. 

6.  There  is  a  strong  interaction  between  fraaure  and 
creep  in  concrete,  which  is  very  important  for  both 
failure  and  serviceability  analyses  of  structures.  Analy¬ 
sis  of  long-term  fracture  propagation  in  concrete  must 
take  this  interaction  into  account. 
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Abstract 

The  time-dependence  of  concrete  fracture,  and  particularly  the  effect  of  loading  rate,  has  so  far 
been  studied  mainly  in  the  dynamic  range.  The  present  study  extends  a  preceding  investigation  of 
the  rate  effect  in  the  static  range  which  covered  times  to  peak  from  1  s  to  300,000  s.  Geometrically 
similar  three-point-bend  specimens  of  three  different  sizes  are  subjected  to  either  a  sudden  1000-fold 
increase  of  the  loading  rate  or  a  10-fold  sudden  decrease  of  the  loading  rate.  It  is  found  that  the 
post-peak  softening  can  be  reversed  to  hardening,  followed  by  a  second  load  peak  which  can  be  either 
higher  or  lower  than  the  previous  load  peak.  The  rise  to  the  second  peak  depends  on  the  previous 
post-peak  load  drop  from  the  first  peak  load.  A  sudden  decrease  in  the  loading  rate  causes  initially 
a  steeper  softening  slope.  The  source  of  these  time-dependent  effects  appears  to  be  not  only  the 
thermally  activated  nature  of  the  process  of  bond  ruptures  in  the  fracture  process  zone  but  also  the 
effect  of  creep,  both  a  nonlinear  creep  in  the  fracture  process  zone  and  a  linear  creep  in  the  bulk  of  the 
specimen.  The  results  of  this  study  and  a  previous  study  suggest  that  there  is  a  significant  difference 
in  fracture  behavior  for  short-time  and  long-time  loads.  The  phenomena  observed  are  of  interest,  for 
example,  for  the  analysis  of  concrete  dams  with  cracks  that  evolve  over  many  years.  Mathematical 
modeling  of  the  present  test  results  is  left  for  a  subsequent  study. 

Introduction 

Understanding  of  freurture  mechanics  of  concrete  is  necessary  for  improving  the  design  of  concrete 
structures  against  various  type  of  brittle  failure,  and  particularly  for  taking  into  account  the  size 
effect  and  ductility  limitations.  Although  the  classical  fracture  mechanics  is  a  rate-independent  (time- 
independent)  theory,  the  fracture  properties  of  all  materials  depend  upon  the  loading  rate.  One  source 
of  the  rate  sensitivity  is  the  process  of  rupture  of  interatomic  or  intermolecular  bonds  at  the  tips  of 
microcracks,  which  represents  a  thermally  activated  process  governed  by  a  certain  activation  energy. 
The  rate  sensitivity  is  explained  by  the  fact  that  the  probability  that  the  thermal  vibration  energy 
of  an  atom  or  molecule  would  exceed  the  activation  energy  barrier  of  the  bond  increeises  with  the 
superimposed  potential  due  to  applied  stress  or  load. 

A  second  source  of  rate  sensitivity  is  creep  (or  stress  relaxation)  in  the  fracture  process  zone, 
as  well  as  in  the  bulk  of  the  specimen.  The  creep  effect  is  negligible  at  very  fast,  dynamic  loading 
rates,  but  inertia  (or  wave  propagation)  effects  complicate  dynamic  fracture.  The  creep  effect  becomes 
important  only  at  sufficiently  slow  loading  rates,  complicating  the  freK;ture  theory,  while  the  inertia 
effects  vanish.  Whereas  Wittmann  and  Zaitsev  (1972),  Shah  and  Chandra  (1970),  Liu  et  aL  (1989) 
and  others  have  already  suggested  that  concrete  fracture  is  etffected  by  creep,  a  detailed  investigation 
of  this  effect  has  not  been  conducted.  On  the  other  hand,  the  rate  effect  in  concrete  fracture  has  been 
extensively  investigated  in  the  dynamic  range  of  loading,  in  which  the  maximum  load  is  reached  in 
less  than  one  second;  see  Mindess  and  Shah  (1986).  In  a  material  such  as  concrete,  which  exhibits 
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pronounced  creep  und«r  long-time  loading,  the  rate  effect  in  the  static  range  emd  the  contribution  of 
W  creep  to  it  mi^  be  expected  to  be  particularly  strong. 

For  this  reason,  a  preceding  study  by  Bazant  and  Gettu  (1992)  investigated  the  rate  effect  in 
the  static  range  experimentally,  using  crack  mouth  opening  displacement  (CMOD)  rates  with  times 
to  peak  load  ranging  from  1  s  to  300,000  s  (3.3  days).  The  size  effect  method,  coupled  with  the 
effective  modulus  approximation  of  creep,  has  been  used  to  determine  the  rate  dependence  of  fracture 
properties.  The  fracture  toughness  was  found  to  decrease  with  a  decreasing  rate,  sts  a  continuation 
of  the  trend  previously  known  for  the  dynamic  range.  As  a  new,  surprising  result,  the  effective 
length  of  the  fracture  process  zone  was  found  to  decrease  with  decreasing  rate,  which  implies  that  for 
slow  loading  the  brittleness  number  increases  and  the  response  shifts  closer  to  linear  elastic  fracture 
mechanics  (LEFM).  Load  relaxation  at  constant  CMOD  in  the  post-peak  regime  was  also  investigated 
and  found  to  be  very  pronounced.  The  time  curves  of  relaxing  load  where  found  to  be  approximately 
straight  lines  in  the  logarithm  of  the  elapsed  time,  and  the  load  drop  to  be  several  times  larger  than 
for  a  linearly  viscoelastic  relaxation  of  unnotched  specimens  for  the  same  relaxation  duration.  The 
difference  between  these  two  relaxations  has  been  attributed  to  time-dependent  processes,  principally 
creep,  in  the  fracture  process  zone. 

FVom  Bazant  and  Gettu’s  (1992)  study  it  became  clear  that  there  is  a  strong  interaction  between 
fracture  and  creep,  which  must  be  taken  into  account  in  predicting  the  long-term  load-carrying  capacity 
of  structures  with  cracks.  This  is  particularly  important  for  analyzing  the  failure  of  concrete  danis.  in 
which  large  fractures  often  develop  gradually  over  a  period  of  many  years. 

As  far  as  materials  other  than  concrete  are  concerned,  the  effects  of  loading  rate  in  the  static  range 
were  recently  investigated  by  Bazant,  Bai  and  Gettu  (1991)  on  limestone.  The  effect  of  the  loading 
rate  was  found  to  be  significant,  but  less  pronounced  than  for  concrete,  and  no  shift  of  brittleness  with 
a  decreasing  loading  rate  has  been  observed.  This  is  no  doubt  explained  by  the  fact  that  limestone 
0  does  not  exhibit  any  significant  creep,  so  that  most  of  the  rate  effect  must  be  due  to  the  thermally 
activated  process  of  bond  ruptures. 

The  preceding  study  of  Bazant  and  Gettu  (1992)  was  limited  to  constant  loading  rates.  The 
purpose  of  the  present  study,  on  which  preliminary  reports  were  made  in  several  conference  papers 
by  Bazant  and  Gettu  (1989,  1990,  1992),  is  to  present  the  experimental  results  on  the  effect  of  a 
sudden  change  of  loading  rate.  Knowledge  of  this  effect  is  essential  for  formulating  a  time-dependent 
mathematical  model  for  the  fracture  process  zone,  which  will  be  the  subject  of  a  subsequent  study. 
By  adopting  the  R-curve  (resistance  curve)  model  for  nonlinear  fracture,  the  effect  of  the  constant 
loading  rate  has  already  been  successfully  described  in  three  brief  conference  papers  (Bazant  and 
Gettu,  1989;  Bazant,  1990;  and  Bazant  and  Jirasek,  1992),  and  it  may  be  expected  that  an  extension 
of  this  approach  would  work  also  in  the  case  of  sudden  changes  of  the  loading  rate. 


Material,  Test  Specimens  and  Test  Procedure 

The  material  studied  was  plain  concrete,  with  a  mix  ratio  of  cement  :  sand  :  gravel  :  water  = 
1:2:2:  0.6,  by  weight.  ASTM  Type  I  Portland  cement  was  used.  The  aggregate  consisted  of  crushed 
limestone  gravel  of  maximum  grain  size  13  mm  (0.5  in.)  and  siliceous  sand  passing  standard  sieve  No. 
2,  corresponding  to  maximum  grain  size  5  mm.  The  average  standard  28-day  cylinder  strength  of  the 
concrete  was  =  37  MPa  (5370  psi). 

The  specimens  were  three-point-bent  notched  beams  shown  in  Fig.  1.  Specimens  of  three  sizes, 
characterized  by  beam  depths  d  =  38,76,  and  152  mm  (1.5,  3  and  6  in.),  were  tested  (labeled  as 
S-small,  M-middle,  L-large).  The  specimens  of  different  sizes  were  geometrically  similar  in  two- 
dimensions  and  the  beam  thickness  b  =  38  mm  (1.5  in.)  was  constant  for  specimens  of  all  the  sizes. 
The  beam  length  was  8d/3,  the  span  was  2.5d,  and  the  notch  length  was  d/6.  The  specimens  were 
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'  ust  with  the  notch  face  at  the  bottom.  The  notches  were  cut  with  a  diamond  band  saw,  and  were  1.8 
mm  (0.07  in.)  wide. 

The  specimens  were  cured  in  water  for  65  days,  at  which  time  they  were  tested  (within  a  few  hours 
after  retrieval  from  the  water  bath).  During  the  tests,  the  specimens  had  their  surfaces  sealed  with 
siliconized  acrylic  latex  to  prevent  moisture  loss.  The  specimens  and  their  material  were  the  saure  as 
in  the  preceding  study  by  Baiant  and  Gettu  (1992). 

The  specimens  were  tested  at  controlled  CMOD  rates.  To  bring  the  effects  of  the  loading  rate  to 
light,  the  loading  rate  must  change  by  several  orders  of  magnitude,  and  the  change  of  loading  rate 
must  be  sudden,  almost  instantaneous.  This  can  be  achieved  only  in  a  computer  controlled  closed- 
loop  testing  machine.  The  testing  frame  must  also  be  sufficiently  stiff  and  the  pumps  sufficiently 
powerful  to  make  such  a  sudden  change  of  loading  rate  possible.  These  conditions  were  met  by  using 
an  MTS  closed-loop  testing  machine  (MTS  model  318.10,  20  kip  load  frame  using  test  star  digital 
controls — MTS  Corp.  Minneapolis,  MN). 

Fig.  2(a,b)  shows,  as  an  example,  the  record  of  the  CMOD  time  history  produced  by  the  loading 
equipment.  It  is  seen  from  Fig.  2(a)  that,  compared  to  the  previous  history,  the  loading  rate  changes 
practically  instantaneously  since  the  time  curve  becomes  immediately  an  almost  vertical  line.  In  Fig. 
2(b)  the  time  scale  is  greatly  expanded  to  show  the  detail  of  the  CMOD  history  at  the  time  of  the 
rate  change.  Here  one  can  discern  some  imperfections  (such  as  load  oscillations  just  before  the  steep 
rise),  however,  these  imperfections  are  insignificant  compared  to  the  duration  of  the  test. 


Effect  of  Sudden  Increase  or  Decrease  of  Loading  Rate 

For  a  sufficiently  large  increase  of  the  loading  rate,  the  results  shown  in  Fig.  3  reveal  that  the 
post-peak  softening  can  be  reversed  to  hardening  which  is  followed  by  a  second  peak,  after  which  a 
new  post-peak  softening  branch  begins.  The  second  peak  can  be  higher  or  lower  than  the  first  peak  at 
the  previous  slow  rate  of  loading,  depending  on  the  ratio  of  rate  increase  and  on  the  magnitude  of  the 
load  decrease  prior  to  the  increase  of  rate.  A  typical  response  is  seen  in  Fig.  3(c),  in  which  the  initial 
loading  rate  was  10~®  mm/s,  (CMOD  rate)  and,  relatively  soon  after  the  peak  load  the  loading 
rate  was  suddenly  increased  a  1000-times  to  10"^  mm/s,  at  the  moment  when  the  1o2m1  had  dropped 
to  97%  of  P„.  The  second  peak  occurs  at  3725  N  (837  Ibf.).  For  loading  histories  of  this  type,  the 
second  peak  generally  occurs  at  the  load  of  about  110%  —  135%  of  the  first  peak  P^- 

The  test  results  obtained  on  various  individual  specimens  are  given  in  Table  1.  The  response 
diagrams  of  load  vs.  CMOD  are  shown  in  Fig.  3(a-f)  for  specimens  of  three  sizes  (small,  medium, 
large)  and  for  different  values  of  the  load  drop  from  the  previous  peak  at  which  the  rate  was  chosen 
to  be  suddenly  increased. 

Some  1o£k1-CMOD  diagrams  exhibit  small  pseudo-peaks  (S5,  L2,  L4  in  Fig.  3(b),  (e)  (f))  before 
the  first  peak  is  reached.  In  some  specimens  one  can  see  a  relatively  flat  region  (M2  and  L2)  (Fig. 
3(c)  and  (e))  occurring  after  the  first  peak  .  These  two  phenomena  are  probably  not  systematic  and 
are  caused  by  random  effects,  specimen  microstructural  heterogeneity  and  similar  influences. 

In  another  test  series,  the  faster  rate  started  after  a  much  greater  load  drop,  namely  from  Pu  to 
0.65%Pu-  The  second  peak  still  ocurred,  however  it  was  lower,  only  about  0.75%  P„;  see  Table  2  and 
Fig.  4(a-c). 

No  second  peak  was  found  when  the  faster  rate  started  after  a  much  greater  load  drop,  from  P^ 
to  0.26%  P„  (Fig.  5). 

In  a  second  group  of  tests,  the  specimens  were  loaded  at  the  fast  rate  and,  in  the  post-peak  regime, 
the  loading  rate  was  suddenly  decreased  10-times,  from  10“^  mm/s  to  10“®  mm/s.  The  results  are 
shown  in  Fig.  6(a-c)  and  also  given  in  Table  3.  The  sudden  decrease  in  loading  rate  was  always 
accompanied  by  an  almost  instantaneous  drop  in  load  followed  by  a  conventional  post-peak  softening 
reponse. 
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Discussion  of  Results  and  Conclusions 


1 


Testing  several  identical  specimens  at  the  same  loading  history  reveals  that  there  can  be  substan¬ 
tial  scatter.  This  is  exemplified  by  specimens  MAI  and  MA2  (Fig.  6(b)  and  (c)).  In  future  extensions 
of  this  program,  it  would  therefore  be  desirable  to  test  a  larger  number  of  specimens  and  conduct 
their  statistical  evaluation.  Nevertheless,  despite  the  limited  scope  of  the  presently  reported  tests, 
the  restilts  show  overaU  a  coherent  picture.  Similar  effects  are  seen  for  different  but  similar  loading 
histories  and  certain  trends  are  clearly  discernible.  From  these  overall  trends,  the  following  conclusions 
may  be  drawn. 

1.  An  increase  of  the  loading  rate  in  the  post-peak  regime  causes  a  stiffening  of  the  response,  and 
if  the  rate  increase  is  sufiKciently  large  (several  orders  of  magnitude),  the  post-peak  softening  is 
reversed  to  hardening  and  is  followed  by  second  peak. 

2.  The  second  peak  may  be  larger  or  lower  than  the  first  peak  under  the  previous  constant  rate  of 
loading.  The  greater  the  post-peak  load  drop  prior  to  the  rate  increase,  the  smaller  is  the  rise 
to  the  second  peak. 

3.  After  a  decrease  of  the  loading  rate,  the  descending  post-peak  slope  first  becomes  steeper  but 
later  the  previous  slope  is  resumed  again. 

4.  The  effects  of  the  loading  rate  change  are  similar  for  specimens  of  various  sizes  (the  data  for 
specimens  of  various  si^^^-s  will  be  needed  for  developing  a  mathematical  model). 

It  is  also  interesting  to  compare  the  present  results  to  the  results  of  relaxation  tests  from  Bazant 
and  Gettu  (1992).  The  relaxation  tests  correspond  to  a  decrease  of  the  loading  rate  to  zero.  The 
present  results  show  that  the  response  to  a  decrease  of  the  loading  rate  gradually  approaches  the 
relaxation  tests. 

On  the  basis  of  this  study  as  well  as  the  previous  study  by  B€kzant  and  Gettu  (1992),  one  may 
infer  that  by  a  certain  sudden  change  of  the  loading  rate  it  is  possible  to  produce  any  of  the  loading 
slopes  shown  by  arrows  in  Fig.  7. 
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Figure  Captions 


Fig.  1  Geometry  of  the  three-point-bend  fracture  specimens  tested. 


Fig.  2  Typical  recorded  time  histories  of  CMOD  and  load  achieved  by  the  controls  of  the  test  equip¬ 
ment  used.  Part  (b)  is  an  expanded  version  of  (a). 

Fig.  3(a-f)  Measured  responses  for  a  1000-fold  rate  increase  after  a  load  drop  to  90-95%Ptj  (S-small, 
M-medium,  L-large  specimen). 

Fig.  4  (a-c)  Measured  responses  for  a  1000-fold  rate  increase  after  a  load  drop  to  65%Pu  (S-small, 
M-medium,  L-large  specimen). 

Fig.  5  Mesksured  responses  for  a  1000-fold  rate  increetse  after  a  load  drop  to  26%Pu- 

Fig.  6  (a— c)  Measured  responses  for  a  1 0-fold  rate  decrease.  (S-small,  M-medium) 

Fig.  7  Load  deflection  slopes  accessible  by  changing  the  loading  rate  in  the  post-peak  softening 
regime. 
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Abstract.  The  equivalent  linear  elastic  fracture  model  based  on  an  R^urve  (a  curve  characterizing  the  variation  of  the 
critical  energy  release  rate  with  the  crack  propagation  length)  is  generalized  to  describe  both  the  rate  effect  and  size 
effect  observed  in  concrete,  rock  or  other  quasibrittle  materials.  It  is  assumed  that  the  crack  propagation  velocity 
depends  on  the  ratio  of  the  stress  intensity  factor  to  its  critical  value  based  on  the  R<urve  and  that  this  dependence 
has  the  form  of  a  power  function  with  an  exponent  much  larger  than  I.  The  shape  of  the  R.curve  is  determined  as  the 
envelope  of  the  fracture  equilibrium  curves  corresponding  to  the  maximum  load  values  for  geometrically  similar 
specimens  of  different  sizes.  The  creep  in  the  bulk  of  a  concrete  specimen  must  be  taken  into  account,  which  is  done  by 
replacing  the  elastic  constants  in  the  linear  elastic  fracture  mechanics  (LEFM)  formulas  with  a  linear  viscoelastic 
operator  in  time  (for  rocks,  which  do  not  creep,  this  is  omitted).  The  experimental  observation  that  the  brittleness  of 
concrete  increases  as  the  loading  rate  decreases  (i.e.  the  response  shifts  in  the  size  effect  plot  closer  to  LEFM)  can  be 
approximately  described  by  assuming  that  stress  relaxation  causes  the  effective  process  zone  length  in  the  R<urve 
expression  to  decrease  with  a  decreasing  loading  rate.  Another  power  function  is  used  to  describe  this.  Good  fits  of  test 
data  for  which  the  times  to  peak  range  from  I  sec  to  250000  sec  are  demonstrated.  Furthermore,  the  theory  also 
describes  the  recently  conducted  relaxation  tests,  as  well  as  the  recently  observed  response  to  a  sudden  change  of  loading 
rate  (both  increase  and  decrease),  and  particularly  the  fact  that  a  sufficient  rate  increase  in  the  post-peak  range  can 
produce  a  load-displacement  response  of  positive  slope  leading  to  a  second  peak. 


i.  Introduction 

The  rale  of  loading  as  well  as  the  load  duration  is  known  to  exert  a  strong  influence  on  the 
fracture  behavior  of  concrete.  Much  has  been  learned  in  the  previous  studies  of  Shah  and 
Chandra  [1];  Wittmann  and  Zaitsev  [2];  Hughes  and  Watson  [3];  Mindess  [4];  Reinhardt  [5]; 
Wittmann  [6];  Darwin  and  Attiogbe  [7];  Reinhardt  [8];  Liu  et  al.  [9];  Ross  and  Kuennen  [10] 
and  Harsh  et  al.  [11];  in  particular,  it  has  been  well  established  that  the  strength  as  well  as  the 
fracture  energy  or  fracture  toughness  increases  with  increasing  rate  of  loading,  roughly  as  a 
power  function  of  the  loading  rate.  The  previous  studies,  however,  focused  mainly  on  the  size 
effect  under  dynamic  loading,  at  which  the  loading  rates  are  very  high.  At  such  high  rates,  the 
rate  effect  is  mainly  due  to  the  thermally  activated  process  of  bond  ruptures,  arising  from  the 
effect  of  stress  on  the  Maxwell-Boltzmann  distribution  of  thermal  energies  of  atoms  and 
molecules. 

In  this  study,  we  focus  on  the  rate  effect  at  static  loading  rates  at  which  the  creep  properties 
of  a  material  such  as  concrete  begin  to  play  also  a  significant  role,  aside  from  the  thermal 
activation  of  bond  ruptures.  The  rate  effect  at  such  low  rates,  which  is  no  doubt  closely  related 
to  the  effect  of  load  duration,  needs  to  be  known  for  the  design  of  civil  engineering  structures 
carrying  high  permanent  loads  or  subjected  to  long  time  thermal  or  shrinkage  stresses.  For  such 
conditions  (which  are,  for  example,  important  for  the  fracture  of  dams),  the  rate  effect  in  concrete 
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fracture  has  been  essentially  unexplored  until  the  recent  experimental  studies  of  Baiant  and 
Gettu  [12-15]. 

The  difficulty  for  materials  such  as  concrete  (which  also  includes  rocks  and  tough  ceramics) 
is  that  a  nonlinear  fracture  model  taking  into  account  the  existence  of  a  large  fracture  process 
zone  is  required.  Such  materials,  nowadays  widely  called  quasibrittle,  exhibit  a  transitional  size 
effect  in  terms  of  their  nominal  strength;  for  small  sizes,  the  behavior  is  close  to  plasticity,  for 
which  there  is  no  size  effect,  while  for  very  large  sizes  the  behavior  approaches  linear  elastic 
fracture  mechanics  (LEFM),  for  which  the  size  effect  is  the  strongest  possible.  As  recently 
discovered  (Ba2ant  and  Gettu  [12  15]),  the  size  effect  plot,  i.e.  the  plot  of  the  nominal  strength 
versus  the  characteristic  structure  size,  is  significantly  influenced  by  the  loading  rate  or  loading 
duration.  Generally,  the  loading  rate  or  duration  significantly  influence  the  brittleness.  Mathe¬ 
matical  modeling  of  this  phenomenon  is  the  principal  aim  of  this  study. 

In  previous  work,  the  effect  of  loading  rate  on  the  size  effect  has  been  approximately 
described  by  quasielastic  analysis,  in  which  the  behavior  at  each  loading  rate  for  all  the 
specimen  sizes  is  described  according  to  LEFM  with  an  elastic  modulus  that  in  effect 
represents  the  well-known  effective  modulus  for  creep.  Such  analysis  brought  to  light  the 
changes  of  brittleness;  it,  however,  cannot  be  used  as  a  general  model  if,  e.g.,  the  loading  rate 
would  vary  with  time. 

In  this  study,  we  will  attempt  a  more  general  and  fundamental  model,  which  can  be  readily 
generalized  to  arbitrary  loading  histories.  The  model  will  represent  an  adaptation  of  quasi- 
linear  elastic  fracture  analysis  by  means  of  the  so-called  R-curves.  The  general  principles  of  this 
approach,  without  any  experimental  verification,  have  already  been  suggested  in  Ba2ant 
[16, 17].  In  the  present  study  we  refine  and  extend  this  mathematical  model  and  compare  it  to 
test  data. 

The  most  general  and  fundamental  approach  for  capturing  both  the  size  and  rate  effects  in  the 
fracture  of  concrete  and  other  quasibrittle  materials  is  of  course  a  constitutive  model  for  the 
evolution  of  damage  in  the  fracture  process  zone,  with  an  appropriate  localization  limiter.  Such 
a  model,  which  will  be  required  for  general  finite  element  codes,  should  be  the  objective  of  future 
investigations. 


2.  Basic  equations 

The  R-curve  (resistance  curve)  approach  represents  an  attempt  to  describe  the  nonlinearity 
of  the  law  of  crack  propagation  in  quasibrittle  materials  using  an  approximately  equi¬ 
valent  linear  model  in  which  the  fracture  energy  is  considered  to  depend  on  the  length  of  an 
equivalent  linear  elastic  crack.  This  equivalent  crack  is  defined  as  a  crack  in  a  linear  elastic 
material  having  the  same  compliance  as  the  actual  specimen  with  a  large  nonlinear  fracture 
process  zone  (Fig.  1). 

Let  us  denote  the  initial  crack  length  by  Cq  and  the  current  crack  length  by  a.  It  is  often  more 
convenient  to  work  with  nondimensional  quantities  Xq  =  ao/d  and  x  =  a/d,  where  d  is  the  total 
length  of  the  ligament  (Fig.  1).  According  to  LEFM,  an  applied  load  P  causes  a  load-point 
displacement 


R-curve  modeling  357 


(b)  ip 


Hg.  I  3PB  specimen  with  (a)  a  nonlinear  process  zone,  |b)  an  equivaieni  elastic  crack, 
a  crack-mouth  opening  displacement  (CMOD) 

and  a  stress  singularity  described  by  the  stress  intensity  factor 


K  = - =kla),  (3) 

d 

where  E'  =  E  for  plane  stress,  £'  =  £,(!  —  v^)  for  plane  strain  (£  and  »■  are  Young’s  modulus 
and  Poisson’s  ratio,  respectively),  b  is  thickness  of  the  specimen  and  C(a),  ^a),  /c(a)  are 
nondimensional  functions  depending  on  geometry.  It  can  be  shown  (e.g.  Baiant  and  Cedolin 
[16])  that  C(3t)  and  k(a)  are  related  by 

r(a)  =  r(0)-f2  k^(a)d5,  (4) 

where  ('(0)  is  the  compliance  of  the  same  specimen  without  any  crack.  For  a  threc-point-bend 
(3PB)  specimen  with  span-to-depth  ratio  i.d  =  2.5: 1  we  have  (Baiant  and  Kazemi  [19] 


CIO)  = 


3/(1  +  V) 


=  5.406  +  1.5v, 


k(a)  =  3.75v'o(l  -  3()^  ^(1  -  2.5a  -I-  4.49a^  -  3.98a^  -I-  1.33a‘‘),  (6) 

(5(a)  =  14.1a[0.76  -  2.28a  -l-  3.87a^  -  2.04a^  -I-  0.66(1  -  a)"^].  (7) 

The  graphs  of  nondimensional  functions  k{ot)  and  ^(a)  are  shown  in  Fig.  2a,b. 

The  Griffith  criterion  for  crack  propagation  in  perfectly  brittle  materials  states  that  the  crack 
can  propagate  if  the  energy  needed  to  create  a  new  free  surface  is  balanced  by  the  elastic  energy 
release  from  the  structure.  This  condition  is  equivalent  to  fC  =  K^,  where  K  is  the  actual  stress 
intensity  factor  and  its  critical  value,  called  fracture  toughness. 

The  usual  rate-independent  version  of  the  R-curve  model  for  crack  propagation  in  quasi- 
brittle  materials  is  based  on  the  assumption  that  the  energy  needed  to  propagate  the  crack  is  not 
constant,  but  increases  due  to  growth  of  the  nonlinear  fracture  process  zone  with  increasing 
crack  length.  According  to  this  assumption,  K,  is  replaced  by  the  function. 


K«(c)  =  ^E'Rlc), 


358  Z.P.  Baiant  and  M.  Jirdsek 


Fig.  2.  Graphs  of  (a)  k{<x^  (b)  (c)  piyi  (d)  f(K,  K*). 


which  depends  on  the  crack  propagation  distance  c  =  a  —  ao-  The  resistance  function  R{c), 
whose  graph  is  called  the  R-curve,  can  be  determined  solely  from  maximum  loads  of  similar 
specimens  of  different  sizes,  using  the  size  effect  method  described  in  Ba2ant,  Gettu  and  Kazemi 
[20].  Aside  from  geometry,  /?(c)  depends  on  two  material  constants  Gf  and  Cf  representing  the 
fracture  energy  and  the  fracture  process  zone  length  at  the  peak  load  for  an  infinitely  large 
specimen.  Based  on  the  size  effect  law  (see  [18],  Sec.  12.3  and  13.9),  it  has  been  shown  (Ba2ant 
and  Kazemi  [19,  20])  that  the  shape  of  the  fJ-curve  is  determined  by  the  equations 

^  ^  £  g'(<x) 

Gf  Cf  g'(ao)’ 


and 


c 

Cf 


g(g) 

/(a) 


-  a  +  oto 


g'(ao) 

g(ao)’ 


(10) 


where  g{<x)  =  k^a)  =  nondimensional  function  depending  only  on  geometry.  Choosing  a  se¬ 
quence  of  3-values,  one  calculates  for  each  of  them  the  value  of  cjcf  and  the  corresponding 

R/Gf. 
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Obviously,  the  relation  between  R/Gf  and  c/cf  depends  only  on  the  shape  (geometry)  of  the 
structure.  It  is  therefore  convenient  to  separate  the  effects  of  geometry  from  the  material 
properties  and  write 


R(c)  =  Gfpiyl  y  =  — , 


(H) 


where  p  is  the  normalized  resistance  function  depending  on  geometry  only.  Its  graph  (the 
normalized  R-curve)  for  a  three-point  bend  (3PB)  specimen  with  span-to-depth  ratio  2.5:1  is 
shown  in  Fig.  2c. 

Combining  (8)  and  (1 1),  we  get 

fC*(c)  =  =  (12) 

where  Kf  is  the  fracture  toughness  for  an  infinitely  large  specimen. 

To  capture  the  effects  of  the  loading  rate,  we  assume  that  the  crack  propagation  rate 
d  =  da/dt  depends  on  the  current  values  of  K  and  Kn: 


d=flK,K^).  (13) 

Since  K  =  yjE'G{a),  Kr  =  ^/E'R(c),  this  is  equivalent  to  assuming  that  d  is  a  function  of  C(a) 
and  R(c)  where  G{a)  is  the  energy  release  rate.  It  is  clear  that  d  should  increase  with  increasing  K 
and  with  decreasing  K*.  But  what  should  be  the  actual  form  of  the  crack  growth  rate  function 
f{K,  Kn)"}  Experimental  evidence  indicates  that  changing  the  loading  rate  by  several  orders  of  0 

magnitude  causes  the  peak  loads  to  change  only  by  a  factor  less  than  2  [14,  15,  26].  Therefore, 
the  crack  growth  rate  function  should  allow  for  a  very  large  variation  of  d  with  only  moderate 
changes  of  its  arguments.  This  can  be  achieved  by  vtting 

where  k  and  n  are  constants.  It  is  expected  that  n  >  1,  so  that  d  varies  with  K  as  indicated  in 
Fig.  2d. 

Equations  (1)  and  (2)  have  been  based  on  the  assumption  of  linear  elasticity.  Under  loading 
rates  spanning  over  several  orders  of  magnitude,  creep  effects  can  play  an  important  role.  Creep 
in  the  bulk  of  the  specimen  can  be  taken  into  account  by  replacing  l/E'  by  an  appropriate 
compliance  operator,  which  yields 


(14) 


utn-l 


1' 

Jh 
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Jto 


J{t,  t')d[P(t')C(t')], 
J{t,  f')d[P(t')^r')]. 


(15)  • 

(16) 
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is  the  compliance  function,  which  must  be  determined  in  advance  by  measuring  or 
estimating  the  creep  properties  of  the  material.  The  geometric  compliances  C,  d  are  time 
dependent  because  they  vary  with  the  relative  crack  length  a,  which  increases  as  the  crack 
propagates. 

Experiments  performed  under  load  control  become  unstable  after  the  peak  load  has 
been  reached.  To  study  the  descending  part  of  the  load-displacement  curve,  displacement 
control  must  be  adopted.  The  available  experiments  [14, 15, 21]  have  been  performed  under  a 
constant  CMOD  rate.  In  such  a  case,  the  time  history  of  CMOD  is  described  by  a  linear 
function 


A(t)  =  r(f-tol  (17) 

where  to  is  the  time  at  the  beginning  of  the  experiment  and  constant  r  is  the  prescribed 
CMOD  rate.  The  unknown  functions  P(t)  and  a(t)  describing  the  variation  of  the  applied  load 
and  evolution  of  the  crack  length  can  be  determined  by  solving  the  crack  propagation 
equation  (13)  along  with  (16).  Using  relations  (3),  (12),  (17)  and  a  =  oid,  we  can  rewrite  the 
basic  equations  as 

M(f)=  I  j{t,t‘)diP(t')S{ni 

J'o 

where  the  function  /  is  defined  by  (14).  The  CMOD  history  A(f)  is  specified  as  input,  to  simulate 
the  present  tests.  Alternatively,  the  load  point  deflection  history  u(t)  can  be  specified  as  input.  As 
still  another  alternative,  the  load  history  P(t)  may  be  specified  as  input  and  then,  first,  (18)  is 
solved  for  x(t)  and.  second,  A(t)  is  evaluated  from  (19).  The  initial  conditions  are 


(18) 

(19) 


3!(fo)  =  3(0,  P(to)  =  0,  A(to)  =  0. 


(20) 


3.  Numerical  solution 

To  solve  the  problem  numerically,  we  divide  time  into  equal  intervals  <f„  t,+ 1  >,  /  =  0, 1, 2, . . . ,  (V, 
with  tj  =  to  +  iAt.  Suppose  that  we  have  already  computed  approximate  values  a,  =  !z(f,), 
=  P(U)  for  <  ==  0, 1,2, ... ,  j  and  we  want  to  proceed  to  1,  Pj+i-  Equations  (18),  (19)  can  be 
discretized  in  <fy,  ty+j)  as  follows: 


2h^ 


■t-i  +  gj 
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{(■ 


7+1 


+  3ti 


(21) 


bAj  + 1  = 


[Pi+ldi'X 


i+  1 


)  -  /’,d(a,)]. 


(22) 
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where  Aj+ ,  =  A(fj+ ,)  =  r(j  +  I)  Ar  for  tests  with  a  constant  CMOD  rate.  For  convenience  let  us 
denote 


(24) 

S;-i  =  ^  J jj{Pi+  idi+ 1  —  PjtSj).  (25) 

i  =  0 

Equations  (21),  (22)  are  two  nonlinear  equations  for  unknowns  Noting  that  (22)  is 

linear  with  respect  to  Pj+i,  we  can  express  Pj+i  as 


1  I 

L  Jj.j 


and  substitute  this  expression  into  (21).  We  end  up  with  a  nonlinear  equation  with  only  one 
unknown  Xj+i-  As  the  right-hand  side  of  (21)  is  highly  nonlinear,  a  robust  numerical  procedure 
must  be  chosen  to  assure  convergence.  After  some  experimentation,  an  algorithm  based  on  a 
secant  rather  than  tangent  formula  has  been  adopted. 

Special  treatment  is  necessary  in  the  first  few  time  steps  when  the  process  zone  is  very 
small  and  Kr  is  therefore  close  to  zero.  In  fact,  at  time  to  we  have  Kr  =  0,  K  =0  and  the  ratio 
K/Kg  is  not  defined.  Even  though  we  do  not  need  to  evaluate  this  ratio  at  to  but  only  at 
to  +  (At/2),  3  is  at  the  beginning  of  crack  propagation  very  close  to  3o  and  numerical 
problems  arise  due  to  strong  sensitivity  of  the  high  power  (K/Kr)”  to  even  very  small  changes 
of  3. 

To  overcome  these  difficulties,  we  need  to  make  use  of  an  approximate  analytical  solution, 
which  can  be  derived  under  the  simplifying  assumptions  that  3  -  3o  <  1  and  that  P  is  a  linear 
function  of  time 

P(f)  =  F(t-  to),  (27) 

where  P  is  a  constant  to  be  determined  later.  For  small  values  of  a  —  3o,  k{<x)  can  be  replaced  by 
ko  =  k(3o)  and  p[(3  -  3o)d/c/]  by  pin  -  ao)d/c/,  where  p  =  p'(0).  Equation  (14)  can  now  be 
transformed  to 


tiere 

K  {  Y 


(29) 


362  Z.P.  Batant  and  M.  Jiriisek 


Solving  the  approximate  crack  propagation  equation  (28)  by  separation  of  variables,  we 
get 

a  =  +  (30) 

where 


C. 


/  »  +  2Y'-‘' 


(31) 


It  is  interesting  to  note  that  if  n  is  large,  a  -  ao  is  approximately  proportional  to  (r  -  to)^. 

Except  for  F,  all  the  quantities  in  expressions  (29)  and  (31)  defining  Ci  are  known.  P  can  be 
determined  from  the  load-CMOD  relation  (16).  If  a  -  a©  1,  we  can  treat  S(cc(t))  as  approxi¬ 
mately  equal  to  (5o  =  Using  P  =  P{t  —  to)  and  A  =  r(l  —  to),  (16)  can  be  simplified  to 
br(t  —  to)  =  t')df',  from  which 


br(t  -  to) 
Soi'J{t,ndf 


(32) 


The  fact  that  the  right-hand  side  of  (32)  depends  on  time  contradicts  the  assumption 
F  =  const.,  but  we  can  think  of  each  time  instant  t  ==  tj  separately,  approximating  the  history 
of  P(t)  in  the  interval  <to,  ti>  by  a  linear  function  whose  slope  depends  on  the  time  instant 
under  consideration.  The  analytical  solution  (30)  is  used  only  in  the  first  few  steps.  We  exploit 
it  to  initiali:!e  the  crack  propagation  and  get  a  reasonable  estimate  for  the  initial  crack 
propagation  rate.  In  fact  we  need  only  an  order-of-magnitude  estimate  as  the  initial  approxi¬ 
mation  for  the  previously  described  numerical  procedure.  The  rates  of  crack  propagation  at 
the  very  beginning  have  nearly  no  influence  on  the  later  stages  of  the  process  and  they  are 
needed  only  as  the  approximations  to  start  with.  Therefore,  the  present  simplifications  are 
justified. 

It  has  been  observed  experimentally  [20]  that  after  the  peak  load  R(c)  ceases  increasing  but 
remains  constant.  The  explanation  is  that  after  the  peak  load  the  process  zone  length  ceases 
growing  and  travels  across  the  ligament  approximately  as  a  rigid  body. 


4.  Comparison  of  theory  to  constant  CMOD  rate  tests 

Performance  of  the  proposed  model  has  been  compared  with  the  experimental  results  reported 
[14],  [15],  [21]  and  [26]. 

Baiant  and  Gettu  investigated  simultaneous  rate  and  size  effect  for  three-point-bend  concrete 
specimens.  Each  experiment  was  performed  under  a  constant  CMOD  rate.  They  tested 
specimens  of  three  different  sizes  {d  =  38  mm,  76  mm,  152  mm)  and  applied  the  CMOD  rates 
ranging  from  4  x  10" '■  m/s  to  10"*  m/s,  with  the  corresponding  times  to  peak  ranging  from  3 
days  to  1  second.  Table  1  shows  the  peak  loads  recorded  for  each  test.  Most  of  the  specimen 
were  tested  at  28  days  after  casting,  but  some  of  them  were  much  older  (up  to  120  days).  To  get 
comparable  data,  the  measured  peak  loads  have  been  adjusted  to  the  same  age  (28  days)  using  a 


5 
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Table  1.  Experimental  results  by  Ba2ant  and  Getlu  [14] 


Depth 

[mm] 

CMOD  rate 
[m/s] 

Age 

[days] 

Peak  load 
[N] 

38 

1.1  10’ 

28 

2217 

38 

1.1  10’ 

28 

1883 

38 

8.4  lO  " 

28 

1794 

38 

2.410“ 

28 

1639 

38 

1.8  10* 

28 

1774 

38 

1.8  10* 

28 

1818 

38 

7.1  lO'"'' 

40 

2256 

38 

7.1  10'® 

38 

1891 

38 

7.1  10'® 

39 

2128 

38 

3.8  10- " 

120 

2007 

76 

1.4  10’ 

28 

3612 

76 

1.410’ 

28 

3946 

76 

1.4  10’ 

28 

3014 

76 

5.3  10* 

28 

3059 

76 

4.3  10* 

28 

2750 

76 

3.6  10'* 

28 

2790 

76 

l.l  10'® 

30 

3153 

76 

1.010'® 

46 

3465 

76 

9.4  10-'® 

42 

3417 

76 

7.410'" 

108 

2995 

152 

2.1  10'’ 

28 

6158 

152 

2.1  10-’ 

28 

5919 

152 

2.1  10'’ 

28 

5406 

152 

7.1  10'* 

28 

5007 

152 

7.1  10'» 

28 

4210 

152 

7.1  10'* 

28 

4185 

152 

1.7  10'® 

31 

5239 

152 

1.4  10'® 

32 

4216 

152 

1.410® 

38 

4085 

152 

1.3  10-'® 

90 

4332 

simple  approximate  empirical  formula 


Ppeak,29  “  ^peak./o. 


(33) 


where  to  is  the  age  at  testing  in  days,  is  the  measured  peak  load  and  Pp„k.28  is  the 

corrected  peak  load.  The  creep  compliance  function  has  been  approximated  by  the 

well-known  double-power  law  (see  [18],  Sec.  9.4): 


Eo 


+  aXr  -  tT]. 


(34) 


In  agreement  with  the  data  from  [14],  the  parameters  of  this  law  were  set  as  follows: 

£o  =  48.4  GPa,  =  3.93,  m  =  0.306,  n  =  0.133,  a  =  0.00325. 

It  is  clear  from  Table  1  and  Fig.  3a  that  the  experimentally  determined  values  of  the  peak 
load  suffer  from  considerable  scatter,  which  can  be  explained  by  the  fact  that  the  specimens  # 
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(o)  (b) 

peak  load  (N)  peak  load  (kN) 


Fig.  J.  Comparison  with  experiments  for  concrete:  (a)  three  point  bending.  |b)  wedge  splitting. 

were  cast  from  several  batches  of  concrete.  Nevertheless,  some  general  trends  can  still  be 
observed; 

•  The  peak  loads  increase  with  increasing  rate  of  loading. 

•  The  rate  dependence  of  peak  loads  is  stronger  for  large  specimens  than  for  small  ones. 

•  The  nominal  strength  decreases  with  increasing  size,  approximately  following  the  size  effect 
law  proposed  by  Baiiant  [24]. 

•  The  size  effect  on  peak  loads  is  stronger  for  slow  loading  rates  than  for  fast  ones. 

It  may  be  somewhat  surprising  that  the  size  effect  and  the  rate  effect  in  concrete  appear  to  be 
mutually  dependent.  In  terms  of  size  effect,  a  decreasing  rate  of  loading  causes  a  shift  towards 
more  brittle  behaviour.  The  same  phenomenon  can  be  described  in  terms  of  rate  effect  as  an 
increase  of  rate  sensitivity  with  increasing  size. 

In  contrast  to  concrete,  no  interaction  of  size  and  rate  effect  could  be  observed  for  lime¬ 
stone  [15].  This  could  probably  be  explained  by  absence  of  creep  in  limestone,  both  within  the 
bulk  of  the  specimen  and  within  the  fracture  process  zone.  This  means  that  the  rate  effect  in 
limestone  is  due  solely  to  the  thermally  activated  process  of  bond  ruptures,  producing  the  crack 
surfaces. 

In  an  attempt  to  fit  the  aforementioned  experimental  data  by  the  proposed  rate-dependent 
R-curve  model,  it  has  been  discovered  that  the  originally  proposed  version  does  not  exhibit  any 
shift  of  brittleness.  It  was  therefore  not  difficult  to  get  a  reasonable  agreement  between  theory 
and  experiments  for  limestone  (Fig.  4),  while  for  concrete  (Fig.  3a)  it  was  impossible  to  get  a 
good  agreement  for  all  the  rates  and  all  the  sizes  at  the  same  time. 

It  is  nevertheless  encouraging  that  the  model  can  capture  both  the  size  effect  and  the  rate 
effect,  although  not  their  mutual  interaction.  Let  us  briefly  describe  the  role  of  free  parameters, 
whose  values  can  be  adjusted  to  get  the  best  fit  of  experimental  data: 

•  Parameters  k  and  K f  are  mutually  dependent,  so  that  only  one  of  them  can  be  regarded  as  a 
free  parameter.  By  increasing  KfOX  decreasing  k,  the  peak  loads  are  increased  for  all  the  rates 
and  sizes  in  the  same  ratio. 
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peak  load  (N) 


CMOD  rate  (m/s) 


Fig.  4.  Comparison  with  experiments  for  limestone. 


Fig,  5.  Graph  of  /  for  different  ratios  n/2m. 


•  Parameter  n  affects  mainly  the  rate  sensitivity  (for  all  the  sizes  in  the  same  manner).  By 

increasing  n,  one  can  decrease  the  slope  of  the  rate  effect  curve,  which  is  indicated  by 

experiments  to  be  roughly  linear  when  the  CMOD  rate  is  plotted  in  a  logarithmic  scale. 

•  Parameter  C/  affects  brittleness,  and  does  so  for  all  the  rates  in  roughly  the  same  manner. 

Increasing  Cf  causes  a  shift  toward  the  left  on  the  size  effect  curve,  i.e.  to  a  more  ductile 

behaviour. 


To  decrease  the  rate  sensitivity  of  the  model  to  realistic  values,  a  very  large  exponent  n  is 
needed.  For  example  to  fit  the  data  on  3PB  experiments  on  concrete  [14],  n  had  to  be  set  equal 
to  38  (Fig.  3a),  and  for  similar  experiments  on  limestone  [15]  even  to  55  (Fig.  4)! 

The  rate  dependent  R-curve  model  has  also  been  used  to  model  wedge-splitting  tests  on 
concrete  reported  in  [21].  Due  to  considerable  scatter  in  these  large-scale  tests,  it  is  impossible 
to  make  any  quantitative  conclusions.  However,  similar  trends  as  in  3PB  tests  can  be  observed 
(Fig.  3b).  The  value  of  the  exponent  n  came  out  to  be  35,  which  is  about  the  same  as  for  the 
aforementioned  3PB  experiments. 


5.  A  generaKzation:  inte-depeiident  process  zone  length 

The  original  version  of  the  rate-dependent  R-curve  model  presented  in  the  foregoing  suffers  by  a 
serious  drawback;  It  is  not  capable  of  modeling  the  rate-dependent  shift  of  brittleness  observed 
experimentally  by  Ba2ant  and  Gettu  [14].  In  an  attempt  to  increase  flexibility  of  our  model,  we 
may  replace  the  constant  value  of  C/  (process  zone  length  at  peak  load  for  an  infinitely  large 
specimen)  by  a  rate-dependent  function  c/(d).  The  rate-dependence  of  C/  is  not  illogical.  Stress 
relaxation  in  the  fracture  process  zone  may  be  expected  to  cause  the  stress  profile  along  the 
crack  extension  line  to  develop  a  steeper  drop  to  zero,  spanning  a  shorter  length,  which  means 
that  the  effective  fracture  process  zone  length  should  be  smaller  at  slower  crack  propagation. 

As  explained  in  Section  3,  c/  is  the  basic  parameter  affecting  brittleness.  Because  brittleness  is 
seen  to  decrease  with  increasing  rate,  Cy  should  be  an  increasing  function  of  a.  However,  Cy 
should  vary  only  by  a  factor  of  10  while  the  rate  of  loading  (and  therefore  also  the  rate  of  crack 


366  Z.P.  Baiant  and  M.  Jirdsek 


propagation)  varies  over  five  orders  of  magnitude.  It  is  therefore  reasonable  to  usl  a  power 
function  with  a  low  exponent 


<■/ 


(35) 


where  m  >  1.  For  the  sake  of  dimensionality  we  have  introduced  here,  in  addition  to  m,  two 
more  parameters  Cfo-  do.  but  only  one  of  them  is  independent.  The  other  one  can  be  preset  to 
any  (positive)  fixed  value  without  any  loss  of  generality. 

With  Cf  dependent  on  d,  the  crack  propagation  equation  (13)  now  becomes  an  implicit  law  for 
the  crack  propagation  rate  d.  If  the  model  is  to  be  physically  reasonable,  there  must  exist  a 
unique  nonnegative  solution  d  for  any  possible  situation.  This  condition  imposes  a  serious 
restriction  on  the  value  of  m.  A  simple  analysis  of  this  restriction  can  be  performed  if  we 
approximate  pfc/c/)  by  a  piecewise  linear  function 


The  function  /  defined  by  (14)  can  now  be  written  as 


/(K,K«) 


(37) 


Suppose  that  the  current  values  of  P,  k,  c  are  given  and  we  want  to  solve  (14)  for  unknown  d. 
Denote  by  d,  the  value  of  d  for  which  Cf(d)  =  c.  If  0  <  d  <  d,,  then  Cf(d)  <  c,  p(c/Cf(d))  =  1  and 
f(K,  Ar)  =  /o.  If  d  >  df,  then  C/(d)  >  c,  ^c/c/(d))  =  c/cy(d)  and 


/(K,  K,)  = 


(38) 


The  right  hand  side  of  (38)  is  graphically  presented  in  Fig.  5  for  three  different  cases.  It  is 
clear  that  if  n/2/n  <  1,  equation  d  =  /(K,  K*)  has  a  unique  positive  solution  for  any  values  of  /o 
and  dr-  However,  if  n/2m  >  1,  the  equation  has  no  solution  or  two  solutions  depending  on 
whether  /o  >  d^  or  /o  <  d^.  Thus,  to  ensure  a  proper  formulation  of  the  crack  propagation 
equation,  the  parameter  m  in  (35)  must  be  larger  than  r/2,  n  being  the  exponent  in  (14).  This 
condition  has  been  derived  under  the  simplifying  assumption  (36),  but  numerical  calculations 
reveal  that  the  method  indeed  does  not  converge  if  m  <  n/2  and  sometimes  even  if  m  is  only 
slightly  above  n/2. 

It  has  been  mentioned  in  Section  4  that,  in  order  to  ensure  realistic  rate  sensitivity,  n  must 
assume  very  large  values,  typically  between  30  and  40.  On  the  other  hand,  m  should  not  be  too 
large  if  we  want  to  get  a  substantial  shift  of  brittleness.  Unfortunately,  m  >  n/2  must  hold, 
otherwise  the  problem  of  crack  propagation  is  not  well-posed.  The  best  fit  of  experimental  results 
that  could  be  constructed  with  rate-dependent  C/  is  still  underestimating  the  measured  peak 
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Fig.  6.  Generalized  model  with  variable  c,-.  (a)  rate  effect.  1b>  experimental  size  effect,  (c)  numerical  size  effect. 


loads  for  small  specimens  under  slow  loading  rates  (Fig.  6a).  In  terms  of  the  size  effect,  this 
means  that  the  parameter  do  in  the  size  effect  law  [24] 


an  = 


(39) 


does  not  change  with  rate  as  much  as  it  should,  according  to  the  tests  of  concrete  (see  Fig.  6b,  c). 

The  theoretical  curves  in  Fig.  6a  correspond  to  the  following  set  of  parameters: 
K  =  8  X  10''*m/s,  =  9  X  10*  Nm-*'^^  n  =  29,  Cyo  =  0.0I4m,  do  =  0.01  m/s,  m  =  17.  Let  us 

emphasize  again  that  only  four  of  these  six  parameters  are  independent. 
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6.  ComfArisoii  to  tests  with  a  sudhlen  rate  change 

Ano»*'er  set  of  experiments  on  rate  effect  in  concrete  fracture  was  performed  by  Ba2ant.  Gu  and 
Faber  [25],  who  studied  the  effect  of  a  sudden  change  of  loading  rate.  In  their  tests  on  3PB  notched 
specimens  the  initial  CMOD  rate  was  held  constant  in  the  prepeak  range  and  in  a  part  of  the  post¬ 
peak  range.  After  the  load  decreased  from  its  peak  value  P,  to  some  lower  value  P,,  the  CMOD  rate 
was  suddenly  '  reused  or  decreased  by  several  orders  of  magnitude  and  the  test  continued  with  the 
new  valuf  f  a  constant  CMOD  rate.  This  resulted  into  a  sudden  change  of  slope  in  the 
load-C  ^'OD  diagram.  For  a  sufficiently  large  increase  of  the  loading  rate,  the  load  started 
increasing  again  and  a  second  peak  Pj  could  be  observed  (Fig.  7a).  On  the  other  hand,  a  decrease  of 
the  loading  rate  was  followed  by  a  fast  drop  of  the  load-CMOD  curve  (Fig.  7b).  The  rate-dependent 
P-curve  model  exhibits  qualitatively  the  same  behavior  (Fig.  7c).  The  tests  suggest  that,  after  a  rate 
change,  the  curve  for  the  new  rate  asymptotically  approaches  the  curve  for  a  constant  rate  test  with 
a  rate  equal  to  the  new  rate.  The  theory  agrees  with  this  behavior  also  (Fig.  7c). 


load  (a)  load  (b) 


CMOD  CMOD 


Relotive 


CMOD 


Fit).  7.  Load-CMOD  curves;  (a)  experimental  curve  (rate  increased),  (b)  experimental  curve  (rale  decreased),  (c) 
theoretical  curves. 
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>■  /</  S.  Second  peak  versus  load  at  rate  change:  fa)  effect  of  size,  (bl  effect  of  initial  rate,  (c)  effect  of  relative  rate  change. 


Quantitative  agreement  between  theory  and  experiments  can  be  verified  by  plotting  the  ratio 
P,  P,  versus  P,  Pi  for  all  available  results.  The  points  marked  by  different  symbols  in  Fig.  8a 
correspond  to  tests  on  specimens  with  three  sizes  (d  =  38  mm.  76  mm,  1 52  mm)  in  which  the  rate 
increased  by  three  orders  of  magnitude  (on  the  average  from  10'*  m/s  to  10'*  m/s).  The  results 
seem  to  be  independent  of  size. 

The  relationship  between  the  two  nondimensional  ratios  PJPi  and  P2/F1  can  be  calculated 
using  the  rate-dependent  R-curve  model  described  in  previous  sections.  Instead  of  trying  to 
adjust  the  parameters  so  as  to  fit  the  experimental  data,  their  values  were  taken  from  the  best 
fit  of  tests  by  Ba2ant  and  Gettu  [14]  constructed  in  Section  5.  It  is  gratifying  that  these 
parameter  values  lead  to  a  satisfactory  agreement  with  measurements  by  Ba2ant,  Gu  and 
Faber  [25]. 

The  theoretical  curves  are  only  slightly  dependent  on  size  (Fig.  8a)  and  almost  independent  of 
the  initial  rate  (for  the  same  relative  rate  change — Fig.  8b).  But,  as  expected,  they  are  sensitive  to 
the  relative  rate  change  (Fig.  8c). 
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t-tc  (sec) 
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Fig.  10.  Relaxation  curves  for  different  loads  at  relaxation  start;  (a)  experimental,  (b)  theoretical. 


regarded  as  a  limit  case  of  the  experiments  with  a  sudden  change  of  rate.  All  tests  were 
performed  on  medium  size  3PB  specimens  {d  =  76  mm). 

In  the  first  series  of  experiments,  the  initial  rates  were  different  and  relaxation  started  in  the 
post-peak  range  at  about  85  percent  of  the  peak  load.  Denoting  the  time  at  which  relaxation 
started  by  and  the  corresponding  load  by  P,,  one  can  plot  the  relaxation  curves  P(t)/Pc  versus 
f  —  f,.  The  experimental  and  theoretical  relaxation  curves  arc  shown  in  Fig.  9.  A  qualitative 
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agreement  can  be  observed  -  the  curves  corresponding  to  different  initial  rates  have  the  same 
final  slope  in  a  logarithmic  plot  and  are  shifted  with  respect  to  each  other.  However,  the  slope  of 
the  theoretical  curve  is  much  steeper  than  of  the  experimental  ones. 

The  second  series  of  experiments  was  conducted  with  the  same  initial  rate  (r  =  8.S  x 
10‘*m/s)  but  relaxation  started  at  different  stages  -  in  the  prepeak  range,  at  peak,  and  at 
different  load  levels  in  the  post-peak  range.  Figure  10c  reveals  again  only  a  qualitative 
agreement  -  the  relaxation  curves  starting  in  the  post-peak  range  lie  below  the  curve  starting 
approximately  at  peak,  which  in  turn  lies  below  the  curve  starting  in  the  pre-peak  range.  The 
theoretical  curves  are  again  steeper  than  the  experimental  ones. 


8.  Conclusions 

1.  The  equivalent  linear  elastic  fracture  model  based  on  an  /{-curve  (a  curve  characterizing  the 
variation  of  critical  energy  release  rate  with  crack  propagation  length)  can  be  generalized  to 
the  rate  effect  if  the  crack  propagation  velocity  is  assumed  to  depend  either  on  the  ratio  of 
the  stress  intensity  factor  to  its  critical  value  based  on  the  /{-curve,  or  on  the  difference 
between  these  two  variables.  This  dependence  may  be  assumed  in  the  form  of  an  increasing 
power  function  with  a  large  exponent. 

2.  The  creep  in  the  bulk  of  a  concrete  specimen  must  also  be  taken  into  account,  which  can  be 
done  by  replacing  the  elastic  constants  in  the  LEFM  formulas  with  a  linear  viscoelastic 
operator  in  time.  For  rocks,  which  do  not  creep,  this  is  not  necessary. 

3.  The  experimental  observation  that  the  brittleness  of  concrete  increases  with  a  decreasing 
loading  rate  (i.e.  the  response  shifts  in  the  size  effect  plot  closer  to  linear  elastic  fracture 
mechanics)  can  be  at  least  approximately  modeled  by  assuming  the  effective  fracture  process 
zone  length  in  the  /{-curve  expression  to  decrease  with  a  decreasing  rate.  This  dependence 
may  again  be  described  by  a  power  function. 

4.  Good  agreement  with  the  previous  test  results  for  concrete  and  limestone,  recently  measured 
at  very  different  loading  rates,  with  times  to  peak  ranging  from  1  second  to  250000  seconds, 
is  achieved. 

5.  The  model  can  also  predict  the  following  phenomena  recently  observed  in  the  laboratory: 

(a)  When  the  loading  rate  is  suddenly  increased,  the  slope  of  the  load-displacement  diagram 
suddenly  increases.  For  a  sufficient  rate  increase,  the  slope  becomes  positive  even  in  the 
post-peak  range,  and  later  in  the  test  a  second  peak,  lower  or  higher  than  the  first  peak,  is 
observed. 

(b)  When  the  rate  suddenly  decreases,  the  slope  suddenly  decreases  and  the  response 
approaches  the  load-displacement  curve  for  the  lower  rate. 

(c)  When  the  displacement  is  arrested,  relaxation  causes  a  drop  of  load,  approximately 
following  a  logarithmic  time  curve. 
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Fatigue  Fracture  of  High-Strength  Concrete  and  Size  Effect 


R1 

by  Zdenbk  R  Baiant  and  William  F.  Schell 


Results  of  an  experimental  slutly  of fatigue  fracture  of  geometrically  similar 
higk-sirength  concrete  specimens  of  very  different  sizes  are  reported  and 
analyzed.  Three-poini  bend  notched  beams  1.5.  4.24.  and  12  in.  deep  were 
subjected  to  cyclic  loading  with  a  lower  load  limit  of  0.07P.  and  an  upper 
limit  between  0.73  and  0.049^  where  P.  »  maximum  toad  in  monotonic 
loading.  The  number  trf  cycles  to  failure  ranged  from  200  to  41.000.  h  it 
found  that  the  Paris  law  for  the  crack  length  increment  per  cycle  as  a  fimc- 
turn  of  dte  stress  intensity  factor,  which  was  previously  verified  for  normal 
concrete,  is  also  applicabit  to  high-strength  concrete.  However,  far  speci¬ 
mens  of  ^ereni  sizes,  an  adjustment  for  the  size  effect  needs  to  be  aura- 
duced.  of  a  similar  type  as  prei-ioush  introduced  for  normal  concrete.  This 
size  adjustment  represents  a  gradual  transition  from  crock  growth  governed 
by  stress  amplitude  to  crack  growth  gcnemed  by  stress  intensity  factor  am¬ 
plitude.  The  structure  size  for  w  hich  this  transition  occurs  is  found  to  be 
about  an  order  of  magnitude  smaller  for  high-strength  concrete  than  for 
0  normal  concrete,  which  means  that  the  fracture  process  zone  under  cyclic 
loading  is  much  smaller  and  the  behavior  is  much  closer  to  linear  elastic  frac¬ 
ture  mechanics  (LEFMl.  4  linear  regression  pirn  estimating  the  sizg’Od- 
justed  parameters  is  derived.  .An  LEFM-rype  calculation  of  the  deflections 
under  cyclic  loading  on  the  basis  of  the  size-adjusted  Paris  law  yields  cor- 
rea  values  for  the  terminal  phase  but  grossly  underpredicts  the  initial  de¬ 
flections.  Overall,  the  results  underscore  the  importance  of  considering  fa¬ 
tigue  fracture  growth  in  the  case  o/  high-strength  concrete  structures  sub¬ 
jected  to  lorge.  repeated  loads,  and  taking  into  account  the  very  high  brit¬ 
tleness  under  fatigue  loading. 

K«yrfcdeflcaioii:lliltgw<»MMriili);fricl»wprintHMi  Mgli  rtnfrtic— - 
miB. 

Due  to  its  more  homogeneous  microstructure,  high- 
strength  concrete  is  mote  brinle  than  normal  strength  con¬ 
crete.  This  is  most  apfMHcnt  from  size  effect  tests,  which 
showed  that  the  lesponse  of  typical  ffactuie  qiecimens  made 
of  high-strength  coocieie  is  very  cloae  to  linear  elastic  frac¬ 
ture  mechanics.' 

The  fracture  properties  of  high-strength  concrete  have  been 
studied  for  monotonic  loading;^'-^  however,  no  htfotmation 
appears  to  exist  for  fatigue  loading.  Such  loading  is  very  im¬ 
portant  for  bridges,  offshore  structures,  and  structures  sub¬ 
jected  to  heavy  wind  loads  or  machinery.  Cyclic  loading 
causes  cracks  to  grow,  which  results  in  a  growth  of  deflec¬ 
tions  and.  after  a  certain  number  of  cycles,  may  cause  failure. 
Fatigue  fracture  has  previously  been  experimentally  studied 
for  normal  strength  concrete.^  It  has  been  found  that  the 
well-kitown  Paris  law  giving  the  crack  length  increment  per 

472 


cycle  as  a  function  of  the  amplitude  of  the  stress  intensity 
factor  is  invalid  for  concrete,  although  it  has  been  widely  used 
for  meuls.  However,  after  an  adjustment  for  the  size  effect.^ 
fatigue  fracture  of  norma)  :te  can  be  described  very 
well.  The  purpose  of  this  v.  lo  determine  the  laws  that 
describe  the  fatigue  fracture  u,  .ugh-strength  concrete.  Such 
laws  are  needed  for  predicting  the  growth  of  cracks  in  con- 
crete  structures  under  large  repeated  loads  due  to  traffic. '•  nd. 
thermal  cycles,  etc. 

EXPERIMENTAL  INVESTIGAHON 

The  test  specimens  were  made  of  a  high-strength  concrete 
that  is  typical  for  the  Chicago  area.  The  concrete  mix  was  de¬ 
signed  for  compressive  strength  exceeding  1 2.000  psi .  The  ra¬ 
tios  of  the  mix  components  to  cement,  by  weight,  were  as  fol¬ 
lows:  Portland  cement:  1.00.  water:  0.316.  fly  ash:  0.132. 
silica  fume:  0.0S07.  Vi-in.  maximum-diameter  crushed  ag¬ 
gregate:  2.18.  siliceous  sand:  1.51.  retarder:  0.00190,  and  su¬ 
perplasticizer:  0.009SI. 

Three  fracture  specimens  of  varying  size  were  cast  from  the 
same  batch  of  concrete.  The  specimens  were  three-point  bend 
fracture  specimens  shown  in  Fig.  I .  Specimens  of  different 
sizes  were  geometrically  similar  in  two  dimensions,  having 
the  same  thickness  b  equal  to  38. 1  mm  ( 1 .5  in.)  (as  explained 
in  previous  works,  it  is  preferable  to  keq>  the  thickness  con¬ 
stant,  because  this  minimizes  the  differences  in  hydration  heat 
and  drying  effects,  as  well  as  in  the  so-called  wall  effect  and 
effect  of  curvature  of  the  fracture  front  throughout  the  thick¬ 
ness).  The  beam  depths  were  Ds  38.1,  107.8,  and  304.8  mm 
(1.50,  4.24,  and  12.00  in.),  and  the  ratio  of  the  sizes  was 
I:  i/8  :8.  The  span  L  was  2.5D,  where  D  is  the  beam  depth. 
The  notch,  cut  by  a  band  saw,  had  the  length  Oo  =  D/6.  Also, 
six  emnpanion  cylinders  with  diameter  101.6  mm  (4  in.)  and 
length  203.2  mm  (8  in.)  were  cast  from  the  same  batch.  All 
the  specimens  were  compacted,  removed  from  the  mold  after 
48  hr.  and  stored  in  a  moist-curing  room  at  26  C  for  56  days. 
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The  fatigue  tests  were  conducted  in  a  closed-loop,  digitally 
controlled  machine  (MTS)  with  a  89,600  N  (10  t)  load  ca¬ 
pacity.  The  crack-mouth  opening  displacement  (CMOD)  was 
measured  by  an  MTS  extensomeier.  Dau  acquisition  for  both 
load  and  CMOD  was  performed  by  the  computer  controlling 
the  test.  The  control  variable  was  the  load  P. 

The  overall  experimental  setup  for  the  largest  specimen  is 
shown  in  Fig.  2.  To  fit  the  largest  beam  in  the  testing  frame, 
a  stiff  steel  beam  is  used  as  the  base.  A  photo  of  the  frame 
with  the  medium  specimen  and  configuration  of  the  instru¬ 
ments  is  shown  in  Fig.  3. 

The  median  age  of  the  specimens  at  the  time  of  test  was  70 
days,  chosen  higher  than  the  usual  28  days  to  minimize  the 
strength  gain  due  to  aging  during  the  testing.  Ail  die  tests 
were  done  within  a  span  of  2  weeks.  Companion  cylinders 
tested  just  before  and  after  the  fatigue  testing  revealed  a 
strength  gain  of  only  3  percent,  which  was  neglected  in  eval¬ 
uating  the  tests. 

Fatigue  testing  was  preceded  by  compliance  calibration  of 
the  fracture  specimens.  The  compliance  calibration  method, 
verified  for  concrete  in  Reference  7.  was  used  to  determine 
the  crack  length  during  the  loading  cycles,  because  determi¬ 
nation  of  the  effective  crack  length  by  optical  measurements 
is  virtually  impossible  due  to  diffused  cracking  at  the  fracture 
front,  as  well  as  the  curvilinear  shape  of  the  crack  front 
through  the  specimen  thickness,  revealed  by  dye  penetration 
testt.  The  compliance  calibration  method  was  shown  to  work 
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Fit;.  2 — 7V\/  seitiii  fur  Uir;i'  specimen 


Fii;.  J — Overall  test  arrangement  and  instrumentation  of 
medium  specimen 
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Fig.  4 — Load-CMOD  cunt  for  compliance  calibration 
method 


Fig.  5—CompUtatce  calibratum  curve 


for  a/D  <  05,  which  is  tutRaad  for  die  presew  tests.  The 
compliance  calibrttioa  wm  done  on  the  acmal  fadfue  spec¬ 
imens,  one  calibrttion  lest  for  each  siae.  The  iidtid  notdi 
length,  n* «  £M5,  was  the  same  as  for  the  actual  fiactuR  spec- 
inms.  Subsequently,  making  cuts  with  a  band  saw,  the  notch 
length  was  incremented.  Each  iaoement  was  assumed  to  re¬ 
move  the  previously  focmed  fiactnre  process  zone,  which  was 
nuher  smiji  due  to  the  smaB  loads  applied  (die  load  was  less 
than  20  pereent  Of  die  maximum  load).  Rom  sudi  measure¬ 
ments,  a  plot  (rf  the  load  values  versus  cradc-mooth  opetdng 
dtsplacement  (CMOD)  was  obtained  (Fig.  4}  and  a  regptt- 
Sion  line  was  passed.  The  slope  of  the  regression  line  is  die 
conqiliaaoe  for  the  given  cradt  length  (actually  it  is  not  a  com¬ 
pliance  coefficiem  in  the  sense  of  an  off-diagonal  term  of  the 
congdiance  matrix,  since  the  load  F  is  not  assodated  by  work 

474 


Ihbln  1  —  PMk  loads  and  fatigua  roaulta 
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with  CMOD).  Repeating  the  tests  shown  in  Fig.  4  for  a  range 
of  crack  lengths,  the  compliance  calibration  curve  (shown  in 
Fig.  5  for  depth  D  =  107.8  mm  »  4.24  in.)  was  obtained,  one 
for  each  specimen  size  D.  The  elastic  modulus  values  in  the 
theoretical  expression  for  the  compliance  curve  are  adjusted 
to  obtain  the  best  fit.  as  shown  by  the  solid  curve  in  Fig.  S. 
This  curve  is  then  used  to  estimate  the  corresponding  crack 
length  from  the  measured  compliance  during  the  fatigue  test. 

Prior  to  fatigue  tests,  monotonic  load-controlled  tests  were 
carried  out  to  determine  the  maximum  loads  of  the  specimens. 
These  tesu  were  used  to  determine  the  material  fracture  pa¬ 
rameters  according  to  the  size  effect  method*  and  decide  the 
load  values  to  be  used  in  the  fatigue  experiments.  The  mea¬ 
sured  peak  loads  P.  in  tiKMiotcnic  tests  are  given  in  Table  1 . 
A  typical  load-CMOD  curve  for  D = 76.2  mm  (3  in.)  is  shown 
in  Rg.  6  for  the  high-strength  concrete  used  in  the  current  ex- 
perimenu. 

The  Young’s  modulus  of  high-strength  concrete  was  esti¬ 
mated  from  the  approximate  empirical  formulas;  E  «  3320// 
+  6900  «  38.300  MPa  (S5S0  ksi)  and  the  tensile  strength/. » 
/,»0.94  ..J’t  =8.9MPa(1290psi).  in  which// must  be  given 
in  MPa.  TTie  compressive  strength//  was  determined  by 
testing  the  companion  cylinders  according  to  ASTM  stan¬ 
dards;  itt  average  value  at  the  beginning  of  the  fatigue  tests 
was  90.3  MPa  (13,100  psi).  The  fracture  parameters,  obtained 
by  the  size  effect  method  from  the  ultimate  loads  rtf’ specimens 
of  various  sizes  measured  under  monotonic  loading,  were; 
fracture  toughness  Kn  «  44.7  N  mm-*^;  fracture  energy  G/= 
32.1  N/m;  transitional  size  in  the  size  effect  law  Dt »  31.8 
aoK  and  effective  length  of  the  fracture  process  zone  in  an 
infinitely  large  specimen  c/s  7.6  mm  »0.itU,  where  d.  is  the 
maximan  aggregate  size  s  ’A  in.  (note  that  the  value  of  c/is 
rdadvely  small,  which  is  the  reason  for  the  high  degree  of 
brittleness  of  high-strength  concrete). 

The  fatigue  tests  were  conducted  at  two  different  values  of 
the  upper  load  limit  Pm,  equal  to  0.7SP.  and  0.8SP..  The 
minimum  load  limit  was  approximately  0.07P.  in  all  die  tests 
(it  was  necessary  to  maintain  a  nonzero  load  to  avoid  sepa¬ 
ration  between  the  specimen  and  the  loading  fixture).  Max¬ 
imum  and  miiiimum  load  limits  were  constant  during  the  fa¬ 
tigue  tests.  The  frequency  chosen  was  10  Hz.  This  is  much 
higher  than  the  frequency  0.04  Hz  used  by  Bakam  md  Xu.* 
but  it  ^ipears  dm  the  frequency  has  a  secondary  influence 
compared  to  the  influence  of  the  number  of  cycles  (although 
this  mi^  not  be  true  for  cycle  periods  stretching  over  momhs 
and  years).  Oegiite  the  hi^  frequency,  no  memurement  or 
ithb^  problems  were  encountered  dining  the  test  The  com- 
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puter  data  acquisition  system  recorded  the  load.  CMOD. 
stroke,  and  cycle  number  for  every  peak  and  valley  of  the 
load  history. 

ANALYSIS  OF  RESULTS 

The  results  of  the  fatigue  tests  are  given  in  Table  I.  The 
tests  also  include  different  load  levels  ranging  from  73  to  84 
percent  of  /*.  (ultimate  load  in  monotonic  loading).  It  is  seen 
from  Table  I  that  even  such  relatively  small  differences  in 
the  upper  load  limit  lead  to  enormous  differences  in  number 
of  cycles  to  failure  (ranging  from  2(X)  to  4 1,000).  The  loading 
system  was  not  capable,  at  the  fast  rate  of  loading,  to  produce 
exactly  the  desired  load  limit  in  the  cycle  set  at  the  con¬ 
trols.  This  is  why  the  recorded  Pmu  values  are  slightly  dif¬ 
ferent.  The  evaluation  was,  of  course,  based  on  the  actual 
measured  Pmn- 

A  typical  plot  of  the  relative  crack  length  a  =  a/D  versus 
the  number  of  cycles  N  for  the  middle-size  specimen  is  pre¬ 
sented  in  Fig.  7(a).  Considerable  random  differences  among 
the  results  were  encountered  for  the  largest  specimens:  Fig. 
7(b)  shows  that  in  one  specimen  the  crack  virtually  did  not 
grow  until  close  to  failure,  while  in  another  specimen  the 
crack  grew  almost  uniformly  throughout  the  duration  of  the 
test  (but  the  failure  occurred  after  approximately  the  same 
number  of  cycles).  Probably  these  differences  are  due  to  er¬ 
rors  of  control  and  measurement.  Nevertheless,  the  mean 
trend  described  by  these  scattered  results  matches  the  other 
tests  and  agrees  with  the  present  theory.  However,  since  only 
five  specimens  were  tested  for  the  two  different  upper  load 
limits,  more  extensive  testing  is  desirable  in  the  future. 

For  many  materials,  the  crack  length  increment  per  cycle 
approximately  follows  the  empirical  Paris  law,’  >o  which  is 
ntMmally  written  as  6a/£kS  =  Co  (AAT/)”  (Co  replaces  Paris' 
noution  C  to  avoid  any  confusion  with  compliance).  This  law 
can  be  rewritten  in  the  nondimensional  form  as^ 


0.001  0  003  0.005  0.007  0  009 


CMOO  (in) 

Fig.  6— Typical  lood-CMOD  curve  for  high-strength  concrete 
specimens  used,  D  =  76.2  mm 


Fig.  7— Typical  plots  of  relative  crack  length  versus  number 
of  cycles  N  recorded  for  (a)  one  medium  and  {bi  two  large 
specimens 


in  which  K  s  CoKl;  6Ki  is  the  amplitude  of  the  stress  inten¬ 
sity  factor  for  the  current  crack  length  a;  K  or  Co  and  n  =  em¬ 
pirical  constants;  and  Ku  fracture  toughness  for  monotonic 
loading  =  a  critical  value  of  Kt  for  monotonic  loading,  which 
is  introduced  for  the  convenience  of  dimensionality.  The 
stress  intensity  factor  is  calculated  from  the  applied  load  P, 
using  the  well-known  formula  of  linear  elastic  fracture  me¬ 
chanics 


K, 


Pfio.) 

bW 


(2) 


in  which  a = a/D = relative  crack  length:  for  the  present  three- 
point  bend  specimen. /a)  =  6.647a'^<l  -  2.5a  +  4.490^  - 
3.98a’  + 1 .33a*)/(  1  -  (which  was  obtained  by  curve-fit- 

ting  of  finite  element  results).'  For  other  specimen  geome¬ 
tries,  function  /(a)  can  be  found  in  fracture  textbooks  and 
handbooks."  *’  Using /o),  one  has  5  C/  =  DttglOoUgXotc) 
where  g(a)  =fla). 

The  validity  of  the  Paris  law  [Eq.  (1)]  has  been  extensively 
verified  for  metals,  and  recently  it  has  also  been  shown  ap- 
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plicable  to  normal  concrete.’  However,  it  has  been  found  that, 
in  contrast  to  the  previous  experience  with  metals,  the  value 
of  Kk  caiuiot  be  kept  the  same  for  very  different  specimen 
sizes.  It  appeared  that  a  good  agreement  with  the  test  results 
for  different  sizes  can  be  obtained  if  the  value  of  Kk  is  con¬ 
sidered  to  be  a  function  of  the  specimen  size  and  the  law  gov¬ 
erning  Kk  is  taken  to  be  the  same  as  that  ensuing  from  the  size 
effect  law  for  ultimate  loads  in  monotonic  tests,  as  proposed 
in  References  13  through  IS.  This  previously  derived  law  has 
the  following  form 

in  which  P  =  D/Do  =  relative  specimen  size  (also  called  the 
brittleness  nundier  since  it  determines  the  proximity  to  linev 
elastic  fracture  mechanics)  and  ATy = a  constant  which  repre¬ 
sents  the  asymptotic  value  of  fracture  toughness  for  an  infi¬ 
nitely  large  specimen  coinciding  with  the  asymptotic  value  of 
the  ff-curve.  Do  is  an  empirical  constant  that  may  be  inter¬ 
preted  as  the  size  in  the  middle  of  the  Uwisition  between  the 
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Fig.  8(a) — Umar  regression  according  to  original  Paris  Law 
(data  points  refer  to  individual  ^cimens) 
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Fig.  8(c) — Unear  regression  with  optimal  fit  (data  include 
two  specimens  per  size) 
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Fig.  8(b)—Lmear  regression  according  to  size-adjusted  Paris 
law  (data  include  two  specimens  per  size) 

strength  theory  and  linear  elastic  fracture  mechanics.  Fbr  D 
i  D»(fi  1  ),^.(1)  is  eqpitvdeiN  to  crack  growth  being  ptD- 
portioaa]  to  the  nth  power  of  the  nominal  stress  amplitude 
[Eq.  (10).  Reference  3).  while  for  f>«0«  IXdieciack 
growth  per  cycle  according  to  Eq.  (1)  dqiends  only  on  the 
amplitu^  of  the  stress  intensity  as  in  the  classical  Paris 

tow  (whidi  is  asynqnotically  approached  for  sufficiently  large 
sizes). 

The  size-adjusted  Paris  tow  (Eq.  (3)]  has  been  verified  for 
normal  concrete  but  not  however,  for  high-strength  concrete. 
Eq.  (1)  can  be  reduced  to  a  linear  regression  plot  by  phNtii^ 
log  (isa/JSN)  versus  logfAX).  as  a  means  of  size  adjustment, 
versus  log(AJC/iirfe).  The  slope  of  the  tegression  lines  in  an  the 
ffgures  is  the  same  (taken  as  the  avenge  value  of  the  regres¬ 
sion  dopes  for  individnal  sizes);  die  dope  is  n  »  8.6,  which 
is  a  tUghtly  smaller  value  dun  that  obtained  from  normal  con¬ 


crete.  which  was  n  » 10.6.  Hg.  8(a)  shows  the  plot  at  the  pres¬ 
ent  test  resultt  for  dl  specimen  sizes  when  the  vdue  (d  Ku  is 
replaced  by  Kif^  1 .0.  as  in  the  original  (unadjusted)  Paris  law 
[^.  (1)]:  the  regression  lines  represent  the  optimal  fits  ob¬ 
tained  separately  for  each  specimen  size.  The  fact  that  these 
regression  lines  do  not  coincide  and  are  not  even  close  indi¬ 
cates  that  the  original  Paris  tow  is  not  valid. 

When  the  size  adjustment  according  to  Eq.  (1)  is  intro¬ 
duced  and  the  vdue  of  D«  equd  to  the  monotonic  vdue  (31 .8 
mm)  obtdned  from  the  size  effect  method  is  used,  one  obtdns 
the  plot  shown  in  Fig.  8(b)  in  which  Ku^  3)]^ 

relative  vdues  of  Ku  from  Eq.  (3)  (note  that  two  of  the  three 
straight  lines  nearly  coincide).  The  fact  that  the  regression 
lines  for  different  sizes  are  now  very  close  to  each  other  con¬ 
firms  that  the  size-adjusted  Paris  law  [Eq.  (1)]  is  vdid.  Fur¬ 
thermore.  Fig.  8(c)  shows  the  plot  when  dl  the  results  are 
fitted  by  the  same  regression  line,  for  which  D»  - 1  .Sdc  where 
d«  is  the  vdue  for  monotonic  loading.'^  For  normd  strength 
concrete,  the  vdue  of  Dc  »  lOtf,  was  found.’  Since  D,  is  pro- 
portiond  to  the  length  of  the  ffacture  process  zone  from  the 
size  effect  method,  it  can  be  concluded  that  the  fracture 
process  zone  is  much  smdler  in  high-strength  concrete  than 
in  normd  concrete  during  fatigue  loading. 

Note  that  Eq.  (1)  and  (3)  yield 


=  IX 

Vk  \l  +  p 


This  equadon  can  further  be  algebraicdly  rearranged  to  the 
linear  regression  plot 


in  which 


(6) 
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A.  (7) 

Passinf  a  regressioa  line  of  measured  K-points  versus  X,  one 
obtains  the  values  of  slope  Bi  and  K-imercept  Ai  from  which 
one  can  evaluate 

(8) 

The  result  is  «  I.42dU  which  is  close  to  the  value  l.5d, 
found  from  nonlinear  optimization.  This  linear  regression  is 
an  alternative  to  the  direct  nonlinear  optimization  in  the  plot 
of  the  Paris  law  in  Fig.  8(c),  which  is  nonlinear.  However, 
with  a  nonlinear  optimization  subroutine  such  as  the  Mar- 
quardt-Levenberg  rigorithm,  direct  determination  of  D»  and 
K  is  also  quite  easy. 

OCPLECnON  CURVE 

Comparison  of  the  calculated  and  measured  deflection 
curve  is  the  easiest  and  most  unambiguous  check  of  the  frac¬ 
ture  formulation  for  monotonk  loading.  For  the  special  case 
of  rate-independent  elastic  behavior  and  monotonic  loading, 
the  curve  of  load  P  versus  load-point  deflection  u  of  a  frac¬ 
tured  specimen  is  given  by  the  following  well-known  rela¬ 
tions'* 


P  7s,  ^  n 

u*-C(a).o  =  -r 

E  D 

(9) 

C(a)*C.  +  |f(a) 
o 

(10) 

a 

^a)=r[/(a')lW 

(11) 

0 

/(a) 

(12) 

in  which  7(a)  is  the  unit  load-poim  compliance  (i.e.,  com- 
{fiance  for  unit  value  of  elastk  modulus  ^  and  7«  is  the  ini¬ 
tial  unit  compliance  at  a  »  a>.  To  determine  the  monotonic 
load-deflection  curve,  one  chooaes  a  series  of  values  of  the 
crack  length  a.  and  calculates  u  from  Eq.  (10)  and  (11)  and  P 
from  Eq.  (12).  Thus,  Eq.  (10)  dirough  (12)  define  the  load- 
deflection  curve  parametrically. 

For  fatigue  loading,  die  load-deflection  curve  may  be  cal¬ 
culated  similarly  to  Eq.  (10)  dirough  (12).  From  Eq.  (1),  we 
express  ^  as  a  function  of  Aa  and  substitute  the  expression 
AX/  3  A/^a)/  VS.  Integration  then  yields 

^(a) »  /l/(«')l-i*z'  (13) 

Eq.  ( 10)  can  be  rewritten  in  the  form 
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Fig.  9 — Measured  and  calculated  load-point  displacements 
for  medium-size  specimen 

Thus  Eq.  (13)  and  (14)  define  the  load-deflection  curve  for 
cyclk  loading.  Choosing  a  sequence  of  values  of  a,  one  can 
calculate  from  Eq.  (13)  the  number  of  cycles  to  reach  this 
value  and  the  corresponding  displacement  value  from  Eq. 
(14). 

The  load-point  deflection  curve  calculated  in  this  manner 
is  shown  in  Fig.  9.  For  comparison,  the  experimental  curve 
is  also  plotted.  At  the  end  there  is  a  good  agreement,  but  at 
the  beginning  of  the  test  there  is  a  large  discrepancy.  To  elim¬ 
inate  this  discrepancy  is  probably  beyond  the  capability  of 
the  present  theory,  whkh  represents  a  generalization  of  LEFM 
to  fatigue.  Probably  it  will  be  necessary  to  make  generaliza¬ 
tions  akin  to  the  X-curve  for  monotonic  loading  that  take  into 
account  in  a  simplified  manner  the  growth  the  apparent 
fracture  toughness  associated  with  the  growth  of  the  process 
zone  size.'^ 

CONCLUSIONS 

1.  As  previously  shown  for  normal  concrete,  the  Paris  law 
is  also  i^icable  to  high-strength  concrete,  but  only  if  the 
specimen  sizes  do  not  vary  significantiy. 

2.  For  a  broad  range  of  specimen  or  structure  sizes,  the 
Paris  law  needs  to  be  adjust^  in  the  same  manner  as  ptevi- 
ousiy  proposed  for  normal  concrete.  The  classical,  unadjusted 
Paris  law  is  approached  asymptotically  for  large  specimen 
sizes. 

3.  The  transitional  size  Do  of  the  size  adjustment  of  the 
Paris  law  has  a  value  rather  close  to  that  for  monotonic  frac¬ 
ture.  while  previous  investigations  of  normal  concrete  indi¬ 
cated  this  value  to  be  an  order  of  magnitude  higher.  This 
means  that  the  behavior  of  typkal  laboratory  fracture  speci¬ 
mens  of  high-strength  concrete  under  cyclic  loading  is  quite 
close  to  linear  elastk  fracture  mechanics,  while  that  of  normal 
concrete  was  previously  found  roughly  in  the  middle  of  the 
transition  between  foe  strength  theory  and  linear  elastic  frac¬ 
ture  mechanics.  This  further  implies  that  the  fracture  process 
zone  under  cyclic  loading  is  in  high-strength  concrete  about 
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an  order  of  magnitude  smaller  than  in  normal  concrete,  and 
that  the  classical  Peris  law,  unadjusted  for  size,  is  asymptot¬ 
ically  ^iproached  for  snuUer  specimen  sizes  than  those  for 
norn^  concrete. 

4.  The  determinatioa  of  the  parameters  governing  the  size 
adjusonent  of  the  Peris  law  can  be  reduced  to  a  linear  re¬ 
gression  pkx.  From  diis  plot,  the  necessary  size  adjustment 
for  fatigue  can  be  determi^  without  direct  fitting  of  the  Paris 
law  by  nonlinear  optimization. 

3.  The  size-adjusted  Paris  law  shows  good  agreement  with 
lest  data  for  the  entire  range  of  the  number  of  cycles  to  failure, 
which  was  from  200  to  41,000  at  various  levels  of  the  upper 
loadUmiL 

6.  The  size  adjustment  of  the  Paris  law  approximately 
agrees  with  the  terminal  deflection  measuretrtents  when  the 
deflections  are  calculated  according  to  linear  elastic  fracture 
mechanics.  However,  the  early  deflection  history  is  grossly 
underpredicted  in  this  manner. 
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